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Preface to the Second Edition

Applications and interest in Hidden Markov Models continues to grow. The authors
have been pleased with the reception of the first edition of this book.

Following comments and feedback from friends, students and others working
with Hidden Markov Models the second edition contains clarifications, improve-
ments and some new material.

In Chapter 2 the derivation of the basic filters related to the Markov chain are each
presented explicitly, rather than as special cases of one general filter. Furthermore,
equations for smoothed estimates are given.

The dynamics for the Kalman filter are derived explicitly as special cases of our
general results and new expressions for a Kalman smoother are given. The Chapters
on control of Hidden Markov Chains are expanded and clarified.



Preface

This work is aimed at mathematics students in the area of stochastic dynamical
systems and at engineering graduate students in signal processing and control sys-
tems. First-year graduate-level students with some background in systems theory
and probability theory can tackle much of this material, at least once the techniques
of Chapter 2 are mastered (with reference to the Appendices and some tutorial help).
Even so, most of this work is new and would benefit more advanced graduate stu-
dents. Familiarity with the language of the general theory of random processes and
measure-theoretic probability will be a help to the reader. Well-known results such
as the Kalman filter and Wonham filter, and also H2, H* control, emerge as special
cases. The motivation is from advanced signal processing applications in engineer-
ing and science, particularly in situations where signal models are only partially
known and are in noisy environments. The focus is on optimal processing, but with
a counterpoint theme in suboptimal, adaptive processing to achieve a compromise
between performance and computational effort.

The central theme of the book is the exploitation, in novel ways, of the so-called
reference probability methods for optimal estimation and control. These methods
supersede, for us at least, the more familiar innovation and martingale representa-
tion methods of earlier decades. They render the theory behind the very general and
powerful estimation and control results accessible to the first-year graduate student.
We claim that these reference probability methods are powerful and, perhaps, com-
prehensive in the context of discrete-time stochastic systems; furthermore, they turn
out to be relevant for systems control. It is in the nature of mathematics that these
methods were first developed for the technically more demanding area of continuous
time stochastic systems, starting with the theorems of Cameron and Martin (1944),
and Girsanov (1960). The reference probability approach to optimal filtering was in-
troduced in continuous-time in Duncan (1967), Mortensen (1966) and Zakai (1969).
This material tends to be viewed as inaccessible to graduate students in engineer-
ing. However, apart from contributions in Boel (1976), Brémaud and van Schuppen
(1976), di Masi and Runggaldier (1982), Segall (1976b), Kumar and Varaiya (1986b)
and Campillo and le Gland (1989), there has been little work on discrete-time filter-
ing and control using the measure change approach.



viii Preface

An important feature of this book is the systematic introduction of new, equiva-
lent probability measures. Under the new measure the variables of the observation
process, and at times the state process, are independent, and the computations are
greatly simplified, being no more difficult than processing for linear models. An
inverse change of measure returns the variables to the “real world” where the state
influences the observations. Our methods also apply in continuous time, giving sim-
pler proofs of known theorems together with new results. However, we have chosen
to concentrate on models whose state is a noisily observed Markov chain. We thus
avoid much of the delicate mathematics associated with continuous-time diffusion
processes.

The signal models discussed in this text are, for the main part, in discrete time
and, in the first instance, with states and measurements in a discrete set. We pro-
ceed from discrete time to continuous time, from linear models to nonlinear ones,
from completely known models to partially known models, from one-dimensional
signal processing to two-dimensional processing, from white noise environments to
colored noise environments, and from general formulations to specific applications.

Our emphasis is on recent results, but at times we cannot resist the temptation to
provide “slicker” derivations of known theorems.

This work arose from a conversation two of the authors had at a conference
twenty years ago. We talked about achieving adaptive filter stability and perfor-
mance enhancement using martingale theory. We would have been incredulous then
at what we have recently achieved and organized as this book. Optimal filtering and
closed-loop control objectives have been attained for quite general nonlinear signal
models in noisy environments. The optimal algorithms are simply stated. They are
derived in a systematic manner with a minimal number of steps in the proofs.

Of course, twenty years ago we would have been absolutely amazed at the power
of supercomputers and, indeed, desktop computers today, and so would not have
dreamt that optimal processing could actually be implemented in applications ex-
cept for the simplest examples. It is still true that our simply formulated optimal
algorithms can be formidable to implement, but there are enough applications areas
where it is possible to proceed effectively from the foundations laid here, in spite of
the dreaded curse of dimensionality.

Our work starts with discrete-time signal models and with states and measure-
ments belonging to a discrete set. We first apply the change-of-measure technique
so that the observations under a probability measure are independent and uniformly
distributed. We then achieve our optimization objectives, and, in a final step, trans-
late these results back to the real world. Perhaps at first glance, the work looks too
mathematical for the engineers of today, but all the results have engineering motiva-
tion, and our pedagogical style should allow an engineer to build the mathematical
tools without first taking numerous mathematics courses in probability theory and
stochastic systems. The advanced mathematics student may find later chapters im-
mediately accessible and see earlier chapters as special cases. However, we believe
many of the key insights are right there in the first technical chapter. For us, these
first results were the key to most of what follows, but it must be admitted that only
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by tackling the harder, more general problems did we develop proofs which we now
use to derive the first results.

Actually, it was just two years ago that we got together to work on hidden Markov
model (HMM) signal processing. One of us (JBM) had just developed exciting ap-
plication studies for such models in biological signal processing. It turns out that
ionic channel currents in neuron cell membranes can now be observed using No-
bel prize winning apparatus measuring femto (10~!%) amps. The noise is white and
Gaussian but dominates the signals. By assuming that the signals are finite-state
Markov chains, and adaptively estimating transition probability and finite state val-
ues, much information can be obtained about neural synapses and the synaptic re-
sponse to various new drug formulations. We believed that the on-line biological
signal processing techniques which we developed could be applied to communica-
tion systems involving fading channels, such as mobile radio communications.

The key question for us, two years ago, was how could we do all this signal
processing, with uncertain models in noisy environments, optimally? Then, if this
task was too formidable for implementation, how could we achieve a reasonable
compromise between computational effort and performance? We believed that the
martingale approach would be rewarding, and it was, but it was serendipitous to
find just how powerful were the reference probability methods for discrete-time
stochastic systems. This book has emerged somewhat as a surprise.

In our earlier HMM studies, work with Ph.D. student Vikram Krishnamurthy and
postdoctoral student Dr. Lige Xia set the pace for adaptive HMM signal processing.
Next, work with Ph.D. student Hailiang Yang helped translate some continuous-time
domain filtering insights to discrete time. The work of some of our next generation
of Ph.D. students, including Iain Collings, features quite significantly in our final
manuscript. Also, discussions with Matt James, Alain Bensoussan, and John Baras
have been very beneficial in the development of the book. We wish to acknowledge
to seminal thinking of Martin Clarke in the area of nonlinear filtering and his influ-
ence on our work. Special thanks go to René Boel for his review of the first version
of the book and to N. Krylov for supplying corrections to the first printing.

The support of the Cooperative Research Centre for Robust and Adaptive Sys-
tems, the Boeing Commercial Airplane Company, and the NSERC Grant A7964 are
gratefully acknowledged. We acknowledge the typing support of Shelley Hey, and
Marita Rendina, and I&TEX programming support of James Ashton.
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Part 1
Introduction



Chapter 1
Hidden Markov Model Processing

1.1 Models, Objectives, and Methods

The term hidden Markov model (HMM) is now quite familiar in the speech signal
processing community and is gaining acceptance for communication systems. It is
perhaps a little less daunting, and yet more mysterious, than the term partially ob-
served stochastic dynamical system model, which is a translation familiar to people
in systems theory, or its applications areas of estimation and control theory. The
term HMM is frequently restricted to models with states and measurements in a dis-
crete set and in discrete time, but here we allow relaxation of these restrictions. We
first work with the more restricted HMM class, termed here a discrete HMM, and
then show how to cope with the more general stochastic dynamical systems.

The term estimation is used to cover signal filtering, model parameter identi-
fication, state estimation, signal smoothing, and signal prediction. Control refers
to selecting actions which effect the signal-generating system in such a way as to
achieve certain control objectives. The control actions can be based on on-line sig-
nal processing to achieve feedback control or by off-line calculations to achieve
feedforward or open-loop control.

The term reference probability methods refers to a procedure where a probability
measure change is introduced to reformulate the original estimation and control task
in a fictitious world, but so that well-known results for identically and independently
distributed (i.i.d.) random variables can be applied. Then the results are reinterpreted
back to the real world with the original probability measure.

1.2 Book Outline

In the next part of this book, we first work with discrete-time, discrete-state HMMs
to achieve optimal estimation algorithms via reference probability methods, and
then repeat the discussion with HMM s of increasing complexity. Continuous-range
states and continuous-time HMM models are studied, and indeed two-dimensional
(image) estimation is developed. In the second part of the book, the focus is on
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I |

Markov chain

Noise

Noisy observations

Il Il Il Il
0 50 100 150 200 250 300
Time

Fig. 2.1 Binary Markov chain in noise

optimal control algorithms. At times, certain application tasks are studied to give a
realistic measure of the significance of the results. We have sought to inspire both
the interest of engineering students in the mathematics, and the curiosity of the
mathematics students in the engineering or science applications.

Consider for example the situation depicted in Figure 2.1. Here, a binary mes-
sage sequence Xy, k= 1,2, ... consists of ones and zeros. Perhaps the binary signal X
(a Markov chain) is transmitted on a noisy communications channel such as a radio
channel, and so when it is detected at the receiver, the resultant signal is ¥} (quan-
tized to 15 levels in this case). The middle trace of Figure 2.1 depicts the additive
noise in the channel, and the lower trace gives the received signal quantized to 15
levels.

In the first instance, we develop optimal estimation algorithms for discrete
HMMs which are discrete in time, in the state, and in the measurement space. They
have state space models in terms of processes Xj and Y} defined for all k € N, the set
of positive integers, with dynamics:

Xir1 = AXy + Vit 1, 2.1
Yir1 = CXi+Wigy. (2.2)

Here the states X; and measurements Y are indicator functions as

Xi € Sx ={e1,e2,...,en}, Yo eSy={fi.fo,--., fu},
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where e; (resp. f;) is the unit vector with unity in the ith position and zeros else-
where. The matrices A,C consist of transition probabilities and so have elements
a;j,cij in R* and are such that YV | a;; = ¥ ¢;; = 1, or equivalently, so that with
1=(1,1,...,1), then

1, X =1, 'V, =0,
1, 1Y =1, 1I'W, =0.

!/
/

A
C

==

Here the prime denotes transposition. The random noise terms of the model are Vj
and W;; these are martingale increment processes. We term Vj the driving noise and
W the measurement noise. If ¥; = X;, then the state is no longer hidden.

Actually, the HMM model above is more general than might first appear. Con-
sider a process 2} with its state space being an arbitrary finite set S~ = {s1,...,5n},
which are polytope vertices, as depicted in Figure 2.2 for the case N = 3. By consid-
ering the “characteristic” or “indicator” functions ¢ (s;), defined so that ¢ (s;) =0
if i # k and ¢ (s¢) = 1, and writing X; := (¢1 (Z%),..., 0 (Z1)) we see that at
any time k just one component of Xj is one and the others are zero. Therefore,
we can consider the process Xj, derivative from 2%, whose state space is the set
Sx ={e1,...,en} of unit (column) vectors ¢; = (0,...,1,0,...,0) of R¥, which are
simplex vertices, as depicted in Figure 2.2 for the case N = 3. So without loss of gen-
erality, the state space of X can be taken to be the set of unit vectors e; which has all
elements zero, save unity in the ith position. Similarly, the state space of the finite-
state process Y can be taken to be a set of standard unit vectors Sy = {fi,..., fu}
For those indicator functions, it turns out that expectations are probabilities in that
P(X =¢;) = E[(X,e,;)] where (X,e;) is the ith element X’ of X. Also, nonlinear
operations on indicator functions X are linear (affine) in X.

The estimation task of prime interest for discrete HMMs is to estimate the se-
quence {X;} from the measurement sequence {Y;} in some optimal way. Filtered
estimates, also termed forward estimates, are denoted Yk and are estimates at time
k of X; based on processing past and present measurements {¥},Ys,...,¥;}. The
elements of X; are conditional probabilities so that 1’ X = 1. Thus, X; lies within
the simplex Ay depicted in Figure 2.2. The estimates X; are frequently calculated

&
N 52 2
é(.)
s3 e
€3
Polytope vertices S, Simplex vertices Sx

Fig. 2.2 Depiction of state sets
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(often in unnormalized form), as a forward recursion. Smoothed estimates are esti-
mates at time k of X; based on processing past, present, and future measurements
{Y1,...,Y%,..., Yy} with m > k. Backward estimates are those based only on the
future measurements. These are usually calculated as a backward recursion from
the end of the batch of measurement data. Of course, forward and backward es-
timates can be combined to yield smooth estimates, where estimation is based on
past, present, and future measurements. The simplest situation is when the parame-
ters a;;,¢;; are assumed known.

Related estimation problems concern the expected number of jumps (transitions)
H and state occupation times . These, in turn, allow a re-estimation of signal
model parameters a;;,c;;, should these not be known precisely in advance but only
be given prior estimates.

Actually, the schemes that generate the filtered and smoothed estimates work in
the first instance with conditional state estimates, i.e., estimates of the probability
that a particular Markov chain state occurs at each time instant given the measure-
ments. Forward (filtered) estimates are illustrated for our example above in Fig-
ure 2.3, backward estimates in Figure 2.4, and smoothed estimates in Figure 2.5.

0.8
Probability 2'2

0.2

Time : ! 16

Fig. 2.4 Evolution of backward estimates
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0.8
Probability gj

0.2

State

Fig. 2.5 Evolution of smoothed estimates

The maximum a posteriori probability (MAP) state estimates are the states at which
the a posteriori estimates are maximized, i.e., they follow the peaks in the figures.

Such parameter estimation can be achieved in a multipass estimation procedure
in which the batch of data is processed based on the previous estimates to give
improved estimates. The familiar expectation maximization (EM) algorithm arises
in this context. Also studied is recursive, or on-line estimation, where improved
estimates are calculated as each new measurement arrives.

The advantage of working with discrete HMMs is that the optimal estimation
algorithms are finite-dimensional with the dimension independent of the length of
the measurement sequence.

A basic technique used throughout the book is a change-of-probability measure.
This is a discrete-time version of Girsanov’s Theorem (Elliott and Yang 1992); see
also Appendix A. A new probability P is defined such that under P the observations
are independent (and often identically distributed) random variables. Calculations
take place in the mathematically ideal world of P using Fubini’s Theorem which
allows interchange of expectations and summations; see Loeve (1978) and also Ap-
pendix A. They are then related to the real world by an inverse change of measure.
The situation is depicted in Figure 2.6, and contrasts the direct optimal filter deriva-
tion approach of Figure 2.7.

As this book seeks to demonstrate, in discrete time this Girsanov approach brings
with it many rewards. In continuous time, where stochastic integrals are involved,
similar techniques can be used, though they require careful and detailed analysis.

To illustrate this reference measure approach in a very simple situation, consider
a coin for which the probability of heads is p and the probability of tails is g. It
is well known that the simple probability space which can be used to describe the
one throw of such a coin is Q = {H, T}, with a probability measure P such that
P(H)=p, P(T) =q=1— p. (Here we suppose p is neither 0 nor 1.) Suppose
now we wish to adjust our statistics in coin tossing experiments to that of a fair
coin. We can achieve this mathematically by introducing a new probability measure
P such that P(H) = 1/2 = P(T). This implies the event {H} had been weighted
by a factor P(H) /P(H) = 1/2p, and the event {T} has been weighted by a factor
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Fictitious HMM (Easy) Fubini- Information
World (measure P) type methods state filter
Measure M h Reverse measure
Changes casure change change
Real HMM Optimal
World (measure P) filter
Fig. 2.6 Reference probability optimal filter derivation
HMM (Hard) Optimal
(measure P) semm&zﬂgﬁgale filter

Fig. 2.7 Direct optimal filter derivation

P(T)/P(T) = 1/2q. The function P(.) /P(.) is the Radon-Nikodym derivative of
the fair (uniform) (1/2, 1/2) P-measure against the (p,q), P-measure; in fact, the
function P(.) /P(.) can be used to define P because clearly

One can work in the fictitious world with the probability P to achieve various math-
ematical objectives, and then reinterpret these results back in the real world with a
measure change back to P via the inverse Radon-Nikodym derivative.

The reference probability approach to estimation is first discussed for the sim-
plest of discrete HMM models studied in Chapter 2. In Chapter 3, we consider the
case where the observations are not restricted to a finite set, but have a continuous
range.

In Chapters 4 and 5 HMMs are studied with states and measurements in a con-
tinuous range so we deal with the general discrete-time models

Xer1 = a(xg) +virt,
vk = ¢ (x) +wi,

where x; € R,a(.),c(.) are nonlinear functions, and v, wy, are noise disturbances in
a continuous range. Even more general HMMs are also considered. The well-known
Kalman filter emerges as a special case of the results. As a convention throughout
the book, we denote discrete range variables by uppercase variables.

In Chapter 6, more attention is focused on asymptotically optimum model param-
eter estimation and suboptimal filters to achieve practical adaptive schemes such as
might be used in communication systems. A key idea is to work with the so-called
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Fictitious Information- Dynamic
World state model programming

Separation via
reference measure

Real Optimal information
World HMM control task state feedback control

Fig. 2.8 Separation principle

information-state signal models derived using HMM estimation theory, and then
apply conditional Kalman filters.

In Chapters 7 and 8, continuous-time HMMs are considered to illustrate how the
discrete-time theory can be generalized to the continuous-time framework. Again,
reference probability methods are seen to simplify the technical approach.

In Chapter 9, the estimation techniques are developed for two-dimensional im-
age processing. The reference measure method is applied here in a hidden Markov
random field situation. This is a two-dimensional version of the Markov chain
framework. Our estimators and filters are no longer recursive in the usual sense
for scanned image data, but we develop techniques to obtain and update them in an
optimal manner. The results, which are a natural extension of those in earlier chap-
ters, are presented in an open-ended manner, since at this stage it is not clear if they
will provide any significant contributions to the area of image processing.

In the last part of the book concerning optimal control our key objective is to
show that optimal feedback control laws can be formulated for quite general HMMs.
These are well-known ideas discussed, for example, in Kumar and Varaiya (1986b)
and Bertsekas (1987). Both risk neutral and risk-sensitive situation are considered.
In the risk-sensitive case, the feedback is in terms of an information-state estimate
which takes account of the cost, rather than in terms of estimates of the states them-
selves. The information-state estimates give the total information about the model
states available in the measurements.

The feedback optimal control results arise quite naturally from the optimal es-
timation results and associated methodologies of the first part of the book together
with appropriate applications of the principle of optimality and dynamic program-
ming, so familiar in optimal control theory. Indeed, the control results are a triumph
of the probability reference methods, which allows a representation as depicted in
Figures 2.8, 2.9, and 2.10, and in turn validates this approach for optimal estima-
tion theory. Moreover, once stochastic control problems have been discussed, we
find that optimality, and indeed robustness, results for deterministic models can be
achieved by certain limiting operations; see Figure 2.11.
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Fig. 2.12 Application of stochastic theory to deterministic problems
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Indeed, a hindsight approach allows a new optimal/robust feedback nonlinear de-
terministic control theory to develop; see Figure 2.12. This material is mentioned in
Chapter 11, but is not fleshed out in detail. Furthermore, the task of achieving prac-
tical finite-dimensional feedback controllers for nonlinear stochastic (and thereby
deterministic) systems, could be tackled via an optimal theory for nonlinear models
linearized with respect to the states.



Part 11
Discrete-Time HMM Estimation



Chapter 2
Discrete States and Discrete Observations

2.1 Introduction

In this chapter, we deal with signals denoted by {X;}, k € N in discrete time. These
signals are further restricted to a discrete set and are thus termed discrete-state sig-
nals. They transit between elements in this set with transition probabilities depen-
dent only on the previous state, and so are Markov chains. The transition proba-
bilities are independent of time, and so the Markov chains are said to be homoge-
neous. The Markov chain is not observed directly; rather there is a discrete-time,
finite-state observation process {¥;},k € N, which is a noisy function of the chain.
Consequently, the Markov chain is said to be hidden in the observations.

Our objective is to estimate the state of the chain, given the observations. Our
preference is to achieve such estimation on-line in an optimal recursive manner, us-
ing what we term optimal estimators. The term estimator covers the special cases of
on-line filters, where the estimates are calculated as the measurements are received,
on-line predictors where there is a prediction at a fixed number of discrete time
instants in the future, and on-line smoothers where there is improved estimation
achieved by using a fixed number of future measurements as well as the previous
ones. We also seek recursive filters and smoothers for the number of jumps from
one state to another, for the occupation time of a state, and for a process related to
the observations.

In the first instance, we assume that the equations describing the HMM are
known. However, if this is not the case, it is possible to estimate the parameters
also on-line and so achieve adaptive (or self-tuning) estimators. Unfortunately, it
is usually not practical to achieve optimal adaptive estimators. In seeking practical
suboptimal schemes, a multipass scheme is to update the parameters estimates only
after processing a large data set, perhaps the entire data set. At the end of each pass
through this data set, the parameter estimates are updated, to yield improved pa-
rameter estimates; see, for example, the so-called expectation maximization (EM)
scheme; see Dempster, Laird and Rubin (1977). Our approach requires only a for-
ward pass through the data to achieve parameter updates, in contrast to earlier
so-called forward-backward algorithms of the Baum-Welch type (Baum and Petrie
1966).
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Hidden Markov models have been found useful in many areas of probabilistic
modeling, including speech processing; see Rabiner (1989). We believe our model
is of wide applicability and generality. Many state and observation processes of the
form (2.14) arise in the literature. In addition, certain time-series models can be
approximated by HMMs.

As mentioned in the introduction, one of the fundamental techniques employed
throughout this book is the discrete-time change of measure. This is a version of Gir-
sanov’s Theorem (see Theorem A.1.2). It is developed for the discrete-state HMM
in Section 2.3 of this chapter.

A second basic observation is the idempotent property of the indicator functions
for the state space of the Markov chain. With X one of the unit (column) vectors e;,
1 <i < N, prime denoting transpose, and using the inner product notation (a,b) =
a'b, this idempotent property allows us to write the square XX’ as 2?’:1 (X, e;)eie]
and so obtain closed (finite-dimensional), recursive filters in Sections 2.4-2.9. More
generally, any real function f(X) can be expressed as a linear functional f(X) =
(f,X) where (f,e;) = f(e;) = f;and f = (f1,..., fv). Thus with X = (X, ¢;),

N

. N .
X=X fle)X =Y fix" (1.1)
i=1

For the vector of indicator functions X, note that from the definition of expecta-
tions of a simple random variable, as in Appendix A,

E[(X,e)] =) (ej,ei)P(X=¢;)=P(X =¢)). (1.2)

™=

j=1

Section 2.10 of this chapter discusses similar estimation problems for a discrete-
time, discrete-state hidden Markov model in the case where the noise terms in the
Markov chain X and observation process Y are not independent. A test for indepen-
dence is given. This section may be omitted on a first reading.

2.2 Model

All processes are defined initially on a probability space (Q, % ,P). Below, a new
probability measure P is defined. See Appendix A for related background in proba-
bility theory.

A system is considered whose state is described by a finite-state, homogeneous,
discrete-time Markov chain Xj, k € N. We suppose Xy is given, or its distribution
known. If the state space of X; has N elements it can be identified without loss of
generality, with the set

SX:{el,...7eN}, (21)

where ¢; are unit vectors in R with unity as the ith element and zeros elsewhere.
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Write 9,? = 0 {Xo,...,X;}, for the o-field generated by Xy,...,Xi, and {F}
for the complete filtration generated by the .7, ko; this augments .%, ,? by including all
subsets of events of probability zero. Again, see Appendix A for related background
in probability theory. The Markov property implies here that

P(Xer1 =ej| Fi) =P (X1 =¢j | Xi).

Write
aji = P(Xk+1 =ej | X = 6‘,’), A= (aﬁ) S RNXN 2.2)

so that using the property (1.2), then

E[Xiy1 | i) = E [ X1 | Xi] = AX,. (2.3)

Define
Vir1 = Xiy1 —AXg. (2.4)

So that
Xir1 = AXg + Vi1 (2.5)

This can be referred to as a state equation.
Now observe that taking the conditional expectation and noting that E[AX; |
Xi] = AX;, we have

E[Vis1 | ] = E[Xip1 — AXy | X ] = AX — AX; =0,

so {Vi}, k €N, is a sequence of martingale increments.
The state process X is not observed directly. We suppose there is a function ¢ (., .)
with finite range and we observe the values

Yir1 = (X, wir1), ke N. (2.6)

The wy, in (2.6) are a sequence of independent, identically distributed (i.i.d.) random
variables, with Vj, wy being mutually independent.

{40} will be the o-field on Q generated by Xo, X, ..., Xc and Y,,.... Y, and %
its completion. Also {%0} will be the o-field on Q generated by Yi,...,Y; and %
its completion. Note ¢ C 941 C --- and %, C %1 C ---. The increasing family
of o-fields is called a filtration. A function is gko—measurable if and only if it is a
function of Xy, X1,..., X, Y,..., Y. Similarly, for %0, %. See also Appendix A.

The wy in (2.6) are a sequence of independent, identically distributed (i.i.d.)
random variables, with Vi, w; being mutually independent. The pair of processes
(Xk, Y1),k € N, provides our first, basic example of a hidden Markov model, or
HMM. This term is appropriate because the Markov chain is not observed directly
but, instead, is hidden in the noisy observations Y. In this HMM the time parameter
is discrete and the state spaces of both X and Y are finite (and discrete). Note that
there is a unit delay between the state X at time k and its measurement Y at time
k+ 1. A zero delay observation model is discussed later in this chapter.
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Suppose the range of ¢(.,.) consists of M points. Then we can identify the range
of ¢(.,.) with the set of unit vectors

Sy ={f1,....fu}, fi=1(0,...,1,...,0) € RM, 2.7

where the unit element is the jth element.

We have assumed that ¢(.,.) is independent of the time parameter k, but the
results below are easily extended to the case of a nonhomogeneous chain X and a
time-dependent ¢ (., .).

Now (2.6) implies

Write
C=(ci) eRMN — ci=P(Vip1=fi| X =e) (2.8)
so that 21}’1:1 cij=1landcj; >0,1<j<M,1<i<N.We have, therefore,

E[Yis1 | X] = CXi. 2.9)

If Wiy 1 := Y| — CX;, then taking the conditional expectation and noting E [CX |
Xi] = CX; we have
E W1 | %] = E [Yir1 — CXi | Xi]
=CX; —CX; =0,

so Wy is a (P,%;) martingale increment and
Y1 = CXi + Wit 1. (2.10)

Equation (2.10) can be thought of as an observation equation. The case where, given
%, the noise terms W, in the observations Y are possibly correlated with the noise
terms V} in the Markov chain will be considered in Section 2.10.

Notation 2.1 Write Yj = (Yi, ;) so Y, = (¥},....,¥M), k € N. For each k € N,
exactly one component is equal to 1, the remainder being 0.

Note Z?il Yk" = 1. Write C;'<+1 = E[Yki+1 | %k] = le\':l cij<ej,Xk> and ¢py1 = (Cliﬂv
-.,cft,) . Then

Cir1 = E [Yip1 | %] = CXi. (2.11)

We shall suppose initially that c}'c >0,1<i< M,‘k € N. (See, however, the con-
struction of P from P in Section 2.3). Note ¥, ¢, = 1, k € N. We shall need the
following result in the sequel.

Lemma 2.2 With diag (z) denoting the diagonal matrix with vector z on its diago-
nal, we have
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Vk+1Vkl+1 = diag (AXk) + diag (Vk+1) — A diag XkA/

—AX Vi — Vi1 (AXy) (2.12)
and
V1) = E [Viga Vi1 | Z]
= E [ViVie | Xe]
= diag (AX;) — A diag X; A’ (2.13)
Proof From (2.4)

X1 X1 = AXi (AX) +AXiVi g + Vi (AXe) + Vi Vi .-

However, Xi 1 X[, | = diag (X;;1) = diag (AX;) + diag (Vi 1). Equation (2.12) fol-
lows. The terms on the right side of (2.12) involving V| are martingale increments;
conditioning on X we see

(Vi1) = E [Vir1 Vi | Xi ] = diag (AX;) — A diag X3 A',

Similarly, we can show that
(Wert) == E [Wert Wy | % | = diag (CX;) — C diag X, C'.

In summary then, we have the following state space signal model for a Markov chain
hidden in noise with discrete measurements.
Discrete HMM The discrete HMM under P has the state space equations

Xir1 = AXg + Viey,

(2.14)
Yir1 = CXi + Wiy, keN,

where X;, € Sx, Yy € Sy, A and C are matrices of transition probabilities given in
(2.2) and (2.8). The entries satisfy

M=
=

I
u’—‘

a;i >0, (2.15)

~.
Il
-

Mz
D
I

Cji > 0. (216)

~.
Il

Vi and Wy are martingale increments satisfying
E[Vin | Fi]=0,  E[We [%] =0,

(Vie1) := E [Viga Vi1 | Xi ] = diag (AX) — A diag X A,
(Wert) := E [Wi1 Wiy, | Xi| = diag (CX;) — C diag X, C'.
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2.3 Change of Measure

The idea of introducing new probability measures, as outlined in the previous chap-
ter, is now discussed for the observation process Y. This measure change concept is
the key to many of the results in this and the following chapters.

We assume, for this measure change, c; >0,1<i<M,{ecN.This assumption,
in effect, is that given any ¥, the observation noise is such that there is a nonzero
probability that Yk" 41 > 0 for all i. This assumption is later relaxed to achieve the
main results of this section. Define

M M—l
M=Z< ; )<Y€7fi>a (3.1)

i=1 \ Cp

and .
Ar =[] (3.2)

(=1

Note that YZ =1 for only one i at each ¢, and Yé" = 0 otherwise, so that A, is merely
the product of unity terms and one nonunity term. Consequently, since A; is a non-
linear function of Y, then property (1.1) tells us that A, = A (¥;) = XM, ¥{ /Mci.

Lemma 3.1 With the above definitions
E[ A1 | %] =1. (3.3)

Proof Applying the properties (1.1) and (1.2),

M
1
E[Mi1 | %) =E 2 - kl+1 Y,
l*lMc;<+1
_if l P(Yi=1%)
= } =
M= iy
| A R
= 2 G =1
M = iy

Here as in many places, we interchange expectations and summations, for a simple
random variable. This is permitted, of course, by a special case of Fubini’s Theorem;
see Loeve (1978) and Appendix A. ]

We now define a new probability measure_ﬁ on (Q,\/7, %) by putting the re-
striction of the Radon-Nikodym derivative dP/dP to the o-field % equal to Ay.
Thus

dP
—| =A. 34
apl, k 34
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[The existence of P follows from Kolmogorov’s Extension Theorem (Kolmogorov
1933)]; see also Appendix A. This means that, for any set B € ¥,

P(B) = /B AcdP.

Equivalently, for any %;-measurable random variable ¢

Elo)= [oaP= [ ar= [onar=Elngl, (3

where E and E denote expectations under P and P, respectively. In the discrete-
state case under consideration, dP/dP reduces to the ratio P/P and the integrations
reduce to sums. This equation exhibits the basic idea of the change of measure; for
most of the results in this book a big challenge is to determine the appropriate forms
for A and A. It is not straightforward to give insight into this process other than to
illustrate by examples and present hindsight proofs. Perhaps the measure changes
of Chapter 3 are the most transparent, and more discussion is given for these.

We now give a conditional form of Bayes’ Theorem which is fundamental for the
results that follow. The result relates conditional expectations under two different
measures. Recall that ¢ is integrable if E |¢| < . First we shall consider a simple
case.

Consider the experiment of throwing a die. The set of outcomes is Q = {1,2,
...,6}. Suppose the die is not necessarily balanced, so that the probability of i show-
ingisP(i)=pi, p1+--+ps=1.

The o-field % associated with this experiment is the collection of all subsets of
Q, including the empty set ¢. The sets in .7 are the events. (See also Appendix A.)
The probability of the event “odd number,” for instance, is P{1,3,5} = p1 + p3+ ps.
Consider the sub-o-field ¢ of .% defined by ¥ = {Q, ¢,{1,3,5},{2,4,6}}.

Now suppose ¢ is a real random variable on (Q,.%), that is, ¢ (i) € R for i =
1,2,...,6. The mean, or expected, value of ¢ is then E [¢] = 2,-621 o (i) pi.

The conditional expected value of ¢, given 4, E[¢ | ¢ ], is then a function which
is constant on the smallest, nonempty sets of ¢. That is,

N O0()p1+¢(3)p3+0(5)ps .
E[¢|9](i) = st e , ifi € {1,3,5},
N 0(2)p2+¢(4)pa+0(6)ps .
E[¢|9]() = D2+ pat po , ifie{2,4,6}

We note that y = E[¢ | 4] can be considered a function on (Q,.%) and that then
E[E[¢ | 9] = E[4).

Suppose we now rebalance the die by introducing weights A (i) on the different
faces. Note that A is itself, therefore, a random variable on (Q,.7).

Write p; = A (i) pi=P(i),i=1,...,6, for the new balance proportion assigned to
the ith face. Then, because P is to be a probability measure, E [A] = P; + -+ Pg =

A(M)pr+-+A(6)ps=1.
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We have the following expressions:

E[A|9](i)
_OMAM)Pp1+9B)AB) P+ (5)A(S)ps itie{1,35)
P1+p3—+ps , S
E[A|9](i)
_9(2)AQ2)p2+ 9 (4)A(4) s+ (6)A(6) ps ifi € {2,4,6}
P2+ p4a+pe 7 T
Similarly,
E[A|9](0) = A1) p1+AB3)p3+A(5)ps ific{1,3,5)
P1+p3+ps ) T
E[A 9] () < AOPFADPEAO P iy 6
D2+ pa+pe

However, with E denoting expectation under the new probability P:

Elo|9]() = 2P 1;ﬂ(pi+3;¢<) o ifie{1,3,5),

Consequently, E[¢ | 9] =E[A¢ | 9] /E[A|9].
We now prove this result in full generality. For background on conditional ex-
pectation see Elliott (1982b).

Theorem 3.2 (Conditional Bayes Theorem) Suppose (Q,. %, P) is a probability
space and 4 C .F is a sub-o-field. Suppose P is another probability measure abso-
lutely continuous with respect to P and with Radon-Nikodym derivative dP/dP = A.
Then if ¢ is any P integrable random variable

E[A9 Y]
E[A]9]

and Wy =0 otherwise.

E[¢0|9]=w where y= EA|¥9]>0

Proof Suppose B is any set in ¢. We must show

(A9 ]9,
JEt0 1910 = | S
Define y = E[A¢ |9]/E[A|9] if E[A|9] > 0 and y = 0 otherwise. Then
E[¢|Y9]=y _ B B
Suppose A is any set in . We must show [, E[¢ | 4 |dP = [, ydP. Write G =
{w:E[A]9]=0},50G€¥.Then [(E[A|9]dP=0= [;AdPand A >0 as.
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So either P(G) = 0, or the restriction of A to G is 0 a.s. In either case, A = 0 a.s.
on G.

Now G°={w: E[A|¥]>0}.Suppose A € ¥4; then A = BUC where B=ANG*
and C = AN G. Further,

/AE[(M%]dF:/Aq)dI_’:/A(pAdP
- /B OAdP + /C OAdP. (3.6)

Of course, A=0a.s.on C C G, so

/C¢AdP: 0= /deﬁ, 3.7)

by definition.
Now

E(A9|9],
/B"’d s E[AD] °

2, [AMJ]
AN

Elne 4]

SAFANE)

E[Ad)lg]}
E[A]Y]

E IBA

LE[A|Y]

E
E[IRE[A¢ |9 ]|
E [IsA9)].

That is i
/ ApdP = / wdP. (3.8)
B B

From (3.6), adding (3.7) and (3.8) we see that
/A¢dP+/A¢dP:/A¢dP
c B A
~ [El¢|9)aP~ [ yaP,
A A

and the result follows. U

A sequence { ¢} is said to be ¥-adapted if ¢, is G-measurable for every k.
Applying Theorem 3.2 result to the P and P of (3.4) we have the following:
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Lemma 3.3 If {¢} is a 9-adapted integrable sequence of random variables, then

E[Arox | %]

Lemma 3.4 Under P, {Y,}, k €N, is a sequence of i.i.d. random variables each
having the uniform distribution that assigns probability ﬁ to each point f;, 1 <i <
M, in its range space.

Proof With E denoting expectation under P, using Lemma 3.1, Theorem 3.2 and
properties (1.1) and (1.2), then

p(ykj-i-l =1 |gk) =E[(Yes1. fi) | %]
E [Ajsr (Yes1, i) | %]
E A1 | %]

_ AkE [)uk+1 <Yk+l7fj> |gk]
AE [ M1 | %]

=E [)Lk+1 <Yk+17fj> |gk]

M 1 YIZ+1
E H < f ) <Yk+lafj>

im1 \Mciiy

lﬂ et
=F —\Y.,.Y/ Y
A\ e, ket 1kt

1
_ |gk

i el

1 ol 1 -
P(Y 1)
Cor1 = 1= )
M, M
a quantity independent of ¢ which finishes the proof. (I

Now note that E [Xi11 | %] = E [Ax11Xet1 | %] /E [ A1 | %] = E[ M1 Xiq |
%] = AX;. so that under P, X remains a Markov chain with transition matrix A.

A Reverse Measure Change
What we wish to do now is start with a probability measure P on (€, \/;r_; %) such
that

1. the process X is a finite-state Markov chain with transition matrix A and
2. {Y+}, k € N, is a sequence of i.i.d. random variables and

_ ; . 1
P(rl, = 11%) =F(}, = 1) =
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Suppose C=(cji), 1 <j<M, 1<i<Nis a matrix such that ¢;; > 0 and
Z —1Cji= 1.
We shall now construct a new measure P on (Q,\/;_;%,) such that under P,
(2.14) still holds and E [Yi41 | %] = CX;. We again write
Crr1 = CXi

and cf{H = {ckr1, fi) = (CXy, f7), so that

M .
Y i =1 (3.9)
i=1

The construction of P from P is inverse to that of P from P. Write

- M Ly
=[] (mc)", LeN, (3.10)

and .
A= ]2 (3.11)
=1
Lemma 3.5 With the above definitions
E[Ai1 | %] = 1. (3.12)

Proof Following the proof of Lemma 3.5

E [Tt 9] - [M (el )" |s4k]

i=1

M:

MY ci P (Yki+1 =1 ‘ gk)

1

_ MZ Ciett ch+1 —1,

O

This time set 4
P _
dP %,

[The existence of P follows from Kolmogorov’s Extension Theorem (Kolmogorov
1933); see also Appendix A.]

Lemma 3.6 Under P,
EYi1 | %] = CX;.
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Proof Using Theorem 3.2 and the now familiar properties (1.1) and (1.2), then

P(Y=11%) = E[(Yirr.f) | %]

_ E [ A1 Y, fi) | %]
E Aot 9]

(case A # 0)
_ E[Tun (Y1 ) | %]
FMHI |gk]

_ [ﬁwc;; DV B 1) %]
ME [,

Yk+laf] ‘gk:| Ck+1

— 0
In case Agy; = 0 we take 0 =1, and the result follows. O

2.4 Unnormalized Estimates and Bayes’ Formula

Recall our discrete HMM of Section 2.2; recall also that % is the complete o-field
generated by knowledge of Y1,...,Y; and % is the complete o-field generated by
knowledge of Xy, X1,...,X; and Y1,...,Y;. We suppose there is a probability P on
(Q,V_1%,) such that, under P, X1 = AXg + Vi1, where Vi is a (P,%) martin-
gale increment. That is, E [Vii1 | %] = 0 and the {¥;} are iid. with P(Y/ =1) =
ﬁ, and the Y, are conditionally independent of Vj, given %, under both P and P. We
also have via the double expectation property listed in Appendix A,

E[Vipr | D] =

E[E [Vis1 | % %] | %]
E[E

[E [Vier | %] | @i | =0. (4.1)

The measure P is then defined using (3.13). Recall from Lemma 3.3 that for a
%-adapted sequence {¢y},

E [ Ao | %]

— 4.2
HIAEA @2

E[¢| %] =

Remark 4.1 This identity indicates why the unnormalized conditional expectation
E [Avdr | % ] is investigated.
|
Write gy (e,), 1 <r <N, k € N, for the unnormalized, conditional probability
distribution such that

E [Kk (Xk,er) | @k] =qr (er)-
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Note that an alternative standard notation for this unnormalized conditional distri-
bution is ¢; this is used in later chapters for a related distribution.
Now YV | (X;,e:) =1, 50

N
A 2<Xk7 >|g/k

i=1

Y ax(ei) =E =E[Ac| %]

Therefore, from (4.2) the normalized conditional probability distribution

pr(er) = E[(Xy,er) | %]
is given by
3 (er)
-
> =19k (ej )
To conclude this section with a basic example we obtain a recursive expression for
qx- Recursive estimates for more general processes will be obtained in Section 2.5.

Pk (6,) =

Notation 4.2 To simplify the notation we write ¢; (V) = M), clYk

Theorem 4.3 For k € Nand 1 < r < N, the recursive filter for the unnormalized
estimates of the states is given by

“Ikﬂ :AdiagC(Yk+1)"]k~‘ 4.3)

Proof Using the independence assumptions under P and the fact that 21}’:1 <Xk, e j> =
1, as well as properties (1.1) and (1.2), we have

qi(er) = F[<Xk+17er>xk+l | %H]

M i
(AXi + Vi, e) A | (MC;;H)YHI
i=1

%H]

M
(AXg,er) A H (CXy, i) "“

%—&-1]

[because Vi is a martingale increment with (4.1) holding]

I
<
M=

E[(Xi.ej)arihe | i ] HC e

~.
Il
—_

T M YA+1
.E [(Xeepparihe| 2] [T e
i=1

I
<
M=

~.
Il

(because yy is i.i.d. under P)

—Mqu e; ar]Hc k“.
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Using Notation 4.2 the result follows. O

Remark 4.4 This unnormalized recursion is a discrete-time form of Zakai’s Theorem
(Zakai 1969). This recursion is linear.

]
2.5 A General Unnormalized Recursive Filter
We continue to work under measure P so that
X1 = AXe + Vit 5.1)
and the Y, are independent random variables, uniformly distributed over f1,..., fa.

Notation 5.1 If {H;}, k € N, is any integrable sequence of random variables we
shall write o
% (Hi) = E [AcHi | %] . (5.2)

Note this makes sense for vector processes H.

Using Lemma 3.3 we see that

(5.3)

Consequently ¥ (Hy) is an unnormalized conditional expectation of H given %.
We shall take y (Xo) = E [Xo]; this provides the initial value for later recursions.

Now suppose {H}, k € N, is an integrable (scalar) sequence. With AHj, | =
Hyi1 — Hy, Hiy = Hy + AHp4, then

Yert (His1) = E [Aes1Hi | Zsr | +E [ Ay 1AHgsy | P |-

Consider the first term on the right. Then, using the now familiar properties (1.1)
and (1.2),

E[AwiiHe | %n | =E [Kkaka \ @kﬁ}

M .
ANHMT(CXe, £) 501
i=1

E

@k-&-l‘|

Il
M=
|

_ M i
[AeHi (Xe.e;) | %] MT et
i=1

~.
I

I
M=

Cj (Yk+1) <')/k (Hka) ,ej> .

~.
Il
=
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In this way the estimate for Jj,1 (Hi+1) introduces ¥, (HiXy). A technical trick is
to investigate the recursion for Y11 (Hy+1Xx+1)- A similar discussion to that above
then introduces the term ¥ (HiXiX}); this can be written SN (n (HiXy) ,e:) eiel.
Therefore, the estimates for Y. | (Hgy1Xky1) can be recursively expressed in terms
of Y (HiXx) (together with other terms). Writing 1 for the vector (1,1,...,1)" € RN
we see (X;, 1) =YV | (X, e;) =1, 50

(% (HiXi) , 1) = % (Hi (Xx, 1)) = % (Hy) - (5.4)

Consequently, the unnormalized estimate ¥ (Hy) is obtained by summing the com-
ponents of y; (HyX;). Furthermore, taking H; = 1 in (5.4) we see

N
% (1) = (0 (X),1) =E [Ac | %] = Y qi(ei)
=

using the notation of Section 2.4. Therefore, the normalizing factor ¥ (1) in (5.3) is
obtained by summing the components of ¥ (X ).

We now make the above observations precise by considering a more specific,
though general, process H.

Suppose, for k > 1, Hy is a scalar process of the form

k+1

Hir = ) (00 + (B, Vo) + (80, Ys)
=1

= Hi+ 01+ Brg 1, Vir1) + (1, Y1) - (5.5)

Here V) = Xy — AXy_1 and oy, By, & are ¥-predictable processes of appropriate
dimensions, that is, oy, By, Oy are 4,1 measurable, oy is scalar, f; is N-dimensional,
and 0y is M-dimensional.

Notation 5.2 For any process ¢, k € N, write
Yinde (Om) = E [ AcOmXic | %] . (5.6)

Theorem 5.3 For 1 < j <M write c; = Ce, (Clj, . 7ch)/for the jth column of
C=(cij) and aj =Ae; = (ayj,... ,aN_,) for the jth column of A = (a;;). Then

Yer1k+1 (Hes1)
N

¢ Y1) { (Ve (Hi) + Yier 1k (Gt + (81, Yer1)) s €5 ) aj
j=1

+ [diag(aj) —ad}| E [(MXe,€j) B | %]} (5.7)
Proof

Yer1,k+1 (His1)
= E [Xes1Hip 1Akt | %t |
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= E[(AXi +Vir1) (Hi+ 01 + (Brs 1, Viern) + (81, Ya1)
X Kljkﬂ | %H]

= E[((He+ 0s1 + (81, Yiw 1)) AXp + (Vie1) Brt1)
X Aehii | %+1]7

{because, as in Lemma 2.2,

F[XkaHVkHVk/H |%]
= E[E[Kkzk+]Vk+]V]!+l |XO)X1)"'7X]C5%} | %]
= E[(AhectVern) | %4}

i Ve ) E[ (i + 01 + (81, Yer1)) a;

HMZ

+ (Vier1) Bet) A (Xise) | P ]

Finally, because the Y are i.i.d. this final conditioning is the same as conditioning
on %;. Using Lemma 2.2 and Notation 5.2 the desired result follows. (I

2.6 States, Transitions, and Occupation Times

Estimators for the State

Take Hyoy =Hy=op=1,=0,£>1, B =0,¢{>0and 6, =0, £ > 0.
Applying Theorem 5.3 we have again the unnormalized filter Equation (4.3) for
= (qr(e1),...,qx (en)) in vector form:

N
qk+1 = ch(Yk+l)<CIk7ej>aj~ 6.1)
=

with normalized form
pe=ar{ai, 1) (6.2)

This form is similar to that given by Astrom (1965) and Stratonovich (1960). We
can also obtain a recursive form for the unnormalized conditional expectation of
<Xm,ep> given %1, m < k+ 1. This is the unnormalized smoother. For this we
take Hyyy = Hy = (Xip,ep), m<k+1, 1 <p <N, oy =0, By =0 and & = 0.
Applying Theorem 5.3 we have

N

E [Aji1t(Xmsep) | Zhr | = z Y1) g ((Ximsep)) €j) aj. (6.3)
j:
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We see that Equation (6.3) is indeed a recursion in k; this is why we consider HyXj.
Taking the inner product with 1 and using Notation 5.1 gives the smoothed, unnor-
malized estimate

W ((Xmsep)) = E [A(Xmsep) | %]

Estimators for the Number of Jumps

The number of jumps from state e, to state e, in time k is given by

k

krs = Z <X5717er> <X€,€s> .
(=1

Using Xy = AX,—1 +V, this is

I
M=

k
(Xi-1,e) (AXo—1, e5) 2 Xo—1,er) (Vi,es)

~
Il
—_

Il
M»

<X£,1,€|r> asr"’ 2 <X€7176r> <Vf7eS> .
(=1

~
Il

Applying Theorem 5.3 with Hyyy = #[%,, Hy =0, oy = (X;_1,e;)ay, Br =
(Xy—1,er)es, & = 0 we have

YVi+1,k+1 (/kril)
= MZ (HC Hl) {<7kk )+ ek (Kiser)ar) ej) aj

+ [diag (a;) —a;d}]

XE [(RiXire)) (Xioer) e | %]}
N

2 (HC k“) (Ve () se5) a

Qky er (HC k“) [asrar +esdiag (ar) —€s (aralr)]

that is, using Notation 4.2,

N
Vet 1k+1 (/kril) = zcj (Yk+l)<yk~,k(/km)vej>aj
=1 6.4)

+cr (Yk+l) <Qk, er> Asr€s.
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Together with the recursive Equation (6.1) for g; we have in (6.4) a recursive estima-
tor for ¥ x ( il ) Taking its inner product with 1, that is, summing its components,
we obtain % (_Z) =E [ A 27 | %]

Taking Hyoy = Hpy = 27, 00 =0,{>m, By =0,>0,0=0,¢>0, and
applying Theorem 5.3 we obtain for k > m, the unnormalized smoothed estimate
E [ A1 ZiXiet | Derr |

N

Yk ( 2 Y1) (Y (20 s€j) aj. (6.5)

Again, by considering the product _#,°X; a recursive form has been obtained.
Taking the inner product with 1 gives the smoothed unnormalized estimate

E[A 2 | %]

Estimators for the Occupation Time

The number of occasions up to time k for which the Markov chain X has been in

statee,, 1 <r<N,is
k+1

ﬁ]:.t,_] = Z <X€71;er>'
(=1

Taking Hyy1 = O}, Hy =0, oy = (Xy_1,e,), Br = 0, 6, = 0 and applying Theo-
rem 5.3 we have

N M
Yertpr1 (Oppy) = MZ Hcg’?+1 ((nx (67),¢;)

That is

N
Yerrhs1 (O111) = 2 ¢j Yerr) Nk (OF) se) a;

Jj=1

+cr (Yiy1) (qx-er) ar- (6.6)

Together with (6.1) for g; this equation gives a recursive expression for ¥ x (@2)
Taking the inner product with 1 gives yk (ﬁ,ﬁ) =E[0] | %]. For the related
smoother take k > m, Hy.| = H, = O}, ay =0, By =0, 6 = 0 and apply Theo-
rem 5.3 to obtain

=z

Vg1 ( 2 Y1) Yk (O,) ej) aj. 6.7)
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Estimators for State to Observation Transitions

In estimating the parameters of our model in the next section we shall require esti-
mates and smoothers of the process

k
Z Xo-1,er) (Yo, f)

which counts the number of times up to time k that the observation process is in
state f; given the Markov chain at the preceding time is in state e¢,, 1 <r <N,
1 <5 <M. Taking Hyy1 = Z7, Ho =0, oy =0, By =0, & = (X;_1,e,) fy and
applying Theorem 5.3

Terrirt (Z51) = MZHC b (e (F) )

j=li=

+ (Yek (K er) (Yier1, £3) s €5)) @y

That is, using Notation 4.2,

N
Vet (T51) = D ¢j Yert) (Vek () sej) a;
=1

+M<Qk7er> <Yk+l ;fs) CsrQy.

Together with Equation (6.1) for g; we have a recursive expression for ¥ x (Z(”) .
To obtain the related smoother take k+ 1 > m, Hy 1 = Hy, = 7%, 0y =0, By = 0,
0¢ = 0 and apply Theorem 5.3 to obtain

N

Ydit (T05) = X, ¢j Y1) (Vi (F7°) sej) a. (6.9)
=

This is recursive in k.

Remark 6.1 Note the similar form of the recursions (6.1), (6.4), (6.6), and (6.8).
|

2.7 Parameter Reestimation

In this section we show how, using the expectation maximization (EM) algorithm,
the parameters of the model can be estimated. In fact, it is a conditional pseudo
log-likelihood that is maximized, and the new parameters are expressed in terms
of the recursive estimates obtained in Section 2.6. We begin by describing the EM
algorithm.
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The basic idea behind the EM algorithm is as follows (Baum and Petrie 1966).
Let {Py, 6 € O} be a family of probability measures on a measurable space (Q,.%#)
all absolutely continuous with respect to a fixed probability measure Py and let % C
% . The likelihood function for computing an estimate of the parameter 6 based on
the information available in % is

and the maximum likelihood estimate (MLE) is defined by

6 c argmax L(9).
0co
The reasoning is that the most likely value of the parameter 0 is the one that maxi-
mizes this conditional expectation of the density.
In general, the MLE is difficult to compute directly, and the EM algorithm pro-
vides an iterative approximation method:

Step 1. Set p =0 and choose 6o.
Step 2. (E-step) Set 0% = 6, and compute Q (-, 6*), where

®\ dPG
0(0,0") =Ep- [1og 1P

o*

Step 3. (M-step) Find
0,1 € argmaxQ(6,0%).
0co
Step 4. Replace p by p+ 1 and repeat beginning with Step 2 until a stopping
criterion is satisfied.

The sequence generated {ép, p> O} gives nondecreasing values of the likelihood
function to a local maximum of the likelihood function: it follows from Jensen’s
Inequality, see Appendix A, that

logL(ép+1) lOgL( )>Q( 1,0 )7

with equality if épH = ép. We call Q(6,6*) a conditional pseudo-log-likelihood.
Finding a set of parameters which gives a (local) maximum of the expected log-
likelihood function gives an optimal estimate.

Our model (2.14) is determined by the set of parameters

0:=(aj, 1 <i,j <N, cji, 1<j<M,1<i<N)

which are also subject to the constraints (2.15) and (2.16). Suppose our model is
determined by such a set 8 and we wish to determine a new set

0=(a(k), 1<i,j<N,¢;(k),1<j<M,1<i<N)
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which maximizes the conditional pseudo-log-likelihoods defined below. Recall .%;
is the complete o-field generated by Xo, X1, ..., X. Consider first the parameters a ;.
To replace the parameters aj; by d;; (k) in the Markov chain X we define

k (N 14

ag (k

Ac=T1 ( > {ﬂ} <Xz,es><iner)> :
(=1 \rs=1 Asr

In case aj; = 0, take @;;(k) = 0 and d;(k) /a; = 0. Set

dp,
dPy

= A
7,

To justify this we establish the following result.

Lemma 7.1 Under the probability measure Py and assuming Xy = e,, then
Eg[(Xit1,e5) | Fi] = agr (k).
Proof

E[(Xii1,65) Ari1 | Fi]
E[Ais1 | Fi]

Ey[(Xis1.65) | Fi] =

Qsr (k
£ [e s 2]

E[ [%0] (Xin,en) | 7]

Asr

(isr(k)a
dsr

N dsr(K)

r=1"a, %sr

= dy (k) .

Sr

g

Notation 7.2 For any process ¢, k € N, write ¢ = E ¢y | %] for its ¥ -optional
projection. In discrete time this conditioning defines the % -optional projection.

Theorem 7.3 The new estimates of the parameter 4, (k) given the observations up
to time k are given, when defined, by

. 7rs Yk( krs)
ag (k) = 2k~ MLIE) (7.1)
W= @)

We take g to be 0.
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Proof

k
logA; = Z Xy, e5) (Xp_1,er) [logdy, (k) —logay,]

where R (a) is independent of d. Therefore,

N
ElogAe | %) =Y #logay (k)+R(a). (7.2)

rs=1

Now the dy, (k) must also satisfy the analog of (2.15)

N
Y ag (k) =1. (7.3)
s=1
Observe that N
Y Ar=0; (7.4)
s=1
and in conditional form N
Sy A8 =6 (7.5)
s=1

We wish, therefore, to choose the dg, (k) to maximize (7.2) subject to the constraint
(7.3). Write A for the Lagrange multiplier and put

rs=1

N N
i,4) = 3, Fitogay (k) +R(a) +2 (2%(/()—1).
s=1

Differentiating in A and dy, (k), and equating the derivatives to 0, we have the opti-
mum choice of dj, (k) is given by the equations

1 rs .
i +A=0, (7.6)

N
Y ag (k) = 1. (1.7)
s=1

From (7.5)—(7.7) we see that A = — ﬁ/ﬁ so the optimum choice of dg, (k), 1 <s,r <N
is

4= 2 - L),
4 % (%)
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Note that the unnormalized conditional expectations in (7.8) are given by the

inner product with 1 of (6.4) and (6.6).

Consider now the parameters c;; in the matrix C. To replace the parameters c,,

by & (k) we must now consider the Radon-Nikodym derivative

(S S [0 s,

(=1 \r=1s=1

By analogy with Lemma 3.1 we introduce a new probability by setting

dp,
dP |y,

= Ay

Then Eé [<Yk+1 7fs> ‘ X = er] =Cy (k)
Then

E [logAk | ?!/k} = Z Z "logésr (k) +R(c),

where R (c) is independent of & Now the &, (k) must also satisfy

Observe that

and conditional form

(7.9)

(7.10)

(7.11)

We wish, therefore, to choose the &, (k) to maximize (7.9) subject to the constraint

(7.11). Following the same procedure as above we obtain:

Theorem 7.4 The maximum log likelihood estimates of the parameters sy (k) given

the observation up to time k are given, when defined, by

_ (%)
PG

We take g to be 0.

(7.12)

Together with the estimates for ¥ (9,(” given by the inner product with 1 of Equa-
tion (6.8) and the estimates for Y (ﬁ}: given by taking the inner product with 1
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of Equation (6.6) we can determine the optimal choice for &, (k), 1 <s <M —1,
1 < r < N. However, Z?’il ér (k) = 1 for each r, so the remaining ¢y, (k) can also
be found.

Remarks 7.5 The revised parameters d, (k), é, (k) determined by (7.8) and (7.12)
give new probability measures for the model. The quantities ( BZA ) Ye (Z{’ § ),
Ye (ﬁ,:) can then be reestimated using the new parameters and perhaps new data,

together with smoothing equations.
|

2.8 Recursive Parameter Estimation

In Section 2.7 we obtained estimates for the a;; and the c;;. However, these are not
recursive, that is, the estimate at time k is not expressed as the estimate at time
(k—1) plus a correction based on new information. In this section we derive recur-
sive estimates for the parameters. Unfortunately, these recursions are not in general
finite-dimensional. Recall our discrete HMM signal model (2.14) is parametrized in
terms of aj;, cj;. Let us collect these parameters into a parameter vector 6, so that
we can write A = A(0), C = C(0). Suppose that 6 is not known a priori. Let us
estimate 6 in a recursive manner, given the observations %;. We assume that 6 will
take values in some set © € R”.

Let us now write & for the complete o-field generated by knowledge of Xy, X,
vy Xiy Y1, .., Yy, together with 6. Again %, will be the complete o-field generated
by knowledge of Y1,...,Y;. With this enlarged %, the results of Sections 2.2 and 2.3
still hold. We suppose there is a probability P on (Q x ©,\/7_; %) such that, under
P, the {Y;} are iid. with P(Y/ = 1) = 1, and X1 = AXg + Viy1, where V is a
(F, %k) martingale increment. Write g;, (8),1 <r<N,keN, for an unnormalized,
conditional density such that

E [Ac(Xirer)1(0 € d0) | 2] = g} (0)d0.

Where d0 is Lebesgue measure on © € R”.

Here, I (A) is the indicator function of the set A, that is, the function that is 1 on
A and 0 otherwise. The existence of g}, (0) will be discussed below. Equalities in the
variable 6 can be interpreted almost surely.

The normalized conditional density p}, (0), such that

P (0)d0 = E[(Xi,e,)1(0 € dO) | %],
is then given by

1 C) N
PO = S T
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We suppose an initial distribution pg (.) = (p} (.),...,pY (.)) is given. This is further
discussed in Remark 8.2. A recursive expression for g (6) is now obtained:

Theorem 8.1 For k € N, and 1 < r < N, then the recursive estimates of an unnor-
malized joint conditional distribution of X, and 0 are given by

i1 (8) = a, () diag (qx (0)) () (Yir1)- (8.1)

Proof Suppose g is any real-valued Borel function on ©. Then

F[<Xk+]7er>g(6)xk+l | %H]
= [ dir (g ) (82)

E

M
(AXi +Vir1,e0) 8 (0) Ak Y, M (CXi, fi) (Yey1, i) ‘ D1 ]
pay

ME | (AX,e,) g (6) A

Mz

1

(CXi f) (V1. £ | %1]

M=

M .
— — Y}
E [<Xk7es>arsg(6)Ak | %} I Icisk+1
1 i=1

M

A

N M yi
:M/@Zamqi(u)g(u)duncis“'. (8.3)
s=1 i=1

As g is arbitrary, from (8.2) and (8.3) we see

N M
r -M s Vi
9k+1 (u) = 2 Arsqy (u) Hcis .

s=1 i=1
Using Notation 4.2 the result follows. O

Compared with Theorem 4.3 the new feature of Theorem 8.1 is that it updates
recursively the estimate of the parameter.

Remark 8.2 Suppose © = (my,...,7y), where ; = P (X = ;) is the initial distribu-
tion for Xo and 4 (6) is the prior density for 6. Then

and the updated estimates are given by (8.1).
]

If the prior information about X is that, say, Xy = e;, then the dynamics of X,
(2.4) will move the state around and the estimate is given by (8.1). If the prior in-
formation about 0 is that 0 takes a particular value, then % (6) (or a factor of h)
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is a delta function at this value. No noise or dynamics enters into 60, so the equa-
tions (8.1) just continue to give the delta function at this value. This is exactly to be
expected. The prior distribution / taken for 8 must represent the a priori information
about 0; it is not an initial guess for the value of 6.

Time-varying dynamics for 8 could be incorporated in our model. Possibly
Or 1 =Ag O+ via1, where vy | is the noise term. However, the problem then arises
of estimating the terms of the matrix Ag.

Finally, we note the equations (8.1) are really just a family of equations para-
metrized by 6. In particular, if 6 can take one of finitely many values 0y, 6,
...,0, we obtain p equations (8.1) for each possible 6;. The prior for 6 is then
just a distribution over 6y,...,0,.

2.9 Quantized Observations

Suppose now the signal process {x;} is of the form
Xy 1 = AX+ Vg1,

where x; e R4, A = (aji) isad x d matrix and {v,}, £ € N, is a sequence of i.i.d. ran-
dom variables with density function y. (Time-varying densities or nonlinear equa-
tions for the signal can be considered.) We suppose xo, or its distribution, is known.
The observation process is again denoted by Y;, £ € N. However, the observations
are quantized, so that the range space of Y is finite. Here, also, we shall identify the
range of ¥, with the unit vectors fi,..., fu, f; = (0,...,1,...,0)" € R, for some M.
Again suppose some parameters 6 € © in the model are not known. Write % for
the complete o-field generated by xg,x1,...,x, Y1,..., Y and 6; % is the complete
o-field generated by Yi,..., Y. If Y/ = (Y, fi), 1 <i < M, then ¥, = (¥,...,YyM)’
and ¥, ¥/ = 1. Write

A =E[Ye. /i) |91 =P(Ye=fi | 91 ).
We shall suppose
PYy=fi|%)=P(Yo=filx—1), 1<i<M,LeN.

In this case we write ¢} (x,—1). Suppose ¢/, (x,—1) >0, 1 <i <M, ¢ € N. Write

- k M 1
M=l (izl [Mcz (xm} m’f”) |

Defining P by setting B
dp
dp

= Ak
e
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gives a measure such that

EL00f) | 91] =5,

Suppose the parameter 6 takes values in RY and is random and unknown.
Suppose we start with a measure P on (Q xR \/7, %) such that

B0 f) |91 = o

and x4 = Axg + vy 1. Write

_ﬁ<z e (e 1)]<Ye,ﬁ->>-

[Note this no longer requires c;'c 41 () >0.]

Introduce P by putting
dpP

dPly,

= A

Suppose f is any Borel function on R and g is any Borel function on ©, and write
qr (z,0) for an unnormalized conditional density such that

E[Add (xp €dz)1(0 €dO) | %] = qi(z,0)dzd6.

Then

E[f(ur1)8(0)Acs1 | Zhsr] //f ) i1 (§,u)dEdA (u). ©.1)

The right-hand side is also equal to

= ME

M .
F(Axic+vi1) g (0) A [ sy (00) %41 | Zsy ]
i=1

- f[f sz [l o

Write £ = Az+v, so v =& — Az. The above is

v (v) qi (z,u)dvdzdA (u).

=M///f(5) (Hck+1 k*‘)w(é—Az)qk(z,u)dzdgd/m(u). 9.2)

Comparing (9.1) and (9.2) and denoting
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M

kit (Yer1,2) =M Y chyy (2) Yeyr, i)
i=1

we have the following result:

Theorem 9.1 The recursive estimate of an unnormalized joint conditional density
of the signal x and the parameter 0 satisfies:

@t (G0 = [ ext (. 2) W (E ~ A9 () dz.

Example

In Kulhavy (1990) the following simple situation is considered. Suppose 8 € R is
unknown. {v¢}, £ € N, is a sequence of i.i.d. N (07 02) random variables. The real
line is partitioned into M disjoint intervals,

I = (—e,00), b =[00,00),....0y—1 = [0ar—2,0m—1) , Ipg = [Op1,20) .

The signal process is x; = 6 + vy, £ € N. The observation process Y, is an M-
dimensional unit vector such that ¥; = 1 if x; € I;. Then

=P(Y,=1|%_)
:P(YZZI|9)=P(OC,'_1SYZ<O£Z'|9)

-0
= (2no? ) / exp (—x*/20%)dx
o 1—6
—d(0), 1<i<M.

Measure P is now introduced. Write gy (0) for the unnormalized conditional density
such that

E[Add (6 € d6) | %] = q(8) do.
Then, for an arbitrary Borel function g,

E[g(0)Runt | %er] = [ g auar ()2

= ME | g(6

M .
VALY, chyr (8) Yesr, fi) | %+1‘|
=1

M
A) [ X i (A) <Yk+1afi>] qr(A)dA.
i=1
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We, therefore, have the following recursion formula for the unnormalized condi-
tional density of 6:

M .
Grs1(A) = (Hc;;H (WH) ar (7). (9.3)
i=1

The conditional density of 6 given % is then

am
)= EaE

2.10 The Dependent Case

The situation considered in this section, (which may be omitted on a first reading),
is that of a hidden Markov Model for which the “noise” terms in the state and obser-
vation processes are possibly dependent. An elementary prototype of this situation,
for which the observation process is a single point process, is discussed in Segall
(1976b). The filtrations {.%}, {%} and {#;} are as defined in Section 1.2. The
semimartingale form of the Markov chain is, as in Section 2.2,

Xir1 = AXy + Vi1, keN,

where V; is an {.%;} martingale increment, aj; = P (X1 =€ | Xy =¢;) and A =
(aji). Again the Markov chain is not observed directly; rather we suppose there is
a finite-state observation process Y. The relation between X and Y can be given as
P(Yk+1 = fr | %k) :P(Yk+1 = fr |Xk) so that

Yip1 = CXp + Wiy, keN,
where Wy is an {%} martingale increment, cj; = P (Y| = fj | Xy = ¢;) and C =
(cji). We initially assume c ; positive for | <i<Nand1< j<M.
However, the noise, or martingale increment, terms V; and W;, are not indepen-
dent. In fact, the joint distribution of Y} and X} is supposed, given by
Yk+1Xl£+1 =SXk + i1, keN,

where S = (s,j;) denotes a MN x N matrix, or tensor, mapping R" into R¥ x RV
and

Srji:P(Ykar,szej|Xk_1=€,') ISFSM,ISZ',]'SN.

Again T’y 1 is a martingale increment, so E [T11 | %] = 0.
If the terms are independent

SX; = CX; (AXy)' .
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In this dependent case, recursive estimates are derived for the state of the chain,
the number of jumps from one state to another, the occupation time of the chain
in any state, the number of transitions of the observation process into a particular
state, and the number of joint transitions of the chain and the observation process.
Using the expectation maximization algorithm optimal estimates are obtained for
the elements aj;, c¢j; and s,;; of the matrices A, C, and S, respectively. Our model
is again, therefore, adaptive or “self-tuning.” In the independent case our results
specialize to those of Section 2.5.

Dependent Dynamics

We shall suppose
P(Yiri=fr Xev1=¢j | %) =P (Yey1 = fr, Xiy1 = €j | Xi) (10.1)
and write
srji=P(Yiy1 = fr. Xay1 =¢j | Xx =€), 1<r<M,1<ij<N.

Then S = (s,j;) denotes a MN x N matrix, or tensor, mapping RY into RM x RV,
From this hypothesis we have immediately:

YeriX{ =SXe+Teyr,  keN, (10.2)
where T, 1 is a (P,%),RY x RN martingale increment.

Remark 10.1 Our model, therefore, involves the three sets of parameters (a;;), (c,i),
and (syji).

|
Write 1 = (1,1,..., 1)/ for the vector, in RY or RY according to context, all
components of which are 1.
Lemma 10.2 For 1 € RM, then
(1,8X) = AX;. (10.3)
For1 € RN, then
(8X;,1) = CX;. (10.4)

Proof In each case (1,T}) and (I't, 1) are martingale increments. Taking the inner
product of (10.2) with 1 the left side is, respectively, either <l, Vi1 X[ n 1> = X; or
(Yes1X(1,1) = Yiy1. Therefore, the result follows from the unique decompositions
of the special semimartingales X; and Y. (]
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In contrast to the independent situation, we have here P [Xk+1 =ej | Zi, @it } =
P[Xi+1 =ej | Xk, %+1]. This is not, in general, equal to P [X;1| = ¢; | Xi| so that
knowledge of %, or in particular Y}, now gives extra information about Xj.

Write

(recall the c,; are positive). We then have the following:
Lemma 10.3 With A the N x (N x M) matrix (otjiy), 1 <i,j <N, 1 <r<M,
Xip1 = A (XY 1) + Vi,
where
E[Vk+1 \ﬁk,%ﬂ} ~0. (10.5)
Proof
P X1 =ej| Xi = ei,Yir1 = fr]

_ Py = fr X1 =€ | Xk = ei
PlYip1 = fr | Xk = ei]

= Sri o
==
With A = (ajir), 1 < i, j <N, 1 <r <M, we define V; by putting
X1 =A (XY i) +Vig- (10.6)
Then
E[VkJrl | 33/(7%“} =E[Xps1 | T, Y1 | — A (XiY{)

=A(XY{,) —A(XY{,)=0.

O
In summary then, we have the following.
Dependent Discrete HMM The dependent discrete HMM is
Xir1 =A (XY ) + Vier
(ki) (10.7)
Yir1 = CXg + Wi, keN,

where X; € Sy, Y; € Sy, A and C are matrices of transition probabilities given in
Lemmas 10.3 and (2.8). The entries of A satisfy
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N

2 ojir =1, ojir > 0. (10.8)
J=1

Vj is a martingale increment satisfying
E[Vkﬂ | yka@k-ﬁ-l} =0.

Next, we derive filters and smoothers for various processes.

The State Process

We shall be working under a probability measure P as discussed in Sections 2.3

and 2.4, so that the observation process is a sequence of i.i.d. random variables,

uniformly distributed over the set of standard unit vectors {f1,..., fir } of RM.
Here Ay is as defined in Section 2.3. Using Bayes’ Theorem we see that

P[Xp1 = ¢j | Fi, %] = E [ (Xir1.€5) | T, Derr |
E

[ (Xi1,€5) Mevt | T, Py |
E[ N1 | %, % ]

_ A1 E [ (Xir1s€)) | T, Pt |
Ay

=P[Xip1=¢j| T, %]

= P[Xip1=¢j | X, Yir1].

Therefore under P, the process X satisfies (10.7). Write g, k € N, for the unnormal-
ized conditional probability distribution such that

E[NXi | 2] = G-
Also write
A (ejf,/) =0 jr = (OCljr,OCer, . ,OCer) and Sp.j = (srlj7 . 7SrNj) .

Lemma 10.4 A recursive formula for gy is given by

M N
Ger1 =M YD {Gej) Yisr, fr) srj = MSGYy, .- (10.9)
r=1j=1
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Proof
G = E [KkJrleH | Zhes1 ]

AkH (CXie, f) 5 E [Xiyr | P %] | %+11

\

>
>
,’:]a

|
=

(M (CXy, f))" k+|AXkYk+1 ‘ %JA}

—

[

<
Mz
M= ]

(Grrej) Yerts fr)crjoljr

‘
Il
_
~.
Il
=

<quej> <Yk+17fr> Sr.j

[
=l
= =
Kocy I
t —_

I
SO
Mz
M=

O

Remark 10.5 If the noise terms in the state X and observation Y are independent,
then

SXi = E [Yi1 Xi1 | %)
= CXk (AX;)'

2 Xk7

where ¢; = Ce; and q; = Ae;.

A General Recursive Filter

Suppose Hj is a scalar ¢-adapted process such that Hy is %y measurable. With
AHp = Hiqq _Ek,_HkJr] = Hi + AHy ;. For any g—adapted process @, k € N,
write ik (0m) = E [ AkmXk | Z]. Then

Ve vt (Hiyr)
=E [ A tHiXir1 | % | +E [ A1 AHg1 Xt | D ]

[
=E [KkaA (Xe¥{i1) Ak | %4—1} +E [ A1 AH 1 Xi1 | Zerr |

M N
=My 2<7kk Hy).ej) (Yerr, fr) srj

,q
I

~.
Il

+E [ A1 AH 1 Xiey 1 | Dt |
= MST/](J( (Hk) Yk,+1 +E [Xk+1AHk+1Xk+1 | %+1} . (10.10)
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For the smoother at time m < k+ 1, we have

Ymk-&-l MZ Z<Ymk ej> Yk+lafr>srj
r=1j=
= MSTnic (Hn) Vi, - (10.11)

Remark 10.6 The use of the product Hyy X+ and H, X, is explained in Sec-
tion 2.5. Specializing (10.10) and (10.11), estimates and smoothers for various pro-
cesses of interest are now obtained.

|

The State Process

Here Hy 1 = Hy = 1 and AHj,1 = 0. Denoting .« (1) by gx we have from (10.10)
and (10.11)

Jir1 = MSGY] (10.12)

which we have already obtained in Lemma 10.4. For m < k+ 1 we have the
smoothed estimate

Tt (X ep)) = MSTe ((Xm€p)) Y11 (10.13)
The Number of Jumps
Here Hy, 1 = 7, = =Yk (X— 1,eq> (Xu,ep) and AHi 1 = (Xi,ep) X (Xit1,€q).

Substitution of these quantities in (10.10) and (10.11) gives the estimates and
smoothers for the number of jumps:

Vet 1k+1 (/kpfl) =M (Sf’lsk (/kpq) Yk/—H + <‘7k’€p> <Yk+1vs'qp>eq) (10.14)

and for m < k+ 1 we have the smoothed estimate

Tnir1 (I07) = MSTuse (F0) Y1 (10.15)

The Occupation Time

Here Hy | = k+1 Zﬁﬂ <Xn,e,,> and AHy | = <Xk,e,,>. Using again (10.10) and
(10.11) we have the estimates

Tesrke1 (OF)) =M (STa (OF) Y1+ (Grsep) (Yir1,5-p)) 5 (10.16)
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where <Yk+1,s..p> = Z’rv[:l (Ye+1, fr) Sr.p» and the smoothers for m < k+ 1

?m,kJrl (ﬁp) MSYmk( )Yk+1 (1017)

The Process Related to the Observations

Here Hy1 = 77 = X071 (Xi-1,¢p) (Y, fy) and Ay = (Xiep) (Yir1, ). Again,
substitution in (10.10) and (10.11) gives

Tesrart (T8 =M (STei () Vi + (s ep) Y1, f5) Ss.p) (10.18)

and for m < k+ 1 we have the smoothed estimate

Tnks1 () = MSTui (T0°) Y4 (10.19)

The Joint Transition

In the dependent situation a new feature is the joint transition probabilities. Here
Hpp1 = ktf; 2k+1 (Yo, fr) <Xéaeq> <XZ laep> and AHy 1 = (YViy 1, /1) <Xk+1a€q> X
<Xk, e p> Estimates and smoothers for the joint transitions are obtained using again
(10.10) and (10.11). These are:

Terrirt (L) =M (STex (L) Yicr + (Grsep) Vi, i) sigpeq) | (10.20)

and

Tkt (L) = MST i (LP) Yy 1. (10.21)

Parameter Estimation
Our hidden Markov model is described by the equations:

Xiy1 = AXg + Vi
Yir1 = CXp +Wip
Yk+1X]é+1 =SX; + Tk, keN.

The parameters in the model are, therefore, given in a set

0 = {ai,1 <i,j <N;
cjiiy | <j<M, 1<i<N;
srji, L<r <M, léi,jSN}.
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These satisfy

N M
Yaji=1, D=1, Zzw—l (10.22)

j=1 j=1 r=1j=

Suppose such a set 6 is given and we wish to determine a new set § = {(a;i(k)),
(¢ji (k)),($,ji (k))} which maximizes the log-likelihood function defined below.
Consider the parameters (s, i 1 <r<M,1<14,j< N). To replace the joint tran-
sitions s,j; by §,ji (k) consider the Radon-Nikodym derivatives

A

dP |:§rji (k)} (Yo fr) (Xese) (Xe—1.€i)
1

Srji (k)

Therefore

M N .. A
|%]:2§;%M%QMHWQL (10.23)
where R (s) is independent of §. Now observe that

ZZXW 0. (10.24)
r=1j=

Conditioning (10.24) on %; we have:
ZZXW o. (10.25)

r=1j=

Now the §,j; (k) must also satisfy:

N
ZH (10.26)

||M§

We wish, therefore, to choose the §,j; (k) to maximize the conditional log-likelihood
(10.23) subject to the constraint (10.26). Write A for the Lagrange multiplier and
put

z z i” 10gsr,, s)+A <Z ZS”, ) .
r=1i,j=1 r=1j=

Equating the derivatives of F in §,; (k) and A to zero we have that the optimum
choice of §,j; (k) is given, when defined, by
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20 w(4)

S | (1027)
o, w(G)

$rji (k) =

Similarly, as in Section 2.7 the optimal choice for d;; (k) and ¢;; (k) given the obser-
vations are, respectively, when defined

~ 1]
di (k) = Y"( £ ) (10.28)
! % (6})
and
- ij
& (k) = y"(y’? ) (10.29)
% (4})

Remark 10.7 We have found recursive expressions for %(0}), %(£"), %( 7.)
and %(7;”). The revised parameters 8 = ((@;i(k)), (¢;i(k)), (3-ji(k))), are then de-
termined by (10.27), (10.28), and (10.29). This procedure can be iterated and an
increasing sequence of likelihood ratios obtained.

|

A Test for Independence

Taking inner products with 1 € RV, (10.16) and (10.20) provide estimates for % (&} )
and ¥ (.,fkr J l) , respectively; an optimal estimate for §,j; (k) is then obtained from
(10.27). However, if the noise terms in the state X and observation Y are independent

we have
SX; = C diag X A'.

Taking X = ¢; and considering
(Sei, fre);) = (Cei, fr) (Aeire;)
we see that if the noise terms are independent:
Spji = Crilji

for 1 <r<M,1<i,j<N.If the noise terms are independent nk(/k”), }’ch(ﬁli),
and Y4 (Z;") are given in Section 2.6. Taking inner products with 1 € RV gives

estimates for y; (/k”), %(0)), and ¥ (ﬂkij), and substituting in (10.28) and (10.29)
gives estimates for d;; (k) and ¢;; (k). Consequently, a test for independence is to
check whether

8 ji (k) =Gy (k) -Aji (k) :



52 2 Discrete States and Discrete Observations

Modification of our model and this test will give other tests for independence. For
example, by enlarging the state space, so the state at time k is in fact (Xp11,Xx) a
test can be devised to check whether either the process X; is Markov, or (Xit1,Xx)
is Markov, in a hidden Markov model situation. Alternatively, models can be con-
sidered where X; | and Y;; depend also on Y;.

2.11 Problems and Notes

Problems

1. Show that Ay defined in Section 2.3 is a (P,%)-martingale, and A defined in
Section 2.7 is a (P,%)-martingale.

2. Fill in the details in the proof of Theorem 5.3.

3. Write Pm i (er) =F [<Xm,€r>xk | @k} s Km,k:H]Z’:m ¥, and ﬁmk (er) = E[Xm+27k |
Xin = er,%]. Show that B, ; satisfies the following backward recursive equation

N M i
Yl
ﬁm,k (er) =M z Hdi4m+2ﬁn1,k (e[) Pre
(=1i=1

and Bk (-) = Bu—14 () = 1. Then verify that:

M i
P (€r) = G (er) By (er) [T i7",

i=1

where gy, (+) is given recursively by (4.3).

4. Prove Theorem 7.4.

5. It is pointed out in Section 2.10 that alternatively, the transitions at time k of
the processes X and Y could also depend on Y;_;. Describe the dynamics of this
model and define a new probability measure under which the observed process
Y is a sequence of i.i.d. random variables uniformly distributed.

6. Using a “double change of measure” changing both processes X and Y into i.i.d.
uniform random variables, rederive the recursions of Sections 2.4 to 2.6.

Notes

Hidden Markov models, HMMs, have found applications in many areas. The survey
by Rabiner (1989) describes their role in speech processing. Stratonovich (1960) de-
scribes some similar models in Stratonovich (1960). The results of Astrém (1965)
are obtained using Bayes’ rule, and the recursion he obtained is related to Theo-
rem 4.3.
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The expectation maximization, EM, algorithm was first introduced by Baum and
Petrie (1966) and further developed by Dempster et al. (1977).

Our formulation, in terms of filters which estimate the number of jumps from
one state to another ¢, the occupation time &, and the T process, avoids use of
the forward-backward algorithm and does not require so much memory. However,
it requires a larger number of calculations that can be done in parallel.

Related contributions can be found in Boel (1976) and Segall (1976b). The latter
discusses only a single counting observation process. Boel has considered multidi-
mensional point processes, but has not introduced Zakai equations or the change of
measure.

The continuous-time versions of these results are presented in Chapters 7 and 8.



Chapter 3
Continuous-Range Observations

3.1 Introduction

This chapter first considers a discrete-time, finite-state Markov chain which is ob-
served through a real- or vector-valued function whose values are corrupted by
noise. For simplicity, we assume Gaussian noise. The main tool is again a version
in discrete time of Girsanov’s theorem. An explicit construction is given of a new
measure P under which all components of the observation process are N (0,1) i.i.d.
random variables. Working under P we obtain unnormalized, recursive estimators
and smoothers for the state of the Markov chain, given the observations. Further-
more, recursive estimators and smoothers are derived for the number of jumps of
the chain from one state to another, for the occupation time in any state, and for pro-
cesses related to the observation process. These estimators allow the parameters of
our model, including the variance of the observation noise, to be reestimated using
the EM algorithm (Baum, Petrie, Soules and Weiss 1970). Optimal recursive esti-
mators for the state and parameters are obtained using techniques similar to those
of Chapter 2.

In the later part of the chapter observations with colored noise are considered,
that is, there is correlation between the noise terms in the signal at consecutive
times. More generally, the case is discussed where a Markov chain influences a
linear system which, in turn, is observed in noise. That is, mixed continuous-range
and discrete-range state models are studied. All calculations take place under the
reference probability measure P for which the observations are i.i.d.

3.2 State and Observation Processes

All processes will be defined on a complete probability space (Q,.%,P). The
discrete-time parameter k will take values in N. Suppose {X},k € N} is a finite-
state chain representing the signal process. As in Chapter 2 the state space of X is
the set of unit vectors

Sy = {61,62,...,81\/}, e = (0,...,0,1,0,...,0)/ ERN.
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We assume Xj is given, or its distribution or mean E [Xy] is known. Also, we assume
as in Chapter 2 that X is a homogeneous Markov chain, so

P(Xer1 =ej | Fi) =P (Xr1 = | Xy).

Suppose X is not observed directly, but rather there is an observation process
{x,k € N}. For simplicity suppose y is scalar. The case of vector y is discussed in
Section 3.8.

The signal model with real-valued y process has the form

Xier1 = AXi + Viey,s

2.1
Yo = ¢ (Xe) + 0 (Xe) wi. @D

Here {wy} is a sequence of zero mean, unit variance normally distributed N (0,1)
i.i.d. random variables. Because X; € Sy the functions ¢ and ¢ are determined by
vectors ¢ = (c1,¢2,...,cy) and 6 = (01,0,,...,0x)" in RY; then ¢ (X;) = (¢, X;)
and o (X;) = (0,X;) where (, ) denotes the inner product in RY.

We shall assume o; # 0 and thus without loss of generality that 6; > 0,1 <i <N.

Notation 2.1 { %}, k € N, will denote the complete filtration generated by X;
{%}, k € N, will denote the complete filtration generated by y; {4}, k € N, will
denote the complete filtration generated by X and y.

Remark 2.2 The observation model y; = ¢ (Xi) + 0 (Xi) wr, k € N, will be discussed
in Section 3.9.
|

3.3 Conditional Expectations

We first quickly derive the conditional distribution of X, given % using elementary
considerations. Recall the wy, k € N, are N (0,1) i.i.d. random variables, so wy, is
independent of ¥ and, in particular, of %; C %;.

For ¢ € R consider the conditional distribution

N
P(yip1 <t %) =Y P(Owir <t —ci)P(Xis1 =€ | %).

i=1

Write X, = E[X; | %] and ¢; (x) = (27r0i2)_1/2 exp (—x?/207) for the N (0,0;)
density. Then

t—cj

P(yer1 <t %) = (Xiq1,ei) i (x) dx.
et e

The conditional density of y,. 1 given % is, thus,
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Mz

<Xk+1,€ >¢t ci)-

Il
—_

Now the joint distribution
P(Xir1 =ei, i1 St Z) = P( X1 = €| ) P (Wi <t —ci)

t—c;
<Xk+l 7el> / i (x) dx.
Therefore, using Bayes’ rule

E [<Xk+1,€i> | @kﬂ} =P (Xp+1=¢i | yet1, %)
_ (X1, e0) 0 es1 — i)
Z],Y:1<Yk+1,€j>¢j (Vk+1—¢;)

Consequently,

N
E (X1 | %] = z [(Xir1,€i) | @i ]ei

Z <Xk+]7el>¢l (ykJrl —ci)e 3.1)
Z, 1 (Xir1,€)05 ks —¢j)
The recursive filter for X; follows:
Theorem 3.1
. SV (X ei) 0 (s 1 — ci) Ae
Xir1 = E[Xpp1 | D1 ] = = i )91 O+ (3.2)

M (Xese) 0 i —cj)

Proof Vi1 is an % -martingale increment so E [V, | %] = 0. However, the wy
are i.i.d. so
E[Virt | %, wis1] = E [Vieyr | Fi] = 0.

Consequently, E [Viy1 | 1] = E[E [Vir1 | % Wis 1] Zh1] = 0 and

Xit1 = E[Xip1 | %] = E[AXi+ Vit | Zhgt]
= AE [ Xy | D]

Substituting in (3.1) the result follows. O

Remark 3.2 A difficulty with the recursion (3.2) is that it is not linear in )?k.
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3.4 Change of Measure
Suppose w(.) is a real random variable with density ¢ (w) and ¢ and ¢ are known
constants. Write y(.) = c+ow(.).

We wish to introduce a new probability measure P, using a density A4, so that
dP/dP = A, and under P the random variable y has density ¢. That is,

Ph<n= [ hdp
:/I),S,ldP
Q
oo
= [l Ao (wyaw
t d
= [ 2mem) 2. @D

The last equality holds since y(.) = ¢+ ow(.). For

Po<n= [ o0)ay @2

to hold we must have

-5

So far, on (Q,.%, P), our observation process {yx }, k € N, has the form y; = (¢, X;) +
(0, X)) wi, where the wy are N (0,1) i.i.d. Write ¢ (-) for the N (0,1) density,

(0, Xp) ¢ (ve)
A= LT 2 Y4
‘ O (we) €N,
Ao =1,

and
k
Ak =[] 2, k>1.
/=1

Define a new probability measure P by setting the restriction of the Radon-Nikodym
derivative to % equal to Ay: (dP/dP)|g, = Ak. The existence of P follows from
Kolmogorov’s Extension Theorem.

Lemma 4.1 Under P the y; are N (0,1) i.i.d. random variables.

Proof Now P(yii1 <t| %) =E[I(yt+1 <t)|%], and from a version of Bayes’
Theorem this is
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_ E[Aed i1 1) [ %]

E A1 | %]

_ ﬂ ' E [Xicitd i1 <) | %]

Ay E Mt | %] '

Now under P, w1 = %
E[hs1 | %] = Mk+1 | G, Xi1] | %]
(0, Xk 41) 0 (Vks1) 1
= -0 (w —d

/ ¢ (Wit1) # (wiet) (0, Xi41) Yt

= [ O Vir1) -dyey1 =1,

SO
P(yks1 <t|%) = [)Lk+11()’k+1 <1) %]
—/ (o, kakij) L1 1)@ (Wit 1) dwit 1
—/ ¢ k1) i1 = P (1 <1).
The result follows. O

Lemma 4.2 Under the measure P, the process X remains a Markov process, with
transition matrix A and initial distribution py.

Proof To prove Lemma 4.2, we must show that under P, X has the Markov prop-
erty and has both rate matrix A and initial distribution pg. The equality of initial
distributions for X under each measure is immediate from Bayes’ rule, that is,

E[Ay'Z | {Q,0}]

AL o))

= E[Zo] = Po- (43)
To complete the proof of Lemma 4.2, we examine the following expectation,

E[A(Xisej) | D]
E[A | G-1]
N E[ (X)) | %]
Ak E [N | %]
_ E[M(Xk,€)) | %1]
E M| %]

E[<Xk,€j> ‘ gkfl] =

(4.4)
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Using repeated conditioning, we rewrite the denominator in the last line of equation

(4.4) as

E[M | %] = (Xe,0)0 ()

T [o(0k (X)) /%))
=E|E
(Xi, 0)9 (k)

¢((yk—<0 Xk))/<Xk>O_>) ]
k—1

| Xk, Gk

The inner expectation of equation (4.5) can be evaluated by noting that,

T o((n—(e.x) /(X 0)
E
Xe.0)9 %)

1 o((E-ex)/ o))
= o) 9()

s [o((e- <cxk>)/<xk,o>)dé

/ o(9) (X, 0

| Xk gk—1‘|

¢(5)ds

/\

I
-

It follows that
E[(X,ei) | 1] =E [ M(Xx,ei) | G1].

Again, using repeated conditioning, we see that

~—

(X | X & y] = ot [ 0&) X 01

<Xk7 G> E

Consequently

E[(X.ei) | %1] =E[M(Xr,ei) | %—1] = E[(Xk,e) | 1]
=E[(X,ei) | Xi—1]

= AXk717ei>‘

—~

1% |.

4.5)

(4.6)

%))

4.8)

4.9)

]

Conversely, we suppose we start with a probability measure P on (€,.%) such

that under P
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1. {X;}, k € N, is a Markov chain with transition matrix A, so that X, = AX; +
Vii1, where E[Viy1 | Z;] =0, and

2. {y}, k € N, is a sequence of N (0, 1) i.i.d. random variables, (which are, in par-
ticular, independent of the Xj).

We then wish to construct a probability measure P such that under P

Vi1 — (e, Xpv1)

= keN
M TG X <

is a sequence of N (0, 1) i.i.d. random variables. That is, under P, yy | = (¢, Xx11) +

(0, Xi1) W1 _
To construct P from P we introduce the inverses of A, and A;. Write

7 -1 _ ¢(WZ)
M= X bl

and

and define P by putting (dP/dP)|g, = A. Clearly the construction of P using the
factors Ay requires (0,X;) # 0. The assumption that the observation process has
nonsingular noise is standard in filtering theory. If the components of ¢ are all dif-
ferent and (0,X;) = 0 then observing y;.1 = ¢, implies X; = e,

Lemma 4.3 Under P the {wy}, k €N, is a sequence of N (0,1) i.i.d. random vari-
ables.

Proof The proof is left as an exercise. O

Remark 4.4 We shall work under P. However, it is under P that y; = {c,X;) +
(0, X;) wi with the wy, N (0,1) and i.i.d.
|

3.5 Filter-Based State Estimation

The method we develop to estimate the parameters of the model, is based upon
estimating the state process X and estimating a set of quantities derived from the
process X. Two of these derived processes are related to the state process and one
is related to both the state and observation process. These processes are listed be-
low.
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1. Nk(j ) , a discrete time counting process for the state transitions e; — e;, where

i#J,

M»

NI =3 (X0 1 e (Xpe). (5.1)

(=1

2. J,f, the cumulative sojourn time spent by the process X in state ¢;,

k
Ji= 2 XK e (5.2)

3. G,i, the level sum for the state e;

k

Gi= > fve)(Xe—1,e). (5.3)
(=1

Here the function f(-) is any bounded mapping.

A Filter for the process X

To estimate the state process, given an observation set and an assumed model, we
wish to evaluate the expectation E [Xk | %] . Using a version of Bayes’ rule, this is,

E[AXe | %]
EX | % = =———— 5.4
(X | %] SNEA (5.4)
Write
gk S E[AXe | %) € R”. (55)
Definition 5.1 We define the following quantities:
A ¢((yk+1—<c7ej>)/<07ej>)
(5.6)
e 1Y
N 7 (Vkt1)
B(yri1) = ) 5.7
Yo (Vks1)
A
Tox = B(yx)AB(yr—1)AB(yr—2)---AB(y1). (5.8)

Lemma 5.2 The unnormalised probability vector gy, is computed by the recursion

gk = B(yk+1)Aqr

(5.9)
= T xq0-
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Proof
Qi1 = E[Aey1Xer1 | Do |

O (k1 — (¢, Xer1)) /(0. Xi1))
(0, Xi1) 9 Vit 1)

(Ac(Xivr,e)) | 2] (s e

|
|

A

Xir 1| %y

|
M=
|

~.
I
—_

I
M=

(Agi,e;)7i(Vir1)e;

~.
Il
R

= B(yit1)Agy.

O

_ To compute the normalised probability corresponding to ¢o, one notes that
E[Ak | g/k] = <610,k,ll>- Here 1 = (1, 1,..., 1)/ € R

Filters for the processes NV, J' and G'

To re-estimate parameters ¢ and A we shall require estimates of the quantities de-
fined by equations (5.1), (5.2) and (5.3). Rather than directly estimating the quan-

tities, Nk(] A, J!, and G}, recursive forms can be found to estimate of the related

product-quantities, Nk(j ) X e R, J, ( )Xk € R" and G( 0 X € R". The outputs of these
filters can then be manipulated to marglnahse out the state process X, resulting in

filtered estimates of the quantities of primary interest, namely N (74, J' and G'.
Write

A
aNIx) SENNTX | 2] (5.10)
Lemma 5.3 The process g(N Gix ) is computed recursively by the dynamics
GV Xer1) = BO)AGNT) X +agy (ae e vi0ki)es. (511
Proof
Q(Nk(ﬂ)xkﬂ) = E[AkHNk(H Xir1 | %]

¢ ((rr1 — (€, Xe11))/(0,Xi11))
(0, Xi+1) 9 (V1)

< (NI 4 (X ) (Xerrre)) Xesr | Zn

|

Ay

= 3 EMler1,e) (N9 + (X, e (Xe1,¢))) | o] v e
/=1
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= 3 {E M eon | 900w e}

+E [Ar{AXy, €) (Xi.ei) | Dox|vi(vks1)e;

— By )AG(NIIX) +agj i (ar €)Y ks e (5.12)
O

Write N
q(GiXx) = E[MGi X | %] (5.13)

Lemma 5.4 The process q(G'X) is computed recursively by the dynamics

4(Gi 1 Xir1) = BOwe1)AG(GiXe) + f (k1) (qrs i) B(vis1)Ae. (5.14)
Proof
0(Giy 1 Xer1) = E M1 Gy Xeyr | Zhi]

& (k1 — (€. Xk41))/ (0, Xk11))
(0, Xk11)0 (Vr1)

X (GE+ frs1) (Xes €i)) X1 | Dt

|

Ay

2 [Ae(Xir1,€0) % ir1)Gh | Dhesr ] e
Z [Ak (X1, e0)(Xisei) | Zh) f rr) e D1 e

Z [Ak (AX.er) Gk | %H]W()’kﬂ)

n

2 [Ak(Xi,ei) | Do x]aeif Grs1) Ve ks1)e

= B(yk+1)A61(Gka) + frs1)(qr, i) B(Yi+1)Ae;. (5.15)

Taking f(yx) = 1, we have the following recurrence for estimates of J:

Lemma 5.5

q(J 1 Xer1) = By 1)AS (JiX) + (qi, i) B(yks1)Ae;. (5.16)

Our primary objective in this article, is to estimate the parameters ¢, o and A.
The estimators for (c,e;) and ag;, j) are given by, see Elliott (1993b), Elliott (1994a),
Dembo and Zeitouni (1986), James, Krishnamurthy and Le Gland (1998),
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ENYY | 27] g
G = Elan | %] = BN 1] _aWr )
(i.J) lai.j) | 6] E[JL | %] q(r)
V pairs (i, /), i # J, G
o E[GL| %]  q(Gh)

(c,ei) =E|[(c,ei) | Zor]| = E[J} | %T] - q(Jh) "

(5.18)

Remark 5.6 Note that the estimator given by equation (5.17) is defined only for the
off diagonal elements of the matrix A. However, one can compute the corresponding,
(estimated), diagonal elements of A, by noting that Vi, 3 a(; ;) = 1.

|

The filter recursions given by Lemmata 5.3, 5.4 and 5.5, provide updates to estimate
product processes, each involving the state process X. What we would like to do, is
manipulate these filters so as to remove the dependence upon the process X. This
manipulation is routine. Recall, for example, that

L2F

CI(Nt(jA'i)Xt) [AtN Xt | %t} (5.19)

Since X takes values on a canonical basis of indicator functions, we see that
(aNIX0),1) = (E[MNTX | %],1)

— E[ANT (X0 | %] 1

= (V). (5.20)

It follows that our quantities of interest are computed by

o(N) = (o (X)), (5.21)
o(Gi) = (o(GiX,), 1), (5.22)
o (%) = (o (4ixe),1). (5.23)

3.6 Smoother-Based State Estimation

In this section we compute smoother update formulae for the process X and each of
the quantities related to X given by equations (5.1), (5.2) and (5.3).

A Smoother for the process X

Suppose 0 < k < T and we are given the information % 7. We wish to estimate X
given % 7. Again from Bayes’ Theorem
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E[AorXe | %.7]

E X | %r| = —= (6.1)
X | ] E[Aor | %]
Now
E[AorXe | %.1) = E[MXE [ A1 | DoV Fi| %], (6.2)
where Ay 7 = HLk 41 A¢- Then by the Markov property
E[Ai1r | %1V F) =E M | %oV o{Xi}]. (6.3)
Write vi 7 = ((vir,e1),- -, (Vir,€n)), where
A —
(virsei) = E[Aerrr | Do VA{Xe =ei}]. (6.4)

Lemma 6.1 The process v, for k € {07 1,2,...,T — 1}, satisfies the backward dy-
namics, (dual to q), of the form:

Vier = A'B(Yis1) Vir1.7- (6.5)

Here A’ denotes the matrix transpose of A.

Proof
= O (rr1 — (¢, Xer1))/ (0, Xis1)) }
Y 7ei — E A g \/ X = €&;
Wer. i) ot (0, Xk+1)0 (Vs 1) oV X =ei)
= Y E[(Xis1,¢j)Mcsor | Zo.r V{Xe = ei}] 7 (vks1)
j=1
= 2 E[(Xer1,€))E Moy | DoV { Xk =ei} v
j=1
(X =eit] 1 %oV {Xe = ei}] v (1)
= Z F[<Xk+1a€j><vk+1,n€j> | %01V {Xk = ei}] Yi(Vk+1)
j=1
= 2 aji) (Vir1,7:€) Vi (V1) - (6.6)
j=1
That is, vi 7 = A'B(yit1) Vs 1.7 O

Write, for k € {0,1,...,7 —1}

A

Yir1,r = A'B(yis1)A'B(yis2) .. .A'B(yr) € R, (6.7)
A

\IJTAT = A/B(yT). (68)



3.6 Smoother-Based State Estimation 67
Remark 6.2 Note that vi 7 =1 € R" so

vir = Y7 1 (6.9)

|

Theorem 6.3 The unnormalized smoothed estimate for the process X, at the time-
index k, is computed by

E[NorXe | %.r] = ding{ (qx,) pyir. (6.10)
The corresponding normalised smoothed estimate is computed, for example, by

P(Xi=ei | % 1) = E[X; = ei | %]

! diag{(q e )}v e ©.1D)
= — ks €i) (Vk,TCi-
(diag{(qx,ei) }vir, 1) TR
Proof Consider the event {Xk = ei}, given the information %4 r:
P(Xi=ei| %) = E[Aor(Xs,ei) | o]
= E[A(Xp e)E [ A1 | DoV { Xk = ei} | %.r]
= (qr.ei)(ver,ei)- 6.12)
Therefore,
E[AosXe | %) = 2 qk-e0) (V.7 ee)
= diag <qk,eg>}vk7r. 6.13)
[l

Smoothers for the processes NUA), J' and G'

To compute smoother update formulae for the processes Nk(j ’i), J,ﬁ, and G,i, we apply

the same method used to establish Theorem 6.1. Consider the smoothed estimate

E[AOTN X, | Y.1]
E[Aor | %]

ENYX | %) = (6.14)

The numerator of equation (6.14) is

E[Aka(j’i)XkE [Arsrr | %1 Vo{X}| %]
- diag{ <q(N,§~”")Xk),e,~>} Ve (6.15)
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Therefore, the unnormalized smoothed estimate of Nk(J )

by

, given % 7, is computed

= E[AorN | o] (6.16)
Given observations % 7, we are interested in q(NT(j ’i)),

Theorem 6.4 The smoothed estimate for the quantity q(NT<j ’i)), is given by the sum

T
61( z Gi—1,ei)(Vier, €)Y (k) (6.17)
Proof Recalling Lemma 5.3, we see that

<‘I(Nk(ﬂ>xk+l)avk+lj> = <B(Yk+1)A6](Nk(j’i)Xk) Vi 1,7)
+ag Y Okr1)(qrs ) (V1.7 €5)

= (a(NI %), A'B (kg1 )vie17)
+agjiYiOkr){qrser) (Vi1 e))-

That is,

<CI(N1¢(+1)X1<+1) Vkp1,T) = <€1(Nk(j’i)Xk)aVk,T>
+ag;i Vi Ver1)(qxs €i) (Vi 175 €)
= <f](Nk(i"i)Xk71), Vi—1,T)
+agi YO0 (@r-1,€) (vir,€))
+agi ¥ ks 1)(qr, €i) (Vir1,7€5)
= <CI(N;€(£’£)Xk—2)aVk—2 T)
+agi Vi k-1){(qk-2,€i) (Vi-1.7:¢€})
+a Y k) (k1) (i, ej)
+agj Y Oke)(qr e (V1,7 €5)

Mﬂ

=agy 2 (ar-1,e) (vir,e;) Y () (6.18)
k=1
The last line in equation (6.18) follows by the boundary values, No(j ) — 0 and vrr =
1, consequently
(aN"Xr),vrr) = q(Ng™). (6.19)

O
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Similarly
E[AorGiXi| %]

E[GiXy | %r] = Ehor | %1]

(6.20)
Here, the numerator is
E[MGIXE[Aesr 1| Zor vV o{X ] %r] = diag{(q(G,’;Xk),ei>}vk7T, (6.21)
SO again,
Vdiag{(a(GiXe),ei) pir = E[AorGi | %]
= (9(GiXa),vir)- (6.22)

Theorem 6.5 The smoothed estimate for the quantity q(G}), is given by the sum

T
GT = 2 ) Gi—1€i) (Vi1 €i)- (6.23)

Proof Using Lemma 5.4, we note that,

(@(Gi1 Xis1),vis1,1) = (BOks1)Aq(GiXe), vir1,1)
+ f (k1) {qr, €i) {ei,A'B(yis1)Vir1,1)
= (q(GiXk),vir)
+ fOrr1){qr €i) (vir,ei)- (6.24)

That is,

(@(Gi 1 Xar1)visr,r) — (@(GiXi),vier) = f(ksr) (@r-€) (Vi ei). (6.25)

Since G = 0 and v7,r = 1, it follows that

=Y FO){gr-1.€) (vi-1,€i). (6.26)
=1
O
Corollary 6.6 Tuking f(y;) =1
T
Z k-1, i) (V1 €i). (6.27)

Remark 6.7 It is important to note that the smoothed estimates for the quantities,
Nkm), J!, and G}, depend only upon the process ¢ and v.
|
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Data-recursive smoothing formulae

To update smoothed estimates, we would like to compute expressions that do not
require complete recalculation from the origin, in scenarios where one or more
new observations are acquired. For example, suppose one has an observation record
{ Y0, Vs« ,yT}, for which smoothed estimates have already been computed, that
is, the process v has been computed for each time index k = 0,1,2,...,T. Further,
suppose one acquires subsequent measurements {yr1,...,yz }. To utilize this new
information, we would need the corresponding set {vr. 1 77, vr4277,...,vpr 7 =1}.
Previous methods to update smoothed estimates have required, in this scenario,
complete recalculation from the origin. The new formulae we present circumvent
this problem and are afforded by the unnormalised reverse-time recursion for the
process v and the matrix-valued process defined at equation (6.8). Recall that

Wit =AB(yi1)A'B(yks2), -+ ,A'B(yr). (6.28)

Further, for the two epochs T and T”, where T’ > T, it follows that

Wii11 = A'B(yks1)A'B(yis2), -+, A'B(yr)A'B(yr+1),- -+ ,A'B(yr+)
= Wi 1.7A'B(yr+1)A'B(yr42),- - LA'B(yrv)
=Y r¥Yro - (6.29)

Remark 6.8 The transitivity property for the matrix-valued process ¥, shown by
the calculation at (6.29), is critical in the development of data-recursive smoother
update formulae.

[ |
Recalling Theorem (6.4), we now write
(i) T-1
q(Ny") = a(j.i){ > 1) (qr-1.€i) (¢ ¥rs1r) }1
k
+agnY(r){ar-1,ei). (6.30)

Suppose now, that one receives a single new measurement yr; and one wishes to
compute q(N;jj:i). Using (6.30) and the transitivity of the matrix ‘¥, we get

aND) = a1 00) @0, ) (€2 ¥r 41 101)1
+a(jyY(2){q1,e) (€]¥s r¥ri1r11)1

+ a(j~i)’yj(yT—1)<qT—23 €i> (e/j\}’TﬁT\PT—Fl,T—}—I) 1
+a(jyYir){gr-1,e) (€]¥ri1r11)1
+agiYiOr+1){gr.e;)
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T-1
= {a(j,i) 2 yj(yk)@kflaei><elj\yk+],7‘>}\PT+l,T+ll
=1

+agiYir)(ar-1,e) (€jA'B(yr+1)) 1
+a; Y r1){gr,ei). 6.31)

Suppose now, more generally, that a block of new measurements from {yTH VT2,
ey yT/} is acquired. The update equation for this scenario is given in the following
Lemma.

Lemma 6.9 For the set {yo,yl,...,yT,yT+1,...7yT/}, the information state esti-

mate q(N;J/’i)) is computed by the equation

P Ti]
q(N;J,’O) = {a(j,,‘) z Vj()’k)<CIk—laei>(e/j‘PkH«T)}lPTH»T'l
k=1

T'-1

+a<j7i>{ )y y/(yk)@k:ei>(€/j‘Pk+17T/)}1

+ag i Yivr)qr-1,ei) (6.32)

Remark 6.10 The update equation given by Lemma 6.9 shows how new information
can be incorporated without complete recalculation from the origin. For example, to

calculate g(N\")), it is necessary to compute the matrix

1>

3 T—1
i d(j,i){ % Y () (gk—1,€:) (e/j\Pk+l,T)} e RV, (6.33)

This matrix can easily be stored in memory and subsequently recalled upon the
arrival of new measurements {yr+1 yeon ,yT/} to compute the update given by in
Lemma 6.9.

|

The smoother update equations corresponding to Theorem 6.5 and Corollary 6.6 are
given in the following Lemma.

Lemma 6.11 For the set {yo,yl,...,yT,yTH,...,yT/}, the information state esti-

mate q(G(Ti,) ) is computed by the equation

A T
q(Gp) = {kz,lf()%)@]kfhe»(eé\Pk,T)}\PT+1,T’1

T/
+ Y fOr)(gr-1.) (ef¥er) L. (6.34)
k=T 41
Lemma 6.12 For the set {yo,yl, e S VTS VT 41y ,yrf}, the information state esti-
mate q(J;l,)) is computed by setting, in Lemma 6.11, f(y;) = 1,k € N, that is
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T
q(Up) = {Z qk—1,€ (e‘PkT)}‘PT+1,T/1
k=1

T/
+ Y Agi-1,e)(€¥er) L. (6.35)
k=T+1

Finally the EM algorithm parameters updates of our model are given by

ag = q(LM
’ q(Jr)
q(Jr)

(0.6 = qU) ' [6(G(?)) —2(c.e1q(Gh) + (c.e)q(I})]. (636)

3.7 Vector Observations

Again, suppose the Markov chain has state space Sx = {ey,...,ey} and Xp1 =
AXy + Vi, ke N
Suppose now the observation process is d-dimensional with components:
N | 1 1
Yept = (¢ Xi) + (07, Xy wipy
2 2 2 2
Yerr = (¢4 Xi) + (0% Xi) we

szrl = <Cd7Xk>+<Gdan>Wz’+1, ke N.

Here, for 1 < j < d, ¢/ = (c{,cé,...,clj;,)’ eRN, ¢/ = (Glj,czj,...,o,{})’ € RN and
the w), 1 < j<d,¢eN,are N(0,1) iid. random variables. We assume o; > 0 for
1<i<N, 1< j<d. Write ¢/ (x) = (2rc/)~"/?exp (—x?/20) for the N(0,5/)
density.
The analogs of the above results are easily derived. For example:
E[(Xp,ei) | %hy1] = gli(>’l£+1:)’l%+1:---v)’2+1)
(Riser )8} (k=) o0 (o) — )
21}/=1 <Xk’ej>¢il (yli+1 —c}) "'¢id (yfﬂ _C}j‘)

For 1 <i < N write, with ¢ the N (0,1) density,

4 <)’k+1 Ci)
d
I (yk+1) r (yk+lv ayk-&-l U J €.
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Then we obtain

1
M=

Yert (Xet1) <Yk(Xk) W)V

<7mk(<vaer>) F(Xk+])>a,-, m <k,

I
M=

Ynder1((Xm, €r))

Il
R

2 k(I T (v ))ai

<Y (Xk)vrr(zk+1)>asren

2 Bk F) Ty ai,  m <k,

I
M=

Yer1xk+1(F001)

1
Mz +

Ymd+1(Zm)

N
Yer1h+1(Opy1) = Z<Yk,k(ﬁ£)7rl(xk+l)>ai

RCCORMCARIIIE

I
=

I
Mz +

Tkt (O) = 2tk (O). T (v, ))ai: m<k.

Il
R

Finally, with %’f(yj) = 215:1 <Xg_1 ,er>f(y;:) we have

> (el T FON). Ty, e

Il
M=

Yi+1,k+1 (%@J(yj))

<y (Xk) rr (yk+1)>f(Y§<+l))’£+]ar7

Jr
N .

Y 1(Z, =Y Yk (T (7)), e i>rl(zk+1)ai7 m<k.
i=1

Thus in the vector case is

and
51 = (67) 1 (GL((7)?) —26,G(y) + 2 6Y)
= (n(0)) " (W (T 7)) — 260 ( T () +Eu(6))).
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3.8 Recursive Parameter Estimation

In this following three sections we discuss recursive methods for estimating the
parameters in a manner similar to that described in Chapter 2. We shall suppose
the signal model depends on a parameter 6 which takes values in a measure space
(©,B,1). The value of 6 is unknown and, in this section, we suppose it is constant.
Thatis, for 1 <i,j <N,

a;j(0) =P(Xi1=ei | Xk =e¢;,0)
P(X1=€i|X0=€j,6).

Write A (0) for the N x N matrix (a;; (0)), 1 <i,j <N. Also, {#},£ € N will
denote the complete filtration generated by X and 6, that is, for any k € N,.%; is the
complete o-field generated by X, ¢ < k, and 6.

We suppose the chain X is not observed directly; rather there is an observation
process {y¢}, £ € N, which, for simplicity, we suppose is real valued. The extension
to vector observations is straightforward. The real observations process y has the
form

ykZC(G,Xk)-i-G(@,Xk)Wk. (8.1)

Here the wy, £ € N, are real, i.i.d. random variables with a nonzero (positive) density
¢. The extension to the situation where the wy, £ € N, are independent but have
possibly different nonzero density functions ¢y, is immediate. Because X}, is always
one of the unit vectors ¢;, | <i <N, for any 6 € © and functions ¢(6,-) and ¢ (6,)
are determined by vectors

C(G) = (Cl (9),C2(9), CN 6))€RNa
0 (8) = (01(6),02(0), .. 7GN(9)) eR",
so that
c(8,X) = (c(0),X),
0 (0,X) = (0(0),Xk),
where (,) denotes the inner product in RV,

Notation 8.1 With %9 = 0{X0,X1,---,X0,¥1,---,Y0—1,0}, then {4}, £ € N, will
denote the complete filtration generated by %0 and {#;} £ € N, will denote the
complete filtration generated by %,° where %,° = o {yo,y1,..., v}

The Recursive Densities

We shall work under probability measure P, so that {y,}, ¢ € N, is a sequence of
i.i.d. random variables with density ¢, ¢ (y) > 0, and {X,}, ¢ € N, is an independent
Markov chain.
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Notation 8.2 Write q;( (0), k € N, for the unnormalized conditional density such
that
E [Kk <Xk,e,’>1(9 S d9) | @k} = q;{ (6)d6

The existence of g} (6) will be discussed below. _
Our main result follows. This provides a recursive, closed-form update for g; (6).
The normalized conditional density

p;.(6)d6 = E[(Xi,en)1(6 € d6) | %]

is given in terms of g by:

i ‘15((6)
pr(0) = ; :
TSN o (wyda ()
Theorem 8.3
[ iet () = BOwsr,u) Agi (1), (82)
where

B (yry1,u) = diag (Gil ()0~ (1) @ <M>) Jdi=1,...,N.

O (u)
Proof Suppose f : ©® — R is any measurable function. Then
E[f(0) (Xis1,€i) Aigr | D1 ]
S E | £(6) (Xieyar (0)Feo (2O |
j:Zl {f( ) (Xe.e;)aij (0) A (W)' k:|
X ¢(Yk+1)_16i_1 (6) :
N o J
—o0) ™ X [ Fwawe (2L 4M) B,
j=1

o (u) oi (u)

Therefore,

—ci(u _ _ N )
Qoyr (W) =9 (M> o7 () o™ (kyr) zlaij (u) gy (u). (8.3)
-

0; (u)
Using matrix notation the result follows. (]
Remark 8.4 Suppose w = (my,...,7y),m = P(Xp = e;), is the initial distribution

for Xo and & (u), is the prior density for 6. Then

qo (u) = mih (u),

and the updated estimates are obtained by substituting in (8.2) for k > 1.
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If the prior estimates are delta functions (i.e., unit masses at particular values e;
and 60), then ¢; (1) and higher unnormalized conditional distributions can be cal-
culated by formula (8.2). However, because no noise or dynamics enter into 8, if
delta functions are taken as the prior distributions for 6 no updating takes place
(this is not the case with the distribution for X). This is to be expected because in
the filtering procedure the prior does not represent an initial guess for 6 given no
information, but the best estimate for the distribution of 8 given the initial informa-
tion. Care must, therefore, be taken with the choice of the prior for 6 and, unless
there is reason to choose otherwise, priors should be taken so that they have support
on the whole range of 6.

Vector Observations
Again, suppose the Markov chain has state space {ey,...,ey} and
X1 =A(0) Xi + Vier 1, keN,

for some (unknown) 6 € ©.
Consider now the case where the observation process is d-dimensional with com-
ponents:

Yk+1 (c'(8), Xir1) + (0" (8) , Xes1) Wi
Yerl = <C C an+1>+<02(9)7Xk+1>W%+1

Yo = (¢ (0) X1 ) + (07 (0) , X1 )W, 1, ke N.

Here, for
1<j<dc(0)=(c[(6),....c(8)) .07 (6) = (0] (6).....5},(6)) € .

Further, the w;:, 1 <j<d,l €N, are a family of independent random variables with
nonzero densities ¢; (w).
The same techniques then establish the following result:

Theorem 8.5 With

d e (u d !
& (Viy1,u Z (%) <H¢j (Yk+1)>

Jj=1

N
Gt () = ¢ ks1,u) 0 (1) Y, aie (1) g (u). (8.4)

(=1
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3.9 HMMs with Colored Noise

In this section we extend the above results to observations with colored noise. We
suppose the signal model parameters depend on some parameter 6 which takes val-
ues in a measure space (0, 3,4). The value of 6 is unknown, and we suppose it is
constant. Then for 1 <i, j <N, write 9,? for the o-field generated by Xp, X1,..., Xk
and 0 and {%#;},k € N, for the complete filtration generated by %, ,? .

aij(0) = P(Xip1=ei | Xk =e;,0)
:P(X1 =€ |X():e]',9).
Write A (6) for the N x N matrix (a;;(0)), 1 <i,j <N. Then
X1 =A(0) Xk + Vit ©.1)

where E [Viy1 | Zk] = 0.
The observation process {y;}, £ € N, which for simplicity is supposed to be real-
valued, has the form

Vi1 =€ (0,Xp1) +dy () wi + -+ (0) Wig1—r +Wig1- 9.2)

Here {w;}, k € N, is a sequence of i.i.d. random variables with nonzero density
function ¢. (The extension to time varying densities ¢, is immediate.) Suppose
d, (8) #0.

Here ¢(6,X;) is a function, depending on a parameter 60, and the state X;. Be-
cause Xy is always one of the unit vectors e; the function ¢ (0,.) is determined by a
vector

c(0)=1(c1(0),c2(0),...,en(0))
and
c(0,Xk) = (c(8),Xx),
where ( , ) denotes the inner product in Euclidean space.

Write X1 = (wkH,wk,...,wn,H])/ eR",D= (1,0,...,0)/ e R,

—d,(0) —d2(0) ... —d,—1(0) —d,(6)

1 0 0 0
re) = 0 1 0 0
0 0 1 0

Then
Ttp1 = T(0) Xk +D (yir1 —(c(0), X 41))
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and
Yir1 = (€(0), Xy 1) +(d(0) , %) + Wi -

The unobserved components are, therefore, X;., 1, Xx, 0.
Again, because d, (0) # 0

0 d.(8) 0 o

0 0 d(8) 0
re'=d4"'@| : P

0 0 0 ... d.(0)

—1 —d;(0) —d»(0) ... —d,—1(0)
Suppose f and A are arbitrary real-valued test functions. Then
E|[f(Xis1)h(0) <Xk+1»el>Ak+1 | Zhes1 |
— [ [ 1@ 1w g (EdEdn (), 93)

where g}, | (§,u) is the unnormalized conditional density such that

E [<Xk+1,ei>1(9 €dO)I (Xy1 € dZ)Kk_H | %+1] = C];H_l (z,0)dzd6.

Then (9.3) equals

Epawmn+D@H1cmm»mm

O (Yir1 —ci(0) —(d(0),%%))

X (A(0) Xy + Vit1, ) Ax PYE)

| D

=0 (yer) !
//zw' 024D (e — i) (1)

x aij() ¢ (i1 —ci () = (d (u) ,2)) g (z, 1) dzdA (u) . (9.4)

Write
E=T(u)z+D yp+1 —ci(u))
SO
2=T () '{& =D (i1 —ci(w))}
and

dzd) (u) =T (u) " "dE dA (u).

The functions f and 4 are arbitrary so from the equality of (9.3) and (9.4) we have
the following result:
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Theorem 9.1 Write
® (i1, ,E) = 9 0ir) ™ 0 (i — i w)
~(d(w),T ) € =Dt —aw))):

thenfor 1 <i<N

Q;;Jrl(éﬂu) = q)(yk+];’47€)
9.95)

N ;
% X aiia)af (T (& = Dl = ew) )

3.10 Mixed-State HMM Estimation

In this section we consider the situation where a Markov chain influences a linear
system which, in turn, is observed linearly in noise. The parameters of the model are
supposedly unknown. Again a recursive expression is obtained for the unnormalized
density of the state and parameters given the observations.

Again the state space of the Markov chain X is taken to be the set of unit vectors
{e1,...,en} so that:

X1 =A(0) Xy + Vi1, kel

The state of the linear system is given by a process x, k € N, taking values in R?,
and its dynamics are described by the equation

X1 = F(0)x+G(0) Xi +viy1-

Here v, k € N, is a sequence of independent random variables with densities yy.
The observation process has the form

Vir1 =C(0)xp +wiig.

The wy are independent random variables having strictly positive densities ¢.
In summary, we have what we term a mixed-state HMM

Xit1 = A(0) Xic + Vit 1,
Xep1 = F(0)x +G(0) X +vipr, (10.1)
k1 =C(0)x +wiyy,  keN.

~ The parameter 6 takes values in some measurable space (©,,1). Again write
¢, (z,0) for the unnormalized joint conditional density of x; and 6, given that X; = e;
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such that
gk (2,0)dzd0 =E [ (Xy,e;) I (xx €dz)1(0 € dO) Ay | %] .
For suitable test functions f and & consider
E [(Xis1,€i) [ (xks1) R (0) Ayt | Dt |
- / [ £©nw) g (Ewdgarw)
[(A(0)Xi+ Vi1, ei) f(F(0)xi+G(0) Xy +wip1)

X h(6 )Ak¢k+1 k1 —C(8)x1) Ps1 i)™ | 24

= Ot rs1)
XZ/// aij (u u)z+Gu)ej+w)h(u)

A gl (z,)|dzd2 (u) dw

= Q1 V1)~
XZ/// a;j (u () Ori1 (i1 —C (u)2)

X Yt (& = F () 2+ G () ) . (z,) | dzdA (u) dE,

where the last equality follows by substituting & = F (u)z+ G (u)ej +w, z =z,
u=u.
This identity holds for all test functions f and 4, so we have the following result:

Theorem 10.1 Write i1 (8, u,z,¢j) = Y1 (E — F(u)z+G(u)e;); then

N
Qi1 (Eu) = ¢k+1()’k+1)71/ 21 [aij (1) o1 (1 —C (1) 2) (102)
J= .

X Wk+1(é7uaz7ej) qi(za M)]dZ

3.11 Problems and Notes

Problems

Prove Lemma 4.3.

Show that the sequences Ay and A; defined in Section 3.7 are martingales.

For the model described in Section 3.8 obtain estimates for _#/*, 0] and .7}
Derive the recursion for the unnormalized conditional density given in Theo-
rem 8.5.

el o e
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Notes

The basic method of the chapter is again the change of measure. The discrete-time
version of Girsanov’s theorem provides a new probability measure under which
all the observations are i.i.d. random variables. Also, to obtain closed-form filters,
estimates are obtained for processes H;Xy. The result in the first part of the chapter
were first reported in Elliott (1994b). Continuous-time versions of these results were
obtained in Elliott (1993c) and can be found in Chapter 8.

Using filtering methods the forward-backward algorithm is not required in the
implementation of the EM algorithm. For a description of the EM algorithm see
Baum et al. (1970), and for recent applications see Krishnamurthy and Moore (1993)
and Dembo and Zeitouni (1986). Earlier applications of the measure change meth-
ods can be found in Brémaud and van Schuppen (1976).



Chapter 4
Continuous-Range States and Observations

4.1 Introduction

The standard model for linear, discrete-time signals and observations is considered,
in which the coefficient matrices depend on unknown, time-varying parameters. An
explicit recursive expression is obtained for the unnormalized, conditional expec-
tation, given the observations, of the state and the parameters. Results are devel-
oped for this special class of models, familiar in many signal-processing contexts,
as a prelude to more general nonlinear models studied later in the chapter. Our
construction of the equivalent measure is explicit and the recursions have simple
forms.

As an interesting special case, we consider the parameter estimation problem for
a general autoregressive, moving average exogenous input (ARMAX) model.

Also in this chapter, we explore the power of a double measure change technique
for achieving both the measurements and states i.i.d.

4.2 Linear Dynamics and Parameters

All processes are defined initially on a probability space (Q,.%, P). The discrete-
time model we wish to discuss has the form

X1 = A(Oks1) Xk + B (6rr1) Vit 1, 2.1
vk = C(6) xx + D (6k) wy. (2.2)

Here k € N and xo, or its distribution, are known. The signal process x, takes values
in some Euclidean space R? while the observation process y; takes values in RY.
{w}, £ € N, is a sequence of i.i.d., random variables, with density functions y, and
v¢ has values in RY. Similarly, {wy}, £ € N, is a sequence of i.i.d. random variables
with strictly positive density function ¢, and w, also takes values in R, that is, wy
has the same dimensions as y,. The matrices A (6.), B(6.), C(6.), and D(6.) have
appropriate dimensions and depend on the parameters 6.
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For simplicity we suppose the parameters 6, € R? satisfy the dynamic equations
Ort1 = 0O + Viy 1 (2.3)

Here either 6y, or its distribution, is known, ¢ is a real constant and {v;} is a se-
quence of i.i.d. random variables with density p. Finally, we suppose the matrices
B(r) and D (r) are nonsingular for all € R.

Notation 2.1 Write 4 | = 0{6;,1 <l <k+1,x1,....%1,51,-- .0} %0 =
oy} {%} and {%}, k € N, are the complete filtrations generated by the
completions of %ko and @ko, respectively.

Remarks 2.2 The above conditions can be modified. For example, the parameters 6

can be vector valued.
|

Measure Change and Estimation

Write

k
A= T ldeen (8] 52

(=1

<
~—

A new probability measure P can be defined on (,\/7_; %) by setting the restric-
tion to %, | of the Radon-Nikodym derivative dP/dP equal to Ay.

Lemma 2.3 Under P the random variables {y,}, ¢ € N, are i.i.d. with density func-
tion @.

Proof Fort € R the event {y; <t} = {yl, <r',i=1,...,q}. Then

Py <t|%)=E[l(<1)|%]
E A (yi <1) | %]

E[A; | %]
E|[detD(80] $51 (e < 1) | %]
E [|detp(ek)| gl | gk}
Now
B | ()| 222 ]%] = [ 14etD (8]0 () g =1
SO

POk <t1%) = [ 10k <0)ldetD(80)|9 () d
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11 14
= / ¢ Vi) dYi.

The result follows. (]

Suppose we now start with a probability measure P on (Q,\/7_;%;) such that
under P:

1. {m}, k € N, is a sequence of i.i.d. R?-valued random variables with positive
density function ¢;

2. {6k}, k € N, are real variables satisfying (2.3);

3. {x:}, k € N, is a sequence of R?-valued random variables satisfying (2.1).

Note in particular that under P the y, and x, are independent. We now con-
struct, by an inverse procedure, a probability measure P such that under P, {w;},
¢ €N, is a sequence of ii.d. random variables with density ¢, where wy :=
D(6) " (e —C(6) xx).

To construct P from P, write

k
Ax =[] |detD (6,)] " :
k gl:[]| et (€)| ¢(y[)

P is defined by putting the restriction to % of the Radon-Nikodym derivative dP /dP
equal to A. The existence of P is a consequence of Kolmogorov’s theorem.

Unnormalized Estimates

Write g (z,0), k € N, for the unnormalized conditional density such that
E [Add (xp €d2) (6 €dO) | ] = qi (z,0)dzd6.

The existence of g will be discussed below.
We now derive a recursive update for g;. The normalized conditional density

pi(2.0)dzd® = E [ (x; € d2)1 (6 € d6) | %]

is given by
dk (Z7 6)
Jra Jro gk (§,A)dEdA

Pi(z,0) =

Theorem 2.4 For k € N,

Gk+1(2,4) = 0 (ry1) // 1 Vk+1,2,4,€,0)

(2.4)
<y (B(0)™ (:-A(0)&)) ax (£.0)|dE do,




86 4 Continuous-Range States and Observations

where

Ay (Yki1,2,A,€,0)
= ldetD ()6 (D(A) ! (31~ C(2)2)) ldetB(0)] ' p (2~ a0).

Proof Suppose f : R? x R — R is any Borel test function. Then

E [ f (xkt1, 6k1) Akt | Zerr |
= [, [ @A) q 2)dzan
Rd JR
= F{f(A(Gk)xk +B(6) Vi1, 000 + Vi 1) Ag [det D (641)|
X ¢ (D(9k+l)_1 (V41 —C(9k+1)xk+1)> \ %H](P i)™
Substituting for the remaining x; and 6y this is

_E{// A(8)x+B(8) w, 06 + v) Ay |det D (06 + )|~

x ¢ (D(och—I—v))’1
X (Vk+1 —C (a6 + V) (A(6) xi + B(6) w))

xy(w)p (v)}dwdv | Dt }¢ Oks1) ™

_//// A)z+B(A)w,0d+v)|detD (ad + V)|~
X 0 (D (oA + V)" i1 — C(aA +v) (A(A) 2+ B(A) w))
xy(w)p(V)qx (Z,l)}dzdwd/ldvq) )L

where the last equality follows since the y, are independent.
Write £ =A(A)z+B(A)wand 6 = aA + v. Then

dzdw (dAdv) = |detB(L)| "' dzd& (dAdo),

and the above integral equals

][] Eo)den @) ¢ (D(0) " (011 -C(0)8))
<y (B (E-A@))) et )]
X p (6 — 0d) g (z,l)} dzdE dA do.

This identity holds for all Borel test functions f, so the result follows. ]
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Remark 2.5 Suppose 7 (z) is the density of xq, and pg (1) is the density of 6. Then
qo(z,A) = m(z) po (1) and updated estimates are obtained by substituting in (2.4).
|
Even if the prior estimates for xy or Gy are delta functions, the proof of Theo-
rem 4.1 gives a function for ¢; (z,A). In fact, if 7 (z) = 6 (xo) and pg (1) = 0 (6p)
then we see

q1(2.2) = [detD (W) ¢ (D)™ (1 =€ (2)2))
<y (B(6) ™" (2= A (60)x0) ) [detB (60)| ' p (.~ ).

and further updates follow from (2.4).

If there are no dynamics in one of the parameters, so that & = 1 and p is the delta
mass at 0 giving 6; = 6¢_, k € N, then care must be taken with the choice of prior
distribution for 0. In fact, if py(0) is the prior distribution, the above procedure
gives an unnormalized conditional density q,? (z,A) for each possible value of 6,

and g (z,A) = qﬁ (z,4)po (4).

4.3 The ARMAX Model

We now indicate how the general ARMAX model can be treated. Suppose {v¢},
¢ € N, is a sequence of (real) i.i.d. random variables with density y. Write

6' = (a,...,a,) €RN,
6> = (by,...,b,,) €R™, (3.1)
0% = (cl,...7c,,3) eR"”,c, #0,

for the unknown coefficient vectors, or parameters. An ARMAX system {y;} with
exogenous inputs {uy}, £ € N, is then given by equations of the form

Vi1 Fa1ye+ -+ ar Yet1-1,
=biug+- -+ bty FCVE+ iy Vip 1oy T V1. (B2)

Write x;, for the column vector

(Vo3 Vheb 1y s U+« Mt 1y Vs Vi1 -y ) € RITFT2HTS,

Suppose A(6) is the (r1+ 2+ r3) X (r1+ 2+ r3) matrix having (—6', 6% 63) for its
first row and 1 on the subdiagonal, with zeros elsewhere on other rows, except the
(ri+1) and (r; +ry+ 1) rows which are 0 € R"1%273_ B will denote the unit col-
umn vector in R"1F"2%73 having one in the (1) position and zeros elsewhere. C will
denote the column vector in R"1""2%73 having 1 in the first and (r; 4+, + 1) posi-
tion and zeros elsewhere. The values of the u, are known exogenously; for example,
if the variables u; are control variables u; will depend on the values of yy,...,y.
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System (3.2) can then be written:

Xer1 = A(0)xx + Bugr) +Cviy, (3.3)
Vi1 = (0,%k) + Vg1 (3.4)

Here 6 = (791, 62, 93) and {, ) denotes the scalar product in R"17"2%73 Repre-
sentation (3.3), (3.4) is not a minimal representation; see, for example, Anderson
and Moore (1979) . However, it suffices for our discussion. Notice the same noise
term vi4| appears in (3.3) and (3.4). This is circumvented by substituting in (3.3) to
obtain

X1 = (A(0) —CO') xi + Bugyy + Cypr (3.5)
together with
Yir1 = (0,2%) +Vip- (3.6)

Write 2% = o {y1,...,y} and {#}, ¢ € N, for the corresponding complete fil-

tration. Write X; for the column vector (vk7 e 7vk+1,r3)/ € R’3 so that x}c = (Vkyevrs

Vkt1—rys Uy - - s Ukt 1—ry X ), and, given %, the Xy are the unknown components of xy.
!/ ! .

Let o1 4 =Yit1+ (617_(yk, ... ,ka_,l) ) — (62, (uk, e uk+1_,2) ) and write o, for

the vector 04C where C = (1,0,...,0)" € R™. Then with ' (63) equal to the r3 x r3

matrix

—C1 —C2 ... 7Cr3,1 7Cr3
1 0 ... O 0
F(63) _ o 1 ... O 0
0o o0 ... 1 0

we have X4 1 = ' (603) X + 0 ;. The model is chosen so that c,, # 0; then

0 1 o ... 0 0
0 0 1 ... 0 0
3y~ 1 : : : ", : :
TO) =1 6 o o .. 1 0
0 0 o ... 0 1

_1l _a o _ 2 Ol

Cry Cry Cry e Cry Cry

Given % we wish to determine the unnormalized conditional density of X; and 6.
Again, we suppose the processes are defined on (Q,ﬁ~ ,13) under which {y,},
¢ €N, is a sequence of i.i.d. random variables with strictly positive densities ¢.
P is defined by putting the restriction of dP/dP to %, equal to A;. Here Ay =
IT5_, & (ve1 — (8,x0)) /¢ (yes1). Write gi (€, A) for the unnormalized conditional
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density such that

E [I(ik €dé)I(0 €dr) Ay | %} =qi (&, L) dEdA.
Therefore we now consider any Borel test functions f: R — R and g : R" 172173 —

R. Write 5 = (V- -+, Vkt1-r,) and g = (g, ..., U1, ) . The same arguments to
those used in Section 4.4 lead us to consider

E[f(X1)g(0 )Kkﬂ | Zes1 ]
= [[1@sM)au €2 dzar

:E[f(l"(@ )X+ ) 8 (0) A
X ¢ (yis1 + (0", 50) — (0%, ) — (07, %)) | %H]d) (1)

—// 2zt o)g(d)

X9 (yk+1 + (A5 = (A2 ) = (4,2))

X g (z,x)}dzdm 1) " 3.7)
Write
E=T(A%)z+ (1 + (A" 30) — (A%, m)) C.
Then
e=T () (€= (1 + (A3 — (A27))T)
and

dzd = dzdA'dA*dA? =T (A%)dEdA.

Substituting in (3.7) we have
[] &M aE2)azar
=// FE)8@)0 (e + (A 50) - (A7)
() (€ e+ (A5 - (2 ) D))
0 One) e (T (A7) 7 (6 = (o + (A1 50) = (12.7)) ©) .4
xT (2%) ' |dgan.

We, therefore, have the following remarkable result for updating the unnormalized,
conditional density of X; and 6, given %
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Theorem 3.1

Gk+1 (8, A) = Ao (Vs 1, 9k, Tk, . )

xae (D7) (€= (rr + (A1 5) = (A1) ©) 1), (.8)

where 83 (Vi1 5Tk, €, 4) = AT (A3) ™ and & = yi + (A1, 50) — (A%, ) —

(A3 LAY (E — (et + (A1, 50) — (A2, m))T) ).

Remark 3.2 This does not involve any integration.
|

If 7y (&) is the prior density of xo and pg(A) the prior density for A, then
qo(&,1) = m (&) po (1). The prior density must reflect information known about
xo and 6, and not be just a guess. Because no dynamics or noise enter the param-
eters 0 the estimation problem can be treated as though 0 is fixed, followed by an
averaging over 0 using the density pg (1).

4.4 Nonlinear Dynamics

In this section, nonlinear, vector-valued signal and observation dynamics are consid-
ered in discrete time, with additive (not necessarily Gaussian) noise. Here possibly
singular measures describe the distribution of the state. The forward recursion for
the alpha unnormalized, conditional density, and the backward recursion for the
beta variable are derived. The unnormalized smoothed density is, as in the Baum-
Welch (1966) situation, the product of alpha and beta.

The Baum-Welch algorithm usually discusses a Markov chain observed in Gaus-
sian noise (Baum and Petrie 1966). The forward and backward Baum-Welch esti-
mators are related to considering the observations under an equivalent probability
measure; they provide unnormalized filtered and smoothed estimates of the state of
the Markov chain, given the observations.

Suppose {x;}, k € N, is a discrete-time stochastic state process taking values
in some Euclidean space R™. We suppose that x( has a known distribution m (x).
The observation process {y;}, k € N, takes value in some Euclidean space R¢. The
sets {vi} and {w;} k € N, will be sequences of independent, R™, R9-valued, ran-
dom variables with probability distributions d'¥';, and densities ¢y, respectively. We
assume the @ are strictly positive.

For k € N, A; : R" — R™, C; : R? — R¢ are measurable functions, and we sup-
pose for k > 0 that

X1 = Aggr (%) + Vg1,

4.1
Yk = Ci () +w. @D
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Measure Change for Observation Process

Define

Write

gko = G{X(),Xl,...,Xk, yla"'7yk}7
gko = G{y17"'ayk}7

and {%}, {#}. k € N, for the corresponding complete filtrations. With
k
A =[]
=1

a new probability measure P can be defined by setting the restriction of the Radon-
Nikodym derivative (dl_’/ dP) |y, equal to Ay. The existence of P follows from Kol-
mogorov’s theorem; under P the random variables y,, ¢ € N, are independent and
the density function of y, is ¢y. Note that the process x is the same under both mea-
sures.

Note that under P the y; are, in particular, independent of the x;. To represent
the situation where the state influences the observations we construct a probability
measure P such that, under P, wy1 := yx+1 — Cry1 (%) is a sequence of independent
random variables with positive density functions ¢y (-). To construct P starting
from P set

and

Under P the {v,} are independent random variables having densities ¢;.

Recursive Estimates

We shall work under measure P, so that the {y;}, k € N, is a sequence of indepen-
dent R?-valued random variables with densities ¢ and the {x;}, k € N, satisfy the
dynamics xg 41 = Agy 1 (Xk) + Vg1
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Notation 4.1 Write doy (x), k € N, for the unnormalized conditional probability
measure such that B
E [Akl (xk S dx) | g/k] =doy (x)

Theorem 4.2 For k € N, a recursion for doy (.) is given by

Ok (k —Cr (2))

40 (7) = O (vi) R

d¥;(z—Ax(8))dog—1 (&) (4.2)

Proof Suppose f : R™ — R is any integrable Borel test function. Then

E[Aef (o) | %] :/Rmf(z)dak(z).
However, denoting

O (k — Cr (A (§) +wi))

e (&) = O (i) ’
then
E[Arf () | %]
= E [ A1 @ (xg—1,vi) f (Ak (1) + i) | 24 ]
=E |:Kkl /Rm Dy (51, vi) f (Ak (k1) + i) i (i) ‘ @k}
= /Rm o @ (85110 (A (8) +vi) A (vi) d o1 (£)
Write
z2=Ar(8) + v
Consequently
f(2)doy ()
RITI
_ O (v — Ci (2)) B
= [ [ P @ aw (- A () o (6).
nJrm O (Vi)
This identity holds for all Borel test functions f, so (4.2) follows. O

Notation 4.3 In this section m,k € N, and m < k. Write Xch = H’;:mﬂ and
dYm i (x) for the unnormalized conditional probability measure such that

E [Ad (x € dx) | %] = du (x).
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Theorem 4.4 For m,k € N, m < k

|k () = s (¥) dogn (). | (43)

where d oy, (x) is given recursively by Theorem 4.2 and
Bongc (x) =E [Apsi g | xm = x, %] .
Proof For an arbitrary integrable function f : R — R
E[Ref ) | %] = [ £ i ).
However,

E [ka(xm) | @k} =E [Kl,mf(xm)E [Km+l,k \xo,...,xm,%] | @k} .
Now
E[Apiip|xm=x, %] =Bk (x).
Consequently,
E[Aif (xm) | %] =E [Atnf (%) Bk (¥m) | %]

and so, from Notation 4.1,

L @00 = [ f(0 Bk () dotn ).

Rm

The function f (x) is an arbitrary Borel test function; therefore, we see

Yok (x) = B (X) d Ot (x) -

O
Theorem 4.5 B3, ; (x) satisfies the backward recursive equation
Bni) = -—
X)=—"——
ik Omt1 (Ym+1)
4.4)

X /Rm [¢m+l (ym+1 _Cm+l (Am+l (x) +W))

X Bt 1k (At (x) +w)]d ¥t (w)

with By, = 1.
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Proof

ﬁmk

At | Xm = x, %]

|
|

Am+1Am+2k ‘xm =X, %]

E[
[
[ m+1E[ m+2.k | X = X, Xm 11, %] | Xm = x, %]

I
|

Ym+l Cini1 (Am+1 (xm) + Vm+l))
Om+1 (ym+1)

|
|

X ﬁerl,k (Am—H (xm) + Vm+1)
. 1
Omi1 (Vmr1)

Xy = X, %}

/m [‘Perl (ym+1 *Cerl (Am+1 (X) +W))

X B4 (A1 (5) + )| ¥t (w).

Change of Measure for the State Process

In this section we shall suppose that the noise in the state equation is not singular,
that is, each v has a positive density function yi. The observation process y is as
described at the beginning of this section. Suppose P has been constructed. Define

and

Under P the random variables {x;}, £ € N, are independent with density function ;.

We now start with a probability measure 2 on (Q,\/_,%,) under which the
process {x;} and {y;} are two sequences of independent random variables with
respective densities y; and ¢,. Note the x and y are independent of each other as
well. To return to the real-world model described in Section 4.2 we must define a

probability measure P by setting

P
aP|y

dp
dPlg,

dpP

el = ATy
dP Kk

£
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Here T}, is the inverse of T}, so that T, = HQ‘:J/Z, where ¥, = y(v¢) /We(x¢). Again
the existence of P is guaranteed by Kolmogorov’s Extension Theorem.

Recursive Estimates
We shall work under P, so that {y;}, k € N, and {x;}, k € N, are two sequences

of independent random variables with respective densities ¢ and y;. Recall that a
version of Bayes’ theorem states that for a ¥-adapted sequence {g;},

E[A 2
E[gk%]_ﬁ[[if’]'%ﬁ].
Similarly,
o E[TWA, Y
E[Ag”@ﬂ: [k k8K | k}

E[Ti | %]

Remark 4.6 The x; sequence is independent of the y; sequence under
Therefore conditioning on the x’s it is easily seen that £ [Ty | % | = E [T]
ETi] =1

>

Notation 4.7 Suppose oy (x), k € N, is the unnormalized conditional density such
that

E [ A (x € dx) | %] = oy (x) dx.
We now rederive the recursive expression for og.

Theorem 4.8 For k € N, a recursion for oy (x) is given by

O —Cr(x))

oy (x) = ox %) o W (x—Ar(§)) o1 (&) dE. 4.5)

Proof Suppose f : R™ — R is any integrable Borel test function. Then

E[f () Re| %] = [ () eu (v (4.6)
However, A o
E [ f (x) My | %]
ETv|%]

From Remark 4.6 the denominator equals 1. Using the independence of the x;’s and
the y;’s under P we see

E[f(u)A| %] =
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E[f(x) A | %]
E[f () MLk | %] “.7)

O (i — G (%))
oty 1 (8)deS wax

Since f is an arbitrary Borel test function, equations (4.6) and (4.7) yield at
once (4.5). U

=[] A
R JRm

Notation 4.9 Form,k € N, m <k, write Km,k = H’/f:m A and T‘m,k = ng:m Y- Write
Yk (x) for the unnormalized conditional density such that

E [Ad (xp € dx) | D] = Yy (x) dx.

It can be shown as in Theorems 4.2, 4.4, and 4.5 that

(4.8)

| Yok () = 0 () B (%),

where o, (x) is given recursively by Theorem 4.8 and f3,,, « (x) satisfies the backward
recursive equation

_ 1
B Om+1 ()’mH)

< [ et = At ()
X ¢m+1 (ym+1 - Cm+1 (Z)) ﬁm+1,k (Z)]d2~

ﬁm,k (-x)
(4.9)

Notation 4.10 For m € N, m < k, write &y, 41 & (xl,xz) for the unnormalized con-
ditional density such that

E [Kkl (xm € dxl)l (me € dxz) | %] =Enmiik (xl,xz) dx'dx*.

Also write pyy1 x (x) for the unnormalized conditional density such that

E [Acyid (i1 €dx) | 2] = pryrx (x) do.
Theorem 4.11 For m,k € N, m <k,
gmfl,m,k (x17x2)

= 01 (x1) Bk (%) W (% = Ay (x1))

% Om (ym —Cy, (x2)) .
Om (Ym)

(4.10)
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Proof Suppose f,g:R”™ — R are arbitrary integrable Borel functions. Then

A

E[f(xm1)&(m) ATy | %]
/}RF1 /R » f (x')g (xz) Em—1mik (xl 7x2) dx'dx* 4.11)

= E[E[f(xm 1) & () Ao 1 kLo m st | X0, -3 %m, ] | @k}

=E f(xm—l)g (xnl)KO,an:O‘m
% E [ 14T %] | %)

= E [f(xmfl)g(xm)KO,mTO,mBm,k (xm) | @k]

= E{ F (1) Aom—1Tom-1

Lo [g () Wi (& = A (1)
9O =G f”mm>}ﬂ%}

Om (Ym

) /qu /qu {f (XI) § (x2) Yin (xz —Am (xl))

RAA)
Om (Ym)

B (%) 01 (xl)] dxdi.
(4.12)

Since f (x) and g (x) are two arbitrary Borel test functions, comparing (4.11) with
(4.12) gives equation (4.10). O

It is left an exercise to show that the one-step predictor satisfies the equation:

pk,kfl(x):/Rd qu)k (k= Cic (x)) Wi (x — Ax (2)) 01 (2) dzdy. | (4.13)

Remark 4.12 The expression for unnormalized conditional density given by (4.13)
can be easily generalized to the rth step predictor; the corresponding expression is

karrk )

—/ / xl,...,x’_l,x)
mr JRdr

x oy (z)dy'...dydx' ... .dx"dz,
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where

H(yl,...,yr7 xl,...,xr’l,x)
= O1 (v =Crr (¢1) G2 (P —Crra (1)) -+ Oy r 0" — i (%))
Vit 1 (xl —Ak+1 (Z)) Yiet2 (xzfAkﬂ_z (xl))"’Wk+r(X*Ak+r (xr_l)),

4.5 Kalman Filter

Consider a system whose state at time k = 0,1,2, ..., is X; € R and which can be
observed only indirectly through another process Y € R<.

Let (Q,.%,P) be a probability space upon which V;, and W, are normally dis-
tributed with means O and respective covariance identity matrices I, x,; and I;g4.
Assume that Dy is non singular, By is non singular and symmetric (for notational
convenience). Xy is a Gaussian random variable with zero mean and covariance ma-
trix B} (of dimension m x m). Let {Z;}, k € N be the complete filtration (that is F
contains all the P-null events) generated by {Xo, X, ..., X}

The state and observations of the system satisfies the linear dynamics

Xiv1 = AXi +BiViy1 € R, (5.1
Y = CiXy + DyW, € R?, (5.2)

Ay, Cy, are matrices of appropriate dimensions.

We shall also write {#;}, k € N for the complete filtration generated by {Yy,Y],
Yt

Using measure change techniques we shall derive a recursive expression for the
conditional distribution of X given %;.

We shall use the Matrix Inversion Lemma.

Lemma 5.1 (Matrix Inversion Lemma). Assuming the required inverses exists, the
matrix inversion lemma states that:

(A1 —AAL Ax) T = AT F AT A (Ar — AniAT A) T ANAY

Recursive Estimation

Initially we suppose all processes are defined on an “ideal” probability space
(Q,.Z,P); then under a new probability measure P, to be defined, the model dy-
namics (5.1) and (5.2) will hold.

Suppose that under P:



4.5 Kalman Filter 99

1. {Xk}, k€N is an i.id. N(0,L,xm) sequence with density function ¢(x) =
—x'x/2

b}

(27-[)111/2
2. {¥%}, keN is an iid. N(0,I;x4) sequence with density function y(y) =
e VV/2.

(27‘E)d /2
For any square matrix B write |B| for the absolute value of its determinant.
w(Dy ' (Yo — CoXo))

Forl =0, A9 = and for / = 1,2,... define
|Do|w(Yo)
7, = OB (X — A1 X-0)) w(D; (Y — G X)) (5.3)
|Bi-1|D11¢ (X)) w(Y7) ’ '
k J—
A =[]2: (5.4)
=0

The process {Ar}, k € N is a P-martingale with respect to the filtration {%, }, that is
the complete o-field generated by {Xo,Xi,...,Xi,Y0,Y1,..., Y%} fork € N.
Define P on {Q, Z } by setting the restriction of the Radon-Nykodim derivative

P _
— to % equal to A. It can be shown that on {Q,.%} and under P, V; and W, are

normally distributed with means 0 and respective covariance identity matrices I x
and ;. 4, where

VAN
Vit = By (Xir1 — AeXe),
A
Wi = D' (Y — CiXe).
Let g: R™ — R be a “test” function. Write 04 (.), k € N for the density

EMRcg(v) | %] = [ e(x)oul)dx. (5.5)

Then we have the following result:

Theorem 5.2
‘I’(DkH (Yir1 — Cry1x)) /
oy 1(x) = —Arz))og(z)dz. (5.6)
#1) | Dics1|[Biely (Yier1) o8 )eld)
Proof The proof is as in Theorem 4.2. O

Remark 5.3 The linearity of (5.1) and (5.2) implies that (5.6) is proportional to a
normal distribution with mean Xk‘ « = E[Xi | %] and error covariance matrix Xy, =

E[(Xk —)?k‘k)(Xk —)A(k‘k)’ | %¢]. Our purpose now is to give recursive estimates of
)A(k‘k and X, using the recursion for oy (x).
|
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Suppose then that 0 (z) = ¢ (2,;‘]1 (z— Xuw))-

Write
V/(DI;:I(YI&I_Ck-&—Ix)) —m/2 —1/2
W(x, Y ) = 2m) 23, .
(5 Yic1) \Dicy1]1Bilw (Yei1) (@) e
Then
Olk+1(x)
= Yin) [ exp(=1/2){ (=40 (B (r— Ac2)
+ (2= X)) Sy (2 = Xige) }dZ (CN))
:K(x)/ exp(—l/2){z’6kz—25,£z}dz, (5.8)
Rm
where
_ a2 1/2)(YB 2x— 66 8+ X, 21X,
(x)—Wexp{(— /2)(x ¢ X~ 00, O+ K|k |k k|k)}

is independent of the variable z and
Or = ALB AL+
& = ¥B 2 Ac+ X Zy-

The next step is to complete the square in the argument of the exponential in (5.8) in
order to rewrite the integrand as a normal density which, apart from some constant
term, integrates out to 1.

Now

o, '2-28/z = (z— o) 0, ' (z— o By) — [0S, (5.9

After substitution of (5.9) into (5.8) and integration we are left with only the x
variable. Completing the square with respect to x

1 _
0e+1(x) = Ky exp { (=5)(r= D YERTINRY.YS D It O MERTINRY.YS } 7
where K| is a constant independent of x and

A = B;2Akckzl;|;}2k‘k —|—C],(+1D1;31Yk+1

-1 _ p-2 -2 I p—2
Zk-ﬁ-l\k—}—l —Bk 7Bk AkaAkBk

+Cl/<+1Dk_+21Ck+1-



4.5 Kalman Filter 101
Using the Matrix Inversion Lemma 5.1 gives
—1 -2 1\—1 / -2
it = B FAZgALY) T + G Dy Gt

The one-step ahead prediction version is

= E[AXi+BiViyr | %) = AeXe

Stk = E[(Xest — K1) Kt — Keerp)' | %
= E[(Xis1 — ArXigp) Xt — AXiw)' | 24

= AyZipA + By
Therefore
-1 o -2 —1
Zk+1\k+1 = G 1D 1 Crert +Zk+1|k'

Use of the Matrix Inversion Lemma 5.1 gives
Tpilkr1 = Tkt 1k
2 -1
= T 111 (Cor1 Za1kCs 1 + Dics1) ™ Cror1 Zap i

We have shown that
1 _
011 (x) = Ky exp { (—5)()5 — Xt |k+1Ak+1)/Zk.:1|k+1 (x—Ziq k+lAk+1)} )

where K| is a constant independent of x. Therefore, when normalized oy (x) is a
normal density with mean U1 = Zpyqjky1Ak+1 and variance Xy qjxq1-
We now compute fr1 = g qjkp18k+1-

Write (Ce1 D 1w Cryy + Diy) ™! Sy
e 181 = Stk — Zert ]Chp1 Cor 1Crr 1 Zes 1)
X (B;ZAkaZ,:‘,le‘k + C12+1D1;431Yk+l)
= (S 11k — D1 ks 1 €1 Coor 1 B 1) Chop 1 D21 Vit
+ Zppe — Zk+1|kcl/c+1Q:kJrlCk+l2k+1\k)B}:2Aka21:‘/lf(k\k
= (e 10Cir1 — Sk 1 kCr1 €1 (Ce1 Zes1kCioit + it — Diyr))
X Dk}zlYkﬂ + Zk+1|k+1B;2Ak0k2;|,1f(k\k
= 14 Gt Chr 1 Vit

+ 2k+1\k+1B1:2Ak(Z];\]i +AB AT T

k\kaV(
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J
= X 1k Crp1 i1 Vet

+ etk 1 B Ak (g — ZepAr (Bi +Akzk\kA;c)_1Aka\k)Zk_‘]£

Xilk
! -2
= Dtk Crp1 Cor1 Yeer 1 + Zpp k1 By

X (ArZe — (AxZiwAl + Bi — BY) (Bi +Akzk|kA;<)7lAk2k\k)21:|1i

X
= L 14 Cop 1 St Yiert + Zis 1)t (B +ArZiedr) ™ ArXig
= % 14Cio1 G 1 Yert + () + Gt D1 Ciert) ™!
+ (e Gt Dii et — G Dt G )AL) ™ ArXuge
= T 101 St Yer 1 + AKX — itk 1 G 1 Dy oo 1) AcXi
= T 1 kChp1 a1 a1 +ArXie
— (Zartjk — e 1kCh1 €t 11 Zaes 110) oy 1 i1 Cror 1A K
= T 116G 1 St 1 Yer 1 + AKXk — (S 1Crort — S 1 Cro 1 it
X (Cip1Zk14Cht + Dicr1 — D)D) Crpr Ar X
= T 1kCht o1 Yier 1 +ArXige — Zir1 kCror 1 €t Crr 1 AR Xk
= Ak + S Crpy (Ck+1 i1k Crgr + Dl%+1> B
X (Y1 = Cep1 Ky o) -

Therefore

i1 = AKX

71 A
+ Z 1k Crs 1 (Ck+lzk+1\kcllc+1 +D1%+1) (Yir1 — G 1 Xeq i) -

In Theorem 4.5 we established a backward recursion for m < k:

1 _ P
B (x) = m/mexp(—l/z){(f?ml(X—Amz)) (B, (x—Anz))
X (D;L(Ymﬂ —Cm+1Z))I(D,;J1r1(Ym+1 _Cm+lz))}ﬁm+1,k(z)dza
with ﬁk,k =1.
Suppose

ﬂm+1,k (Z) = |6m+1\k|71/2

xexp(—1/2) { (2= 1) S}y G Toe1e) | -
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Then the integral is

.Bm,k (x) = /Rmexp(_l/z){(Br;l(x_AmZ))/(BZ](x_AmZ))
(D,;lel(Yerl *CerIZ))/(D,;}rl(YmH —Cn112))
(2= T 1)) (= V1) 2
:K(x)/Rnexp(—l/Z) {z’o;;lz—ZS,/nz}dz,
where
K(x) :exp{(—l/Z)(xB x-Y, +1Dm+1Ym+1+74n+1\k6m+1|k7m+1\k)}
is independent of the variable z and
—1 __ Al p—2 !
= AB, An+Co 1D, G +6m+1\k’
& = ¥By An+Y,1D,0 Gt +7{n+1|k6m+1\k

Completing the square

76,2 =280z = (z2— 0wdn) 0, (2 — Gun)
— 8,010, (5.10)

and integrating with respect to z leaves us with only the x variable. Completing the
square with respect to x gives

1 _
Bk 1) = K1 exp { ()05~ G 6, St}
where K is a constant independent of x and

An = By AnGuCryi 1Dyl Yot + By AnOn® L 1
& | =B,> —B,*A,0uA},B,".

|k mPm
Using the Matrix Inversion Lemma 5.1 and the above expression for ¢, I give

G = BA+An [c’+11)m+lc,,,+1+6m+”k] 1Al

‘We have shown that
1 _
B = Krexp ] (305~ S &, 4~ Syet) |

where K| is a constant independent of x. Therefore, when normalized f3,,  is a nor-
mal density with mean ¥, = &,,x A and variance &, ;..
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We now compute

-1
Yk = Sy Corit = [Crt D2 G + 6,1

then
Supdm = (By +AnCui14;,)
X (BrZZAmO'mC;nHD;fHYMH +B;2Am°'m6,;_li_1\k7m+l\k)
— [Amamc;n D2 A A€ 1Al By 2 AnGuCly Dy, H} Yoi1
[A O +AnCni14,,B,, Amcm] S,k

Now we apply the Matrix Inversion Lemma 5.1

-1
-2 -1
Cni1 = [Crlf1+le+1Cm+1 + Gm-ﬁ-l\k}
= 6m+l|k - 6m+1\kC;t1+1©m+1Cm+16m+l|kv
where
2 -1
Ot = (D1 +Cnt 1S jCrp1) ™~ -
We first concentrate on the expression multiplying Y, 1.
AnOunCpoi D)3+ A1 Al By AnGnCyy D2
m |+ 6m—}—1|kAmBr71 Am

- 6erl\k +1©m+1Cm+16m+1 \kAmB A } Gmcn1+1Dm+l

Now recall that o,,! = A/ B_zAm + C;,,HD,;LCmH + 6;141r1\k'

Therefore A}, B;,>A,, = o,,' — ;”+1D,;ilcm+l 76;+1|k’

and
[1 + &1 An By
- 6m+1\k +1©m+lcm+16m+1|kA B, Am} O-mC/ +1Dm+1
—A, [1+6m+”k0',;1 — &1 Ci1 D2 G — 1
= SniG +l©m+lCm+16m+1|k( - Cm+1D;ziICm+1
6m+1\k)] GmCmHDerl
=An [Gm+1|kC;n+1 — &, 14 Cr 1053 1 Cns 1 OnCs

/
—= St kG 1Omt1(Cns 16 1 4Gy



4.5 Kalman Filter 105
—Cin+1 Gm+l|kc;n+lD;13LICm+l GG 1
- m+10mC;/n+1)} D%,
=AnSG,11 \kC}/'thl [1 - D;fHCmH O'mC;nJrl
—= D1 (Cot 16, 1kCp 1 1T — Dy Con s 10mCrpi 1 }
- m+10'mcin+1)] Dr;il
= A 1§ Cos [1 —D;2 Gt 10nCls
- (©m+1 {Cnt18 1 14kCrst + Dyt = Dt }
X 1= D2 G 10nChr } = D 1Cni 16wt ) | D
= AnS i1k Cot 1 [1 - D;fHCmH 0nCrii1
- <{I ~ D1 Dy I =Dy 3 Gt 1 OnCrr }
- ©m+1Cm+lo-mC;n+l):|Dr;<2H
= Am6i’n+1\kc;n+l©m4rl-

We now compute the coefficient of ¥, 1.

[Am O+ A1 AL B2 Ay cm} S

=An [1+ €16, " = Gy 1Dyt Cont — GZLM CACT

=An {1+ Cni10y," = Cui1{Cri1 D, Gt + 6;}H\k - 6;1}H|k}

-1 -1
- ¢m+16n1+1|k} S,k

_ -1
= AnCn16,,

. _2 1 -2 -1
where we used the relation A, B, *A,, = 0,,' — C,’n+1Dn,+1Cm+1 - 6m+1‘k~

Therefore

Yk = AmS 114G 1 (Dr2n+] +Cnt1 6m+1\kcfn+1) Yot

1
) “1 1
+Am (Cr/n+1Dm+1Cm+1 +6m+l|k) 6m+1\kym+1\k'
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4.6 State and Mode Estimation for Discrete-Time Jump Markov
Systems

We use the reference probability method to compute state and mode estimation
scheme for a discrete-time stochastic hybrid dynamical system.

Gauss-Markov jump linear systems arise quite naturally in many practical set-
tings, for example, tracking a manoeuvering object observed through RADAR.
Here, no single set of dynamics will encapsulate all classes of motion, so one is led
naturally to a hybrid collection of dynamics as a basic model. The estimation task
for such models is significantly complicated by the need to jointly estimate a hidden
state variable and the current model in effect. Currently, many of the standard tech-
niques to solve this problem are ad hoc and not based upon the exact filter dynamics
computed in Elliott, Dufour and Sworder (1996). In contrast to this situation, our
new filters and smoothers for Gauss-Markov jump linear systems are developed
from the exact hybrid dynamics. Using a general result, (see Lemma 6.3), we pro-
pose a new suboptimal algorithm which provides an exact hypothesis management
scheme, circumventing geometric growth in algorithmic complexity. Our approach
is based, in part, upon approximating probability densities by finite Gaussian mix-
tures and is justified by the basic results given in Sorenson and Alspach (1971).

In a simulation study, a comparison is given between the single Extended Kalman
filter (EKF), the IMM, and our algorithm. We also compute a general smoothing al-
gorithm for discrete-time hybrid dynamical system. To compute this algorithm, we
exploit a duality between forwards and backwards (dual) dynamics. An interesting
feature of our smoother, is it provides a new degree of freedom, that is, the prod-
uct decomposition of the smoother density is approximated by mutually indepen-
dent Gaussian mixtures, where the chosen accuracy of ‘the past’, (influencing the
smoother density), is independent of the chosen accuracy of ‘the future’, influencing
the smoother density.

Dynamics and Reference Probability

Initially we suppose all processes are defined on a fixed probability space (Q, Z, P) .
For the class of Jump Markov systems considered, we will require three sets of dy-
namics. These are: the Markov chain dynamics, for the process whose value deter-
mines the model parameters, the indirectly observed state process, and the observa-
tion process.

Markov Chain Dynamics
To model parameter switching we consider a time homogeneous discrete time dis-

crete state Markov chain Z. If the cardinality of the state space is m it is con-
venient, without loss of generality, to identify the state space of Z with the set
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Sx = {e1,...,em}, where e; are unit vectors in R™ with unity as the ith element
and zeros elsewhere. The dynamics for the process Z may be written as

Zy=MZ_1+ Ly €R™. 6.1)

Here, I1 = [n(j_l-ﬂ 1< j<m is the transition matrix of Z, with elements
T I<i<m

A
ﬂj,-:P(Zk:ej |Zk_1 :ei) (62)

for all k € N. The process L is a (P,0{Z})-martingale increment, and we suppose
E[Zo] = po.

State Process Dynamics

We suppose the indirectly observed state vector x € R", has dynamics

m

X = 2<zk,e,>A,xk 1+2 Zi,e;)Bjwy. (6.3)
Jj=1 Jj=1

Here w is a vector-valued Gaussian process with w ~ N(0,1,). A; and B; are n X
n matrices and for each j € {1,2,...,m}, are nonsingular. This condition can be
relaxed (Elliott and Krishnamurthy 1999).

Observation Process Dynamics

Consider a vector-valued observation process with values in R? and dynamics

m
Ye= 2<Zk,e, Cixe+ 2 Zy.,e})D;vy. (6.4)
J=1 Jj=1

Here v is a vector-valued Gaussian process with v ~ N(0,1;). We suppose the ma-
trices D; € R?*4 for each j € {1,2,...,m}, are nonsingular. The systems we shall
consider here are described by the dynamics (6.1), (6.3) and (6.4). The three stochas-
tic processes Z, x and y are mutually statistically independent. Taken together, these
dynamics form a triply stochastic system, with random inputs due to the processes
Z, x and y. For example, if the Markov chain Z is in the state e;, then the dy-
namical model with state x and observation y, is defined by the parameters set
{4.B;,C;D;}.

Remark 6.1 At a cost of more complicated notation, we could consider observations
of the form:

m m
Z Zy,e;) (Cixe+Hj) + 2 Zk,e;)D jvy. (6.5)
= =
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This formulation includes scenarios where the Markov chain Z is observed di-
rectly. However, here we restrict our attention to cases where H; = 0 for all

je{1,2,...,m}.
|

The following filtrations are complete.
T =0{x,0 <l <k}, % =06{Z),0 <l <k}, % = 0{y,0 <l <k}, % =
0{Zy,x0,y0,0 < L < k}.

Reference Probability

The dynamics given at (6.1), (6.3) and (6.4), are each defined on a measurable space
(Q,.7), under a measure P. However, consider a new measure P, under which the
dynamics for the processes Z, x and y, are, respectively

7, =117+ Ly,
P x; areiid and N(0,1,),
yr  areiid and N(0,1).

The symbol ®(-) will be used to denote the zero mean normal density on R¢:
D) = (2m) /2 exp(—%£&’&). Similarly we shall also use the symbol () to de-
note a standardized Gaussian density. The space dimension on which these densities
is defined will be clear by context. To avoid cumbersome notation with matrices, we
sometimes denote the inverse of a matrix A by A~!. Further, we denote the space
of all m x n matrices by M™*", To compute the filter dynamics we now define the
measure P by setting the restriction of its Radon-Nikodym derivative to %; to

A dP

A= —|f4k —HM,

where

Cn o oD ve—Cx))  W(B; w—Apxi))
M_jzzl@’e» DoG) B, (x;)

The existence of P follows from the Kolmogorov extension Theorem.
For k > 0 define

Ms

vk = D (Zk,e;)D; Yok —Cjxe).

1

J
For k > 1 define

m

Wy = 2 (Zk,ej)B;I (xk —ijkfl).
Jj=1
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Lemma 6.2 Under the measure P, the dynamics for the Markov process Z are un-
changed and x and y have dynamics given by (6.3) and (6.4) respectively.

Proof Suppose f : R” — R and g : R? — R are any integrable Borel test functions.
Then

E[Acf(wi)gOvk) | %]

E[f(wi)gi) | %—1] =

EA; | %
B [ k| k 1} (66)
_ Eff o) gvi) | %]
E[lk | gkfl] ’
since Ay = Ak Ar—1 and Ag_; is known in ¥_;.
Recalling the definition of A;, we see that
= < = (D, (yi— Coxy)) W (B, (xk —Aexe—1))
EN| %)= YN E|(Z,e £ ¢ G
Ak | Ge1] /:21 [< ks €l) DA ®00) B () | D1
o | @D,y —C W (B, (o — Apxi_
Nz E{(Zk,eﬁ (Dy ' (i — Cexi) ) (B ' (o — Aex—1))
=1 |De|®(yk) | B[ (xx)

|Zkaxk7gk1:| | %1

(Zy.er)

‘P(Bf(xk—Azxk1>)E[¢(Dz‘<yk—czxk))
|Be[ ¥ (xx) D[ @(yi)

|Zkaxk7%k—1:| gk—l]-

In the last line above, the inner expectation is equal to unity. To see this, we note
that

=[@(D; ' (n — Cewr)) _ [ [eD(E - C))
B[ oy i = [T ey o
:/ q’(DZl(é—CZXk))dg
R4 |Dy| .

Write z A Dzl (yk — Cyx), then

®(D; (& —Cuxy)) [ D(2) B
e = [ IPdde= 1
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So, the denominator at (6.7) reduces to,

E | (Z,e) B, (e —Axin)) | gkl‘|

EM | %] = |B|¥ (x¢)

M=

~
I

1

E[<Zk,€1>

\P(Be_l (xk —Apxp_1 ))
|Be| W (xe)

Il
M=
|

|Zk,%71} |54k1]

~
Il

¥ (B, (x— A1)

B () |Zk7gkfl} | %1

I
NgE
1l

<Zk7€z>E[

o~
Il
-

I
M=
|

(Zy,er) gk—1]

~
Il

> (Zi,er) | i
i-1

=E

= 1.
Consequently,
E[Acf(wi)g(ve) | Gi—1]

= Y E[(Ze e f(B; (v~ Apxk 1))g(D; ! (0~ Cox))

Ms

o~
I

1

(D} (i — Cox)) W (B (xx — A1)
|De|® () |Be|¥ (xx)

\«%4}

E

Ms

E|(Zue) £(B; (v — Api1))g(D; (36— Cow)

o~
I

1

®(D; " (i — Cox)) P(B; (e — A1)
|D¢|®(yk) |Be|¥ (x0)

\Zk,xm«%q} |gk1‘|

(B, (xx— A1)

E
|Be|'¥ (xx)

(Zi,er) (B (xk — Apxen))

Ms

(=1

@ (D, (yi — Coxx))
|De| (i)

Xf[g(De_l(ykam)) |Zk7xkagk71} gkl]'

The inner expectation is

/ gD (v —Cix)) (D, b~ Co) / g(v

|D¢|
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—1 A .
Here v =D, (y — Cyxy)). Similarly:

(B, (xx— A1)
|Be|'¥ (o)

‘Zkagkfl} |%1]

ELFOn)g() | %it] = [ FO0®O0)aw [ e0)D()a,

To prove that the Markov chain Z is unchanged under the measure P requires two
steps. We must show that the initial distribution for Z, that is p, is the same under
P, as it is under P. To complete the proof, we must show that under P, the process Z
has the Markov property and also has a transition matrix I1.

Using Bayes’ rule we see that,

E[A'Z0|{Q.0}] E[z]
=T ey~ EQ) PRI

To show that the process Z is Markov under P, with transition matrix I'l, we consider
the expectation

E[A(Zksej) | %1

E[(Zy,ej) | 1] =

E[A | Y,
M5k|£; ] “r
E\AMlZk,ej) | %] =
= — =FE[M{Zr,e;) | %_].
E[X | 1] AeZi-ej) | Fia]
One can show that B
E[lk<zk,6j> | gkfl] = <HZk,1,6J'>.
Therefore, by (6.7)
E[(Zk,e)) | 1] = (T1Z;_y,ej).
Consequently
E[(Zk,e)) | Zi—1] = (MNZi_1,e;).
O

Hybrid Filter Dynamics
Exact Filter Dynamics

The following Lemma is critical in what follows.

Lemma 6.3 Suppose the random vector & € R", is normally distributed with & ~
N(u,X). Further, suppose A is any matrix in M™*", y is a vector in R" and the
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matrix B € M™*™ is nonsingular. With p(&) denoting the Gaussian density function
for &, the following identity holds,

(B (- A8)) &)
= (2m) "PE[exp{ S (- A2) (8B - 4)}]
= (2m)~"/2|B||BB +AzA'| 2
xexp{—%(y—A/.L)/(BB’—f—AZA’)" (y—Au)}. (6.8)

Proof (Elliott and Malcolm 2000) O

To compute a filter jointly estimating the density of the state vector x, and the
state of the chain Z, consider the expectation:

E[A(Zy,ej) f (xe) | Z4]
E[Ac| %] '

E[(Zi,e;) f(x) | %] = (6.9)

Here the function f(-) is an arbitrary bounded measurable real-valued test function.
Write the numerator as:

A —
0 ((Z,e;) f(xk)) = E[Me(Zi,e5) f(xi) | %] (6.10)
Suppose we choose the test function f(x) = 1, then

m

i}ﬁ((Zkyej)) = G(2<Zka€j>) =o(1) =E[Ac| %]
e

J=1

Therefore, if the numerator (6.10) can be evaluated for any such f and all j,
the denominator of (6.9) can be found. For each j € {1,2,...,m}, the quan-
tity 6((Zk,e;)f(xx)), defined at (6.10), is a continuous linear functional on the
space of continuous functions and so defines a unique measure (see Theorem 2.14
p. 40, Rudin (1966)). Further, suppose that there exists a corresponding unique, un-
normalised density function g (x), such that

0 ((Zk.ej) f(xx)) é/ f(M)gi(n)dn. (6.11)

n

Then the normalised conditional density is:

P(xedx,Zy=e;| %)=
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Theorem 6.4 The un-normalised probability density q,{ (x), satisfies the following
integral-equation recursion,

joy_ @0 (= Cp)) _ ,
ol = —gis |D||B]‘ rzzln,r/ (B} (x—4,8)) g 1(8)dE.

(6.12)

Proof Recalling the definition at (6.11), note that

[ rmalman

G(<Zk,6‘1 )

= [A Zk,ej Xk) | @k]
E[Mox—1(Z.e) f(xe) | 2]

(Dfl (e —Cjxr))
|D;|®(yx)

)| éf/k}

1
——————E | A1 (ITZ—1 + Ly ¢j)
@ (y1)|D;l|Bj] [ /
(B (e —Ajxi-1))

W(x)

x ®(D;! (e —Cixi)) fx) | ?»'/k}

7f Ae—1{Zy_1,e,)
oD 2 2 |

\P(B;l(xk—ijkfl))

x ®(D; ! (v —Cjxi)) T

) | %} |

The final equality follows because under P, the y; are independent and N(0, ;). Fur-
ther, since the expectations here are with respect to the measure P, under which the
random variables Z, x, y; and x;_1, are (mutually) independent, the expected value
with respect to x; is obtained by multiplying by the density W(x;) and integrating.
That is with

‘I’(B;l (17 —ijk,] ))
¥(n)

:/Rn(I)(D;l(yk—Cjn))‘l’(Bfl(n —Ajxi_1)) f(n)dn,

His0) 2 [ {0 0n-cm) ) penjan
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then

/nf(n)q,{(n)dn = (yk)|D Br Zﬂjr [Ak—1(Zk—1,er)H(x—1:0) | Z—i]
WZ””/ (£:0)g;_,(8)dS

1 m / / 0
= ——— ) T (D (i —Cin
SONDIB 20 o oo PP =)
x W (B (n—=A;€))ai1(§)f(n)dndE. (6.13)
Finally, as equation (6.13) holds for any suitable test function f, it follows, that
®(D; ! (e —Cjx)) &

BB 20 fe VO A @ 619

r=1

qi(x) =

O

The recursion given at (6.14) is an exact filter; it is expressed as a density which
is in general infinite dimensional. However, Gaussian densities are determined by
their mean and variance. In what follows we will consider a finite Gaussian mixture
representation of ¢;_, (x). The use of Gaussian sums is justified because any density
can be approximated by the sum of Gaussian densities (see Sorenson and Alspach
(1971)). Further, the noise in the state and the observation processes is assumed
Gaussian. In turn, this implies that sums of Gaussian densities are introduced. For
example, if the intial state is known exactly, the conditional state at the next time
is described by a sum of Gaussian densities, and the number of terms in the sum
increases at each time step by a factor equal to the number of states in the chain.

We can then compute the integrals in (6.14) by using Lemma 6.3.

Suppose X4, X, € M™" are covariance matrices and x, o, it € R”. The following
identity will be useful in the sequel:

36w Bulo— )}

exp{—%(x o) T (x— a}exp{
—exp{—%<a2aa+uiuu)}e { (Zaa—l-zﬂ/,i) (Za+Zu)

1
x (Zaoc—l—zuu)}exp{—%(x— (B +3,) !

X (zaa+zﬂu))'(za +zﬁ)(x— (2o +z#)*1(zaa+z#u)) } (6.15)

Theorem 6.5 Suppose the un-normalised probability density q]_,(&), (as it appears
under the integral in equation (6.14)), can be written as a finite weighted Gaussian
mixture with M? € N components. That is, for k € {1,2,...}, we suppose
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1
)n/2|2

i1 (& Zp
= R KL (6.16)

xexp{ S(E—a 1“( D& 1k— A (& - o 1|k 1)}

Here X° 1|k 1 € M and O‘krfuk—l € R", are both %,_1-measurable functions for
all pairs (r,s) € {1,2, e ,m} X {1,2, .. 7M"}. Using this Gaussian mixture (6.16),
the recursion for the optimal un-normalised density process has the form

m M1

Jry A
qp(x) = (2)(d+n) /2(1) (k) ;;Kkk 1(7sms) 617

1
Xexp{_i(x_(gk]rls) 15k]krr1) G]gr]?( (O_k]rls) lakjkr?1>}

The means of the exponential densities in (6.17) are computed by the update equa-
tions

hsy=1 g jin, ) Jihs S
(o) 6kj,k7s1:A’akrjl\k71+zk 1k-1Cr (C kG
» (6.18)
+D,D’,) (e —CrAray” k- -
Here
Jons
%”M_BH+A§H“46W”
~j,ns s
Ul k- 1—A10‘k i1 ER

A _ =i _
o/ £ D) C+ (T )

B0 & S ) T + e (DD

rs
. A TGP Locin 17,
K1 (ors) = —j,r.,sj 2 T eXp{E(‘sk],kr'—sl) (O'k] T 6k]k”1}
2tk 12 1D

1 1<yt ~Jj,hs
><6Xp{*§[y;{(DrD) ykJF( U l\k 1) (Z}?—rls|k—1) ' k 1)k— 1}}

Note that the square matrices "), and o/ are symmetric.)
q k—1[k—1 k-1 Y

Proof To prove Theorem 6.5, we apply the identity given in Lemma 6.3 to the
recursion at (6.12). In the first application, we eliminate the integral in equation
(6.12). Using the finite-mixture representation (6.16), we write the recursion (6.12)
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for the function g/ (x) as

(D7 (e —Cjx))
@ (y)|D;l[Bj]

m

z TS 1 1
X Z‘lﬂ:(j_’,){sztlpk"l [AnW(Bj (X—Ajé)) (27‘5)”/2‘2

1
r= et

xexp{ (é 5 1>/(Zk 1) (5 LA 1)}”15]}

Recalling Lemma 6.3, we see that

gl(x) =

1

EORaE

XeXp{ (5 o 1)/(21< 1) (é ST 1)}d€

1 / = 1 r.s !
= a2 )n/2|B JI1BB+AE Al ze"p{_2< AT 1)

/Rn\y(ijl(x—Ajé))

I
x (BB + AL A7) (x Ajoy 1)}

Using this calculation and the definitions for the quantities Zk 1| w1 and & i
we can write,

k- l|k 1

m M1

J T )pk 1 1
dk ()C) = Z Z S (D (yk —C])C))
r=1s=1 (27T)”/2|Ezf7uk 2eM)D;l

1 ~ 5 /s -1
xexp{ 2(x u;rflk 1) € (X 1p-1) (x u,frlslk 1)}

The products of exponential functions in this equation can be simplified with the
identity (6.15), resulting in

1 m M9

; (j,r)P;fl
g (x) = rs
k <2n)<d+n>/2d>(yk)r_zlszl|zk” 1k 121D

1.
% exp{§(6]<{}<’f1) (6)” 16kjkrs1}
1 - ~J.r SN ~],I,
xeXp{_E{y;‘(D’D/’) 1yk+(uli¥ls\k71)le(zlf—rls\k—l) lal” T 1}}
1 R j.r, R A j.r,
e (v (018 ") ol (v € (o) 1)) }

Finally, equation (6.18) is computed by the matrix inversion Lemma. (]
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Remark 6.6 1t is interesting to note the similarity of Theorem 6.5 to the Kalman

filter. The mean update equation given by (6.18), is precisely the Kalman filter state

B

. _ -1
update equation, with Kalman gain £ k—1Cr (Cer;’i‘ 1C, —&—D,D’r)

Corollary 6.7 The estimated conditional mode probability, for model j is given by
/ al@ag
Zm: I
Z qk =19k

||l>

P(Zk_ej|@k)

Here the estimated un-normalised mode probability q,{, is computed by the double
summation

. m M9
qi = (2r) d/zq) () ZIZCkk 1(Jsms), (6.19)
r S
where
. A . sy
&l Gors) S KL (Gons)lo 2 (6.20)
Proof The proof of Corollary 6.7 is immediate.
;A .
a2 [ q,ﬁ(é)dé
m M9
(27:) (d+n) /2q) (%) 21 2 K1)
I 5=

1 1S j.rs /
{4t
Jirs TN P
x o 1(5 (o) 8 1>}d§
i rsj—4
:mggl(kq,k—l(]ﬂ’,sﬂdkjl 3.
O

Remark 6.8 The scalar-valued quantities {7 | (j,r,;s), are all non-negative
weights. These quantities form the double sum at equation (6.19), whose value is
the estimated mode probability q,f. In what follows, we shall exploit the form of

equation (6.20) to fix the memory requirements of our suboptimal filters. Note that

i JFS . . 1 _
if o)/} is relatively large, then |ij |72 makes a small contribution to (6.19). That

is, larger (error) covariances give smaller weights in the sum (6.19). Accordingly,
a subset of the terms qukfl (j,r,s) will be identified from the the set of all m x M4
such quantities. The elements of this subset will be identified through their relative
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magnitudes, as the most substantial contributors to the sum at (6.19) and there-
fore the quantity q,ﬁ. Ultimately, this subset of quantities will be used to identify,
at every time k, the most significant components of the Gaussian mixture for the

density gi(x). -

Sub-Optimal Filter Dynamics

In this section we develop a sub-optimal recursive filter by extending an idea due to
Viterbi (Viterbi 1969). The motivation to develop a sub-optimal filter is immediate
from the dynamics of the un-normalised density (6.17). Suppose at time k = 1, these
dynamics involve m x M4 densities. Then the next time, k = 2, these dynamics re-
quire m X m X M4 densities. It is clear, that the demand on memory requirements is
exponential in time, with the number of densities required at time k being m* x M9.
What we wish to do is to circumvent this growth by identifying a subset of candi-
date mixture densities, from which we construct a sub-optimal density with fixed,
(in time), memory requirements.
Write

l"‘lé{1,2,...,111}><{1,2,_“7M!1}7

. A .
Sl?,k—l(]7r’s) = {Ck({k—l(J’r’s)}(r,s)eer'

To remove the growth in memory requirements, we propose to identify, at each
time k, the M?-best candidate densities for each suboptimal density q,‘{’ (x), using the
corresponding estimated mode probabilities. The key to this idea is to identify M7
optimal densities, that is, the M9 components in the Gaussian mixture, through their
corresponding set of estimated mode probabilities, ¢/, j € {1,2, e 7m}.

Since the estimated mode probabilities, given by equation (6.19), are formed by a
summation over non-negative quantities, we can identify the M7 largest contributors
to this sum and then use the corresponding indexes to identify the M?-best Gaussian
densities. This maximisation procedure is as follows:

1>

Gamr(orisk) = max Sy (jirs).

q .k * a q .
Cor1 (s rk7275k,2) = max Sk,kfl (J,1s),
’ (rs) €TIN(rf 1571)

>

max SEe1(sns).

1>

qu,k_l (J, rZ,M‘I ) S;,Mq)

Note that we are not directly interested in the quantities {7, | (j, 5,5} ), rather,
the indexes that locate these quantities. The optimal index set, for the density of
model J, is:

i A
‘]kj = {(rlt,laslt,l)v(rlt,ZasZ,Z)v"'7(rlt,M‘hsz,M‘7)}'
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Using these indexes, we approximate the suboptimal un-normalised density, of order
M4, corresponding to the density g (x) as

A 1 M1
q(x) = @ () & DK i sie)

xexp{ 2( 3k1%k> 3()6—3,:19%)},

where 3, = (Gg;rlk‘”sk")_l, and Ry = Bkj}:f’fl"sk‘f. Further, by Corollary 6.7, the un-
normalised mode probability corresponding to the expectation E [Zk =e; | @k], is
approximated by

(6.21)

jA 1
qi, = W 2 Ckk 1 ]7rkfvsk/)
To normalise the function g/ (x), we need the sum of all terms {g/,...,¢}"} and so

m
. A j
write (pk\k = z qj -
Jj=1
Densities such as q,f (x), provide all the information available. However, what is
often required in state estimation (filtering), is an expression for the state estimate

. . . A
of x; at time k given %, that is: Xy, = E [x¢ | %]

Lemma 6.9 The sub-optimal state estimate )?k‘k, for a Gaussian mixture of order
M1, has the representation

. 1 m M Kkk 1(j7rz,2’slt,£>
kk = I
K 2r) a0 () g j=1i=1 13]2

-1
koSt TSk / S '
x {Aruak o T4 e G (Dr,j[Dr;g +Cr Xl 1\k71Cr;j)

X (v —Cpe Ay @ ’W”)] (6.22)

”k/ "o k—1lk—1

m Jrkfv‘kz _1
Here Prk = (2m) d/2¢. 2] 12 kk 1(Jarkgask[) O, _ 2.

Proof

Bl %)= |, Lﬁq,{(ﬁ)]d&

= 2 Sk
Mé
(Pkkz/ [27: (d+n)/2(y z k-1 U T k0)
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X exp{—% (5 —3719‘{/()/3 (5 —3;;15&) }] dé

1 < Mq k *
B (2m)[d+m) /20 (y;) z Z kk—1 Jvrk,évsk,é)/wg

Pl j=1i=
1 !
X [exp{—i (é —3719%;{) 3(5 —3,:19%) }] dé
1 o MK (e 1
- - 7—”3 R, .
(2m) 42D (i) Pre =1i=1 |3\% ‘

The proof is completed by applying the matrix inversion Lemma to the term
3R O

It is also of practical interest to have a relation for the corresponding error co-
variance, that is:

Zhk 2E [ = Xge) (x — Xpe)” | 2]
- L (& — Xrwe) (& — Xape) (i )dé = ik\ka say.

@il JR"

Lemma 6.10 The filter state error covariance Zy, for a Gaussian mixture of order
M1, has the following representation;

1 m MY qu,kfl (.]7 r;,["g;[) 1
3

(27r)d/261)(yk)(pk‘k j=1i=1 ‘6].{/-7:‘);;[7‘%!& (623)

+ (37193/( —fk\k) (3 15,{]}:“1 ke —fk|k)/]

Proof Recalling the approximate un-normalised density (6.21), we see that

Sk =

1 m M4
22 a1 (o T0rSk0)

(2m) 2Dy ) prp 51 5
exp{f% (& 73_19‘31(),3 (é *3_19%1() }] d&

Tk =

X /Rn (5 *fk\k) (5 *fk\k)/

1 o MUK 1(Jar7§easze)/ /
- B R A A T Y
(2m) 42 (i) Pu j:lgzzl EE (& =) (6 = he)

[l Afe-sm)s(e-so)
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Writing
~ —1 —1 ~
(& —%ux) = (5 -3 R +3 R _xkk>7

(6.32) is the sum of the integrals:

(Jiﬁ/z / (6-37"9%) (¢ —3*1%{)/
con{ -3 (637 ) 3(6 57 Jae = 3"

(2%*21/2 L (6-37%)

x exp{—% (5 —31mk>’3 (5 —5%) }d&

x (3718 =) =0,

(ZE;i/z (3719&_@\1«)//]1%"(5 —37'%y)

x exp{—% (g —31mk)'3 (& —3%) }d& =0,

and

1

312
(27’[)"/2

(3719% - fk\k) (3*19% —fk\k)/

< feof-3(¢ 3—19%,()'3 (=371 Ja
= (S_I%k —)?k|k> (3_19% _55\k\k)l~

Finally, combining the calculations above the result follows. (]

Remark 6.11 1t is interesting to note the equation (6.32) is essentially in the form
of an additive decomposition of two components, that is, a weighted sum of the
two terms (3) “and (37198, —Xie) (37 "Rk —Xie)'- This suggests that the estima-
tion error arises from two sources: the approximation by a finite mixture, and the
standard error in the estimate of x. The matrix (3) ! is related, for example, to the
covariance ZZL 1> which contributes to component ‘s’, in the finite mixture rep-
resentation of the r-th un-normalised density (recall equation (6.16)). The matrix
(37" Rk —X) (3 "R — Xx/x) however, computes the error covariance between the
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state estimate k\k‘ « and the approximate mean of the state x. This decomposition
could provide another method to determine the appropriate number of components
for the Gaussian mixtures.

|

Hybrid Smoother Dynamics

Smoothing is a term used for a form of offline estimation where one has information
(from the observation process), beyond the current time. Suppose one has a set of
observations generated by the dynamics (6.4), for example, {y;,y2,...,yr} and we
wish to estimate

Elx; | %7r],0<¢<T.

Currently, all smoothing schemes for Gauss-Markov jump linear systems are ad
hoc and are not based upon the exact hybrid filter dynamics, for example, see
Chen and Tugnait (1986), Chen and Tugnait (2000). '

To compute smoothers, we exploit a duality between the forward function q,ﬁ (%)
which evolves forwards in time and a related function v{(x) which evolves back-
wards in time (see Malcolm and Elliott (1999) and Elliott and Malcolm (2001)). To
construct our smoothing algorithm, we compute a finite memory time-reversed re-
cursion for the functions v,{ (x). A sub-optimal v is then defined using an extension
of the idea of Viterbi, by replacing a summation with a maximisation.

Exact Smoother Dynamics

Recalling the form of Bayes’ rule, we note that

E[Aor(Zk,e)f(x) | Do

E[(Zi,e) f(x) | %] = E[Aor | %7

(6.24)

Write .
F = G{xg,Zg,O </< k}.

Consider the numerator in the quotient of equation (6.24)
E[Aor{(Zi.ej) f(xx) | Zor] =E [Mchisirm(Zeej) f(xx) | Do.r]
=F [E [AkAiir,7(Zire5) f(xk) | TV ) | %,T]
=E [Ak<zk»ej>f(xk)E[Ak+l,T | TN Por] | %,T] .

As our processes are Markov

E[Acir | J‘};\/%,T] =E [Acivir | Zesx %o |-
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Ai
W) SE[A1r | Zi = ejoxe = x,%1]

and, E [A¢(Zoej) fCa)v) (5) | Por] = fRn{qAé)v,{ (é)}f(é)dé

We now compute a backwards recursion for the function v,f (x), similar in form
to the forward recursion for the function q,f( ), given in equation (6.12)

(6.25)

iy % (r,j)
Vi) = 2 15,15, o

yk+1)/"d)( Hurr = CrE)) W (B (& —A) v (§)dE

Proof From definition (6.25), we again use repeated conditioning to write
J

Theorem 6.12 The un-normalised function v,f (x), satisfies the backward recursion

vk(x) =E

E[Aci17 | Zk=ej,x=x,%]

E[Ms1Miiar | Zi = e = x, %1
Zy=ej,xk =x, %]
E[;Lk-HF{Ak-&-LT | Zis 1 X1, 2 = e, X, = X %T} |

Zy = ej, X = x, %,T:|

Il
1M
|

|:7Lk+l (Zirr,er)E[Mkior | Zivr = eryxiin, Zk = €j,x = x, % 1) |
Zy=ej, X =x, %,T:|
n p— J—
=>E |:lk+1<zk+17€r>E[Ak+2,T | Zjs1 = er,xi1, %0.7) |
r=1
Zy =ej, X =x, %4
(since Z is a Markov chain and under P, the process x is iid)

i {Z . @(D;l(ka—Crka))‘I’(B;l(ka—A,xk))
25 P ) 1B/ [¥ (31

X vk+1(xk+1) |Zk:ej,xk=x %T]
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> D [ (D (s~ CE)WB, (€~ AV (6)d
r r .

=1 |Dr|[Br|®@(yit1) Jrr ' ! *
(]

Theorem 6.13 Suppose the un-normalised function v, (§), (as it appears under
the integral in Theorem 6.12), may be approximated as a finite weighted Gaussian
mixture with MV € N components. That is, suppose

. 1
v - -
i ( Zpk—H )n/2|zk 1\T|7

XCXP{ 56— k+1|T)( +1\T) (& k+1\T)}
Here °

k+1|T e M"™" and Ockril‘T € R", are both %\ r-measurable functions for
all pairs (r,s) {1 2,. m} X {1,27 - ,MV}. Using the Gaussian mixture in The-
orem 6.13, the recurstonfor v,i (x), at times k € {1,27 ey, T — 1}, has the form

1 m M’

Jiy A
vi(x) = 2m) /2 D () ;41; k+1,T (J.1.s)

1 , 1 s ‘ 1
xexp{ =3 (x= (S5 e ) SE L (x= e ) -

At the final time T,V j € {1,2,...,m}, v%(x) 2 1. Here

”(w)Pé’il

D, |[Br ||Zk+1|T| 7+ (2 k+1\T)7]’%
xexp{—%(a,:’illT)'(er{’i”T) [I ercil\r(zltillT)_l}alﬁllT}
X eXp{—%ym (DrDi)’lka}
xexp{ 3 (5 (B0 o)
< ) (B ) o) |
x exp{l Cr(DrD;>71yk+1 + (ZZil\T)ilo‘;iuT)/

x (2 k+l\T) ( Yk+l+(zltil|T)_1alZil\T)}

1 s 1 ahs lrs
Xexp{E(Tk+1\T) (Syr)” k+1\T} €R,

. A
K/‘{/+]7T(],F,S)
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S

O SAUBB) A — AL (B,B)) S 1 (B,B)) A, € R,

k+-1|T
e S ANBB) T E (DD i + () o) € R
1 = (B,B)) ' +Cl(D,D))”'C, e R,

Wiy 2 CUDDL) i + (B,B)) A x € R,

ZZiuT (7/ +Zk+l\T) S

(Note that the square matrices 7, and S are symmetric.)

k+1|T

Proof To prove Theorem 6.13, we first evaluate the integral in the recursion in
Theorem 6.12. To complete the proof, the result of this calculation is written as
a weighted sum of Gaussian densities.

Write

i)=Y ) I, 6.26
¢ 21 DB/ |®(vi1) (6.26)

where [, 2 o ®(D; ! (yies — GE)) W(B7 ! (& — Ax)vj, (€)dE.

Completing the square of the exponentials in /,, we see that

1 L, ~1 -
I, = Wexp{i(ﬂkﬂ)/(?’r) “k+1}

X exp{—%y;CH (DrD/r)ilykJrl }eXp{—%X/A/,(BrB/,)flArx}Ib.
Here
o= [on{ 5 (6~ )i ) (8- (7)) (@

A _1 »
Y =C.(D,D})"'C; + (B,B;)
it = C/(D:D}) "yt + (B,B,)'Apx.

Since vj, (&) is a Gaussian mixture, the integrand of I, is a product of Gaussian
densities and can be evaluated directly, that is,

- Bt w0 Wl )

e D G R L BRI )
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‘(Yr*( k+l\T>7l)_l exp{ -
|=

Xexp{_%(O‘Zi”T)/(thil\T)_lal:il\T}

X CXP{ (#k+1 + (Zk+1\T) la£i1\r>,(7/+ (Zl?il\T)q) ) (“kr“

7, -1 _rs
+(Zr) O‘kiur)}]'

Recalling equation (6.26) and the terms I, and I;,, we see that

L
2
MY

= Zpk+1

() (7)1}

N —

k+1\T|7

N2
o) 1 iMZV”rJ \PEd (Yr"'( k+1\T) )
VvV, \X) =
k Q2m) 2 O(yy) S 5 1D/ BAIZ 7|2

k+1\T|

1
x exp{—ix’A’r(BrB’,)*‘A,x}

x CXP{—%Y;(+1(DrD/r>7I)’k+1}exp{_%(agiuT)/(ZZil\T)710‘1:il|r}
X eXp{%(algil\T)/(ergfrl\T)_1212;1\T21211|T“1:+‘1|T}

X exp{l {(.uk+l) k’i”rﬂlfﬂ +(ukr+1)/il€il\T(thil|T>_1aI:il\T
+ (akgrl\T)/(szJrHT)

Consequently

-1,
21211\T“kr+1] }

1

j 1 m M) pk+1

()
vi(x) = G B 2 z ( k+1\T )

Yir1) /=1 Dy ||B, HZ;:H\T‘Z

1 s ! 1S TS s —1| rs
XCXP{_E(O‘HUT) (Zk+l|T) [I zk+l\T(zk+1|T) }O‘kmr}
1 _
X exp{—zy;cﬂ (D:D}) ™ yisn }
1 Er,s S8 =1 _rs !
XEXP\ T3 k+]|T( k+l\T) Oyt
s =1 (S&rs 7S =1 _rs
x (kar) (Zk+1|T(zk+1\T) ak+l|T>}
1 - n -1 _r !
xexp{—(C,(D,D’,) e+ (Zkil\r) aki1|T)

1 TR
(k+l\T) ( DD)) et + (Z5 1) Ofiiw)}
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1 1/ Qhs —1 s
Xe"p{z( k+l|T> (Sk+1\T) Tk+1|T}

1 S 1 R S —1 .58
XeXp{_E(x_(S;iur) Tiﬁl\r) Sk+1r( = (Sgupr) Tk+¥I|T)}'

Corollary 6.14 Write v] 2 / v (E)dE.
Ril .
The scalar-valued quantity v,i, is computed by the double sum
m M

J_—
= et 2 20

r—ls

A .
Here &) | 7(j,1,5) = K,fﬂj(j,r,s)\S ’SHT\

The proof of Corollary 6.14 is immediate.

Sub-Optimal Smoother Dynamics
Write

FV—{I 2,...om}px{1,2,....M"},
§/f+1,r(ja Vvs) 2 {ﬁkVJrl,T(ja N)}(m)ep-

As before, we propose, at each time &, to identify the M"-best candidate functions,
(components in the Gaussian mixture), for each function vk( x). This maximisation
procedure is as follows:

A
ﬁk+lT(]7rlasl)* max Sk+1T(]7rS)
(rs)erv

A o~
ﬁkv 1T(j7r§’s§): max Slg 1T(j’r7s)’
+h (rs)eD\(r,s7) D

>

max Str1r(sns)-

Oy 7 (Goraps i)
k+1,T D Tp s Sy !
(r,S)El—w\{(VT,ST),...,(r;/lvil,sxdvil)}

The optimal index set, for function v,{ (x), is:

N A
jk(]) = {(rlt,hslt,l)v(rlt,27slt,2)7"'7(rZ,MV’S1t,M")}'

Using these indexes, the order M" equation for vi (x), whose memory requirements
are fixed in time, has the form;
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MV
Jipy A 1
v (x) = (2m)d+n) /zq)(ka ZKkJrl T(Jark+12ask+1f)

% ex 71 xi(Srk+1,415i<+1,z)—1T’k+1.€vsk+1,z SrZH"[’SZ“'(
P173 k+1|T k+1|T k1T
> 5 7 s
K105k 1,0\ =1 Tk 1,05k 1,0
x (x S )7 Ter )}

Write, for the smoother density normalisation constant,

m

our £ X ( [, el (@)]ac).

j=

Combining the functions q,{ (x) and v,'(i (x), we see that the fixed interval smoothed
estimate of state may be written as,

fk\T é E[x, ‘ %T] =

o€ [0 af(E)v](8) )
fRn {ET:IQk (5 ]dé

[Z ql (& }dg (6.27)

(Pk\T R " LD
- Ly /né[q,{(é)v,f(é)]dé .

Pk|T j=1

Since the functions g (x) and v (x) are each weighted Gaussian mixtures, the inte-
grals in (6.27) can be evaluated exactly.

Lemma 6.15 The smoothed state estimate )/C\k\T’ for Gaussian mixtures with orders
M1 and M”, has the following representation

m M1 MY
X = Z Z Z kk 1 J’rkévské)KkJrl T(Jarknskz)
[ i S
><( Okl Tk k+lé)

‘Pk\T] 1i=1i=1
it Ul sriosio | riising)/
L7k, k1
Ot TS XeXP{Z(Sk T Terr )
k.0 M ’Hw‘kﬂz rkw‘kz rk+lz et Li
<6k 1 TS ) ( T er
1 TSk 1N T S —1 Troq isSia s [P RIN
1Sk 10 k+1,05%+1,6 k+1,05k+1,i K0Skt
XeXp{_E[(TkH\T )(Sk+1\T ) T (6 )
vy ,St rf,st,
K0Skt —1 & Tk 05k 0
x (0,2 )76y }}

.St iy Sk 1 .St P Sy
L 05k 0 1,5k 1
X (kal +Senr ) (5k T T )
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Here
m M9 MY
q PR *
TEDIDIDY Ky 1o Sie)
j=li=1i=1
ey, T 1Sk 1 !
XKk+1T(]7rkz7skz)exp{2<5 T )
c kﬂu+sr1t+wflt+u -1 5’1f,£$51?£+ o 1Sk,
k—1 k+1|T k k+1\T
1 Pl it 1N 7 o o1 05% ,1r K Y St
1Skt 1, K 1,05k 41,0 k- 1,05k+ 1, K0Skt
XeXp{_E[(Tkﬂ\T ) (Sk+1|T ) Ter1|T "+ (8 )
v .8E 78k sF ¥ s 2
k%klN—1 & k0K kwk/ k+1,05k+1,0 2
) (o T e (o st ) | e R
Proof
1 . .
=~ J J
Sur = —— 2| | &laj@)w(©)]ae
PrT j=1 R
1 & 1 fg
= S vy, pay kk 1 Jv’kz»skp)
(ple s R (27-5) (d+n) /2(1)

1 , , P
XeXp{—E(é (Gkr"‘ls”)*lérusk‘) O_krf,zl,sk,z,
X(é (G]:kélsk/)715rkﬂ7ka>}

MY

! K
(2n)(d+n>/2q)(yk+l 2 k+1,T ]7rkzaskl)

l rk S r S
FLOYkA1,0\—1 k4 1,0%k+1,0
XexP{‘E@ =S )T g )

% S’k+u Sk 1,6 5 o (S’lfﬂ,wszﬂ,z:)qT’Z+1.MZ+M dé
k+1,T k+1|T k+1|T

1 m M9 MY
B (2”)(d+”)q)(yk)¢(yk+1)(pk\T ; g; kk 1 (U5 7o Ske)

Sty [
k0 Ske\—1 & Tk, 05k, 0
X (é (02 7)) 8 )}
1 T 05k ry KPR A P
+1,0%k+1,0\—1 " k+1,0°k+1,0 k+1,0°k+1,0
X eXP{_E (5 —Sear )7 Tr ) Skt

TEr 1S Lin —1 Tk LSk L
A i\ — A i
X (é —(Sar ) )})d‘;‘

129

(6.28)

k £
Tk, 025k 0

1
1 )
XKIXH,T(J"”ZJ’SZJ)/Wé exp{—i(é (Gkr"éls“)’lgr”s"/) ok
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1 M1 MY

= K 1o Ske)
(2”)(d+")q)()’k)‘b(yk+1)C.Dk\r Z Zi kk—1 k0> k.l

s +r

[ i ek -1 [ [P
kk,l k+1,0"k+1,0 kk,l k+1,07k+1,i
x (Gk—l FSer ) (5k T Tttt )}

1 TSt i £ Tk §% T P [P PRINY
1Sk 1 K+ 1,05k+1,0 ke 1,iSka1i 05k 0
X CXP{*Q [(TkJrl\T ) (Sk+1\T ) T (G )

/
£ ’k+1,sk+1z)

. 1
X K/XH,T(J’ ri,i,s;’é,i)exp{ 5 (

Nl—

r* S* r* S* r* S* r* S* —_
klPk e =1 & Tk, 00k, n/2 k£ k,l k+1,0°k+1,0
x (0,2 )6, }}(270 ‘(kal +Seir )

—1 *
kNH Tl 1,05k 41,0 T} 05kt ’k+1 el
X ( +Seir o8 +r

O

Remark 6.16 1t is interesting to note, that in the formulation of the smoother defined
above, the integers M9 and M" are mutually independent. This feature suggests one
is afforded an extra degree of freedom, that is, the practitioner can explicitly impose
a desired accuracy in the contribution of the past, (choice of M?), and the contribu-
tion of the future, (choice of M").

[ |
The smoother error covariance is defined as:

Zqr 2E [(Xk —fk\r) (xx—Zyr) | 2]

= / —xk\r —xk\T)
(Pk|Tj 1

1 M1
WZ kot (s T 00 57)

1 Ttk —1 < keSke | TheSke
x exp{ —5 (&~ (0" H) 1) g

k * * *
% (é _ (Gkr/izlvfk‘z)f] 5k’k.wsk,4) }

1 M

E K JFE,S

(27T)<d+">/2q)(yl<+1 ,71 k+1,T ] ki kl)
1 ry /,S _ r¥ ) ,S* ) /

% eXp{*E (5 _ (Sklj:ll\;" iy ITk]rll\;" K+ f)

« S’k+1 IErmy 5 . (Srzﬂj’szﬂ,é)—lTrltﬂ,é’sl:rlj dé _ i
k+1.T k+1|T k+1|T = Sk|T-
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Lemma 6.17 The smoother state error covariance Xy r, for Gaussian mixtures with
orders M? and M", has the following representation

X * * * l
q Lok x v Lok % Tk05k 0 Ter1,05k+1,0\— 112
X KkAk_l(]7rk,[ask,E)KkJrl,T(Jvrk,ivsk,i)’(Gk—l +Sk+1\T )

1 P S iy pSia [
k+1,0k+1,i\/ k1,02 k+1,0\—1 2 k41,07 k+1,i
X eXp{E((TkH\T V(Seir )T T

* * ¥ * X £ . * ,
n (Skrk.wskx)/(Gk’f,zl,ask./)fl 5}(’1{/.,5/{,1,) }

Sy, r A |
05k, k1,05k+1,0
X [(Gk—l ST )

TSk e T LSk 1,0\ — 1/ < Te 0kt Tl 1Sk L
05kl OSK1 0y — yE PSEELY =
+<(O-k71 TS ) (6 +or ) kuT)

ook * o - P 12
k05K 0 K 1,05k 1,0\ —1 1 & Tk, 005k 0 ke 1,iSk+ 1 ~
X ((kal TS )T T Ty )*xle) }

Here the scalar quantity @7 is as defined by equation (6.28). The proof of the
lemma is similar to the proof of Lemma 6.10 and so it omitted.

Example

In this section we illustrate the performance of of the new hybrid filter state estima-
tor. Two scenarios are considered, in the first example, the Markov chain transition
matrix is fixed and simulations are computed for five different values of Signal to
Noise Ratio (SNR). In the second example, we consider two different transition
matrices. For each of our examples, comparisons are provided against the IMM al-
gorithm (with standard Kalman filters). All the examples consider the same scalar-
valued state process x and we set m = 3. Further, the order of the Gaussian mixtures
is fixed at M? = 5. For our first example, we set

H) 2 {Ay, = 1,By, = 0.05,Cy, = 1},

Hy 2 {Ay, =0.9,By, = 0.01,Cy, = 2},

H; 2 {Ay, = 1.1,By, = 0.1,Cy, = 1.5}
and

0.8 02 02
0.1 06 02]. (6.29)
0.1 02 0.6

ma
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The initial state xp is a Gaussian random variable, with mean 10 and covariance
10. Each of the five Figures 6.1(a)-6.1(e), show simulations at different levels
of SNR, which was varied only through the noise gain on the state dynamics,
that is: SNR-Case 1 DHl =0.5,Dp, = 0.25,Dy, = 0.5}, SNR-Case 2 {Dy, =
1,Dy, = 0.5,Dpy = 1}, SNR-Case 3 {Dy, =2,Dy, = 1,Dp; =2}, SNR-Case 4
{DH1 =4,Dy, =2 DH3 —4} SNR-Case 5 {DHI =8,Dy, =4,Dy, = 8} For these
five scenarios, Monte Carlo simulation were computed, consisting of 100 trials and
discrete time indexed from k = 1 to 100. The corresponding mean square errors for
the IMM and the new hybrid filter are given in Figures 6.1(a)-6.1(e).

In our second example, two different values of the parameter IT were considered,
with

08 0.1 0.1 04 03 03
M-Case 6IT2 | 0.1 0.8 0.1|,[1-Case 7TI= |03 04 0.3
01 01 08 03 03 04

In this example, the same model parameters from the first example were used, that
is, Hy,H, and H3, with the state noise gains set at {Dy, = 1,D, = 0.5,Dy, = 1}.
In all these cases, the new hybrid filter significantly outperforms the IMM. In cases
4 and 5 (see Figures 6.1(d) and 6.1(e)), when the signal to noise ratio is very low
the performances of these two algorithms are comparable. For the cases 1 to 3,
when the signal to noise ratio is standard or high, the suboptimal filter is more
efficient than the IMM (see Figures 6.1(a)-6.1(c)). The same conclusion can be
made when the Markov chain Z jumps slowly or rapidly, (see cases 6 and 7 and
Figures 6.2(a), 6.2(b)).

Pseudo Code Algorithm

In this section we define a three-step pseudo code form of our estimation algorithm.
Following the completion of an initialisation step, our three algorithm steps are:

Step 1 Compute Gaussian-mixture Densities,
Step 2 Hypothesis management,
Step 3 Updating.

In details these steps are given below.

Initialisation

e Choose initial Gaussian mixtures statistics:

1 , 1.M4

%o %o - Gy
: : 2.M4

% é aO\O O‘0|0 R O‘0|0
o™ 1 m,2 m,M4

%0 %o %o
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.
s |
35 A4 B
e g ! ‘ .
= = " ‘ \ i i iy
Al 4 /»' \ [ v\\r\ "o A ”7
0.5
(] 10 20 30 40 50 60 70 80 90 100
Time: k.
(a) Case 1

Mean square error

0 10 20 30 40 50 60 70 80 % 100

(c) Case 3
22 T T T

Mean square error

Mean square error

:k

(e) Case

Fig. 6.1 SNR performance of the IMM and the new hybrid filter, with M? =5

and

q
s LM
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0 10 20 30 40 50 60 70 80 ) 100 o 10 20 30 40 50 60 70 80 90 100

(a) Case 6 (b) Case 7

Fig. 6.2 Fast and slow switching Markov chain comparison of the IMM and the new hybrid filter,
with M7 =5

e Foreach je {1,2, e ,m}, choose, by some means, the initial sets of Gaussian-
mixture weights {Wo(”l),WOU’Z), .. ,Wé”Mq) }.

For k=1,2,...N, repeat:

Step 1, Compute Gaussian Mixture Densities:

e Define an index set,
r2{1,2,..,m}x{1,2,....M9}.

e For each j € {1,2, e ,m}, at each time k, compute of the following m x M4
quantities, each indexed by the pairs (r,s) € T

Js(rs) (ns)
Zk 1]k—1 —BB +A Zk 1|k— IA/J

(ns) A (rs)
Iil\kl = A0 iy

o) B¢l e € (D,D,)Cr+ € (Elf (1\13 1)7]

(0""“’3))7l Zk (l|k> 1
S c(e=e o) e
e é<f,if?i271)*‘ﬁ;ﬁ‘_(?fﬁ_1+Cl<DrD'r)*‘yk
‘Zli l\k 1| |D|

o  (r) sl & I rs 1 B
xexp{ 5(8509)) (6 ) 1555 exp{ -2 [y (DD)

~Jj,(rs J(rs) ~
+(”1i7(1\1371) € (Z- 1k— ) 1“1{](”,{) ]}} (6.30)

||>

Kj-,(r«,s)
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Step 2, Hypothesis Management:

e Foreach je {1,2, o ,m}, compute the quantities

TR

~ @) i@y i@

Cg‘/é . . . .
Cj>(.m!1) Cj)<'m72) Cj,(i;l,Mq)

Here, for example,
C/;(V,S) — Kj,(n,s) ‘Gj’(r’s) |,% .

e Using each matrix {%¢',%7?,...,%™}, compute the optimal index sets

I = {(’”T,hsh)w~~»(VT,ManT,Mq)}

I = {(rzhsz,l)a---v(r;,Mqué,Mq)}

I = {(r;,las:;,l)w~~a(rfn,Mqujn,Mq)}a

where, for example, the index set .#/ is computed via the successive maximisa-
tions:

CJ(Jl ,1>A max {%]}

(rns)el
(rs st ,) A
gilrasia) A max 2
(rs)eT\(r /1’!l>{ }
CJE(V;MM;MQ A max {%J}

(rs) e\{(r% e /1)
Step 3, Updating:

e The two estimates Xy, = E [x; | 2| and Zy = E [ (xk — Xep) (5 — Xgie) | 24 ] . are
computed, respectively, by the formulae:

( st ) . 1 *
i, K0 (i) 530

”ﬂé 1‘7

| J:1 2251 K}-,( Jﬁg-,fj‘[)|le(rj‘[-,5j‘[)|——

1
_{ D Kj ”””|0' ws.’?m—%}
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m M9 GV
K esie eSie =I5

DI T A akil\k] 12 Jl\k] G

j=1i=1  |o”iie |2

</é’s;l) —1 -1
X (Dm b+ T Cr;)
0Sie
( C A kjl\kj 1) (6.31)
and
1

121711{/ %) lo” ’M;‘[)r%

m M1 jv(r):f_[ﬂs.*‘)é) s
x 3y K,—/l e (ol ey ™!
SE el

n (e (Gja(r;j,s;}é))—161'1(!’;[,3;’4) _)?k|k)
~ ((o.j«,(’_’f,m_;[) AT f,’gklk)/ . (6.32)

e Update the matrices .7 and %y.

Lr12 1.m4
O O e O
21 22 2,M4
= Ok %k Ok
am,l am,Z m Mq
e % Bk

A * * —1 * *
=) [e (o-y,ry,msy,,,) &7 (rynsy) 1<y<m

1<n<m?
and

1,1 12 1,M9

I H N i1
21 22 2,M4

PO B
m,1 m,2 m,M4

Dok g ek

A .

A VS,

= [g (G v YTI) ]1S7§m
1<n<m?
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e The un-normalised mode probability corresponding to the expectation E [Zk =
ej | %], is approximated by
1 L

2 ¥ e, 6.33
eratn 5 ©39

ai

Normalising the function q,{ (x), we have

<Qk7 e/'>

P(Zx=ej| %) = R
Dy =

e For each j € {1,2,...,m} update the normalised weights {Wk(j"l),Wk(j’z),...7

Wk(j M) }, with the equation

L5

Ma (st ,) "
z?:lzl,:l Cj (re:55.0)

A

Return to Step 1

Remark 6.18 1t is worth noting that the recursions given at (6.31) and (6.30) bear a
striking resemblance to the form of the well know Kalman filter. This is not surpris-
ing. Suppose one knew the state of the Markov chain Z at each time k, consequently
one would equivalently know the parameters of the dynamical system at this time.
In such a scenario the Kalman filter in fact the optimal filter.

|

Remark 6.19 The alogrithm presented in this article can be formulated with no hy-

pothesis management, at the cost of accuracy, by setting M7 = 1.
]

Nonlinear Systems

In many practical examples, inherently nonlinear stochastic hybrid systems can be
successfully linearised and thereafter techniques such as those presented in this ar-
ticle may be routinely applied. Typical scenarios, are those with a hybrid collection
of state dynamics, each observed through a common nonlinear mapping, or, alterna-
tively, a hybrid collection of models, some linear, some nonlinear. One well known
example of hybrid state dynamics observed through a nonlinear mapping is the bear-
ings only tracking problem. In this case the hidden state process is measured through
an inverse tan function and then corrupted by additive noise. The standard approach
to such a problem is to first linearise the dynamics. However, to apply such tech-
niques, a one-step-ahead prediction of the hidden state process is required. If the
hybrid system being considered has either deterministic or constant parameters, this
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calculation is routine. By contrast, the same calculation for a stochastic hybrid sys-
tem requires the joint prediction the future state and the future model. Extending
the state estimator given at (6.31), we give the one-step-ahead predictor in the next
Lemma.

Lemma 6.20 Write
~ aA
Xk () = E [(Z,ejxe | ). (6.34)

The quantity defined at (6.34), is a conditional mean estimate of x; computed on
those w-sets which realise the event Zy = e;. For the hybrid stochastic system de-
fined by the dynamics at (6.3) and (6.4), the one-step prediction is computed by the
following equation

=R A m m
Xpte = Elveet |20 =3, Y mj o Aikige (J
i=1j=1

Proof

m
Stk = 2 E[(Zir.ej) Ay | %]
i=1

m
+ Y E[(Zks1,))Biwir1 | ]
=1

= 2E[<sz,€j>A,'xk | g/k]

i=1

m

+ Y E[(1Z,e;)Biwis1 | %]
i=1

m

Z <Zk7 €j> <HZk, ej>A,-xk ‘ %]
i=1 j=1

Il
IR
M=

70 AE [(Zesej)xe | 2]

= 2 > 7oAk (J)

The j =1,2,...,m quantities xk‘k( /) may be computed as follows:
M4 k5% VESTESY: 5/ roSie)
DI e r o

)i { KL Ic""?f'ﬁ?M-%}

Xe(J) =
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4.7 Example

To demonstrate the performance of the algorithm described above, we consider
a vector-valued state and observation process and a two-state Markov chain. Our
Markov chain has a transition matrix

0.98 0.02
= {0.01 0.99}

and an initial distribution [0.4,0.6}/. The stochastic system model parameters
{A,B, C ,D}, for the two models considered, are each listed below.

—08 0 08 0
Al_{ 0 0.2}’ A2_[o —0.2]’
10
312322{0 1}7
2 05 1 05
Cl{o.z 1]’ Cz[z 0.2}’
20
b-n-[2 Y],

A single realisation of this hybrid state and observation process was generated for
100 samples. Typical realisations of the estimated mode probability and the esti-
mated state process are given, respectively, in Figures 7.1 and 7.2. The estimation
of the hidden state process was compared against the exact filter, that is, the Kalman
filter supplied with the exact parameter values Ay, By, Cy, Dy. This comparison is
somewhat artificial as, one never has knowledge of the the hidden Markov chain in
real problem settings, nonetheless, this example does serve to show the encouraging
performance of the Gaussian mixture estimator.

4.8 Problems and Notes

Problems

1. Show that the unnormalized conditional density of the one-step predictor
Pri1x(x) =E [KkHI (xk41 € dx) | @k] is given recursively by (4.13).

2. Of interest in applications is the linear model with a singular matrix coefficient
in the noise term of the state dynamics:

Xi+1 ZA)Ck-i-BV]tJrl GRm,
Vi = Cxp+wy € RY.
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2 4
c
‘©
<
O
3 151 1
2
]
=
1k
I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100
time index
T
1k
[0}
o
o
= 05 g
@
it}
ok — P(X=1IData)
Il Il Il Il Il Il Il
0 10 20 30 40 50 60 70 80 90 100
time index
T
1k — P(X=2IData)
(]
o
o
= 05F 4
k]
it}
ok
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time index

Fig. 7.1 Exact Markov chain and the estimated mode probability generated by the Gaussian mix-
ture scheme

Hidden State

I I I I I
0 10 20 30 40 50 60 70 80 90 100
time index

5 T

Est. State
o

1 1 1 1 1
0 10 20 30 40 50 60 70 80 920 100

time index
5 T

—— Exact Kalman Filter Est.

Est. State
o
T

5 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

Fig. 7.2 True hidden state process and two estimates of this process. Here we plot only the first
component of the state process. Subplot 2 is the state estimate process generated from the exact
Kalman filter. Subplot 3 (the lowest subplot) is the state estimate process generated by the Gaussian
mixture filter

Obtain recursive estimators (Hint: Set vi = Bv;. Even if B is singular, v always
has probability distribution. The support of this distribution is the set of values
of Bvj. See also Section 4.4.)
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3. Consider the model whose dynamics are given by (2.1), (2.2), and (2.3). Suppose
now that the dynamics of the parameters ' are described by finite-state Markov
chains ‘ o _

O = A6 +Viy,
where the V' are martingale increments (see Chapter 2). Find recursive estimates
of the conditional distribution of the state of the model.

Notes

The results of this chapter are familiar in many signal processing contexts. The
ARMAX model is widely studied in the adaptive estimation and control literature
as well as in time-series analysis and economics. In this ARMAX model case it is
remarkable that the recursive formulae for the unnormalized densities do not involve
any integration.



Chapter 5
A General Recursive Filter

5.1 Introduction

In this chapter more general models are considered. We use again the same reference
measure methods. Both nonlinear with nonadditive noise and linear dynamics are
considered. In Section 5.7 the results are extended to a parameter estimation prob-
lem. In this case the same noise enters the signal and observations. In Section 5.8, an
abstract formulation is given in terms of transition densities. Finally, in Section 5.9
we discuss a correlated noise case, where the noise in the observations appears in
the state dynamics as well.

5.2 Signal and Observations

All processes are defined initially on a probability space (Q,. %, P).

Suppose {x¢}, £ € N, is a discrete-time stochastic process taking values in some
Euclidean space R4, Then {v¢}, £ € N, will denote a sequence of independent R”-
valued random variables. The density function of v, is y;.

a:RYxR" — R?
is a measurable function, and we suppose for k > 0 that
X1 = a (X, Virr) - (2.1)

We suppose that xp, or its density 7 (x), is known. Finally, we assume there is an
inverse map d : R? x RY — R” such that if x| = a (x;, vy ) then

Vip1 = d (Xpq1,%) - (2.2)

Note this condition is fulfilled if the noise is additive, so x;1 = @ (x;) + V1. We
require d to be differentiable in the first variable.
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The observation process {yi}, k € N, for simplicity, we suppose is real valued;
the extension to vector observations is immediate.

The observation noise {wy} will be a sequence of independent real-valued ran-
dom variables. We suppose each wy, has a strictly positive density function ¢. Also
c:R? xR — R is a measurable function and we suppose for k > 0 that

Yk = ¢ (X, wi) - 2.3)

Again we assume there is an inverse map g : R x R? — R such that if y, = ¢ (xx, wi)
then

Wi = & (Y, Xx) - 24

Again, this condition is satisfied for additive noise, when y; = ¢ (x;) + wy. Finally
we require the derivatives

dc (x,w)
ow ’

W=Wy

g (y,xz)

C()Ck,Wk) = 8)1

G (yr,xx) := (2.5)

Y=Yk

to be nonsingular.

Remarks 2.1 The above conditions can be weakened or modified. For example, ap-
propriate changes would allow x;, to be of the form x| = a (xg, Xg—1, Vis+1)-

|
In summary, the dynamics of our model are given by:
Xpr1 = a(xg,v ,
k1 = (X, Vi1 26)
Vi = ¢ (X, wi) ,

vy and wy are sequences of independent R”- and R-valued random variables with
density functions y; and ¢, respectively, and the functions a(.,.), c(.,.) satisfy the
above conditions.

5.3 Change of Measure

Define
k
o0 (ye) -
Ak - G(y[rxé)
gl:Il e (we)
Write
g]?ﬂ = O {X0,X15 s Xkt 15 V15 Vh ) 5

2 = o {y-nts
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and {94}, {#}, k € N, for the corresponding complete filtrations. A new probability
measure P can be defined by setting the restriction of the Radon-Nikodym derivative
(dF/dP)chk .1 equal to Ag. Then simple manipulations as in earlier studies, and
paralleling those below, show that under P the random variables {ye}, L €N, are
independent with density functions ¢, and the dynamics of x are as under P.

Starting with the probability measure P we can recover the probability measure
P such that under P

wi := g Vi, Xk)

is a sequence of independent random variables with positive densities ¢ (b). To
construct P starting from P write

k k
x 7 e (wr) -1
Ay = Ap= C()C[,Wz) .
4131 g ¢ (ve)
P is defined by putting the restriction of the Radon-Nikodym derivative (dP / dﬁ) |4,

equal to A;. The existence of P follows from Kolmogorov’s extension theorem.

Lemma 3.1 Under P the {w;},¢ € N, are independent random variables having
densities ¢y.

Proof First
=07 [ () 1 e
E[A| %] = C(xxwi)” o) dyk= | o (i) dwy
—oo O (V1) oo
(given ¥ so that dx; = 0)
=1.
Next

That is under P, the wy are independent with densities ¢. (]
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5.4 Recursive Estimates

We shall work under measure P, so that {3}, k € N, is a sequence of independent
real random variables with densities ¢; furthermore, x; 1 = a (¢, vi+1) where the
v are independent random variables with densities yy. With & = a(z,v), consider
the inverse mapping v = d (£, z) and derivative

9d (S, %)
I

Notation 4.1 Write gy (z) ,k € N, for the unnormalized conditional density such that

D (& zk) = 4.1

E [Ad (x €d2) | %] = qi (z) dz.
The existence of g; will be discussed below. We denote |D| = |detD|.

Theorem 4.2 For k € N we have the recursive estimates:

@ () =01 (e, E) [ W1 @62 DED) g @)z @)

where At (Vks1,E) =[Okt (8 ks1,E)) /it ks 1)]C(E,g ks1,E)) ", and
d(&,z)=w.

Proof Suppose f : R? — R is any Borel test function. Then
E[f(xkﬂ Ak+1 ‘ gz/k+1]
= / F (@) qi+1(z
=E [f(a (s Vir1)) Ak Prer1 (8 (hrns Xas1))
X C (01,8 (i1 %k1)) " | Pt } Okt (err) !
= E{ /Rn {f(a (k. v)) Aeier 1 (8 (1@ (g, v)))
x C(a(xe,v), 8 Vks1,a (x,v)) !
X Wit (V)} dv | s }¢k+1 Okt) ™

_ /R ) / ,1 [f<a<z,v>>¢k+1 (g (es1,a(z,v)))

x C(a(z,v),8 es1.a(zv))) "
X Wir1 (V) gx (Z)} dvdz @it (V1)
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Now
% %
dvdz=|det| > 77 ||dEdz= |D(&,2)|dE dz.
& oz
Consequently,
[ @ an ©dg
Rd
= [ L7 @001 (e k1,0 (6 e, 8D
Rd JRd
X Y1 (d (€,2)) i (2) D (€,2)] | dE dz @t (ver1) ™!
This identity holds for all Borel test functions f, so the result follows. O

Remarks 4.3 Suppose 7 (z) is the density of xo, so for any Borel set A C R?

Plx, €A) =P(xo € A) = /A 7(2)dz.

Then g (z) = 7 (z) and updated estimates are obtained by substituting in (4.2). Even
if the prior estimates of xg are delta functions the proof of Theorem 4.2 gives a
function for ¢ (z). For example, suppose 7 (z) = & (xo), the unit mass at xp. Then
the argument of Theorem 4.2 gives

q1(§) =01 (1) 41 (g(1,6))C(&:8(31,)) ™" w1 (d (§,%0)) D (&x0)]

Subsequent recursions follow from (4.2).

|
A Second Information Pattern
Suppose as in Section 5.2 that x;,; € R? and
X1 = @ (X, Vier1) 5 (4.3)

where the v; are independent random variables with density functions ;. We now
suppose the scalar observation process y; depends on the value of x at the previous
time, that is,

Vier1 = € (X Wiy 1) - (4.4)

Again, the wy, are independent random variables with positive density functions ¢.
If (4.3) holds we assume viy; = d (Xg41,X¢); if (4.4) holds we assume wy =
g(ka a'xk)' Write gka = G{X(),.X],. .. axk7y1> LR 7yk} and @ko = G{yh R >yk} and
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{9} and {#;} for the corresponding complete filtrations. Again, g, (z) will be the
unnormalized density defined by

E [Ad (x €d2) | %] = qi (z) dz.
The same method then gives the following result:

Theorem 4.4 With the dynamics and information pattern given by (4.3) and (4.4)

61k+1(5)=/RdA2 Vk+1,8,2) Wiy 1 (d (E,2)) qr (2) dz, (4.5)

where

O (8 (ar1,2))

Az (yit1,6,2) = et Oeet) C(z,8(3k+1,2)) " ID(E,2)].

This again gives the recursive update of the unnormalized density. Suppose the
dynamics are linear, so that

X1 = Axg + iy,

Vir1 = (€,%k) + Wi 1.
Here c is an R%-valued row vector. In this case (4.5) specializes to give the following:

Corollary 5.4.1

Gi1(8) = Brr ()’k+l)71/Rd D1 V1 —(6,2) W1 (8 —Az) g (2) dz.

5.5 Extended Kalman Filter

The Kalman filter can be recovered for linear models as in Chapter 4, Section 5.7.
Indeed, the Kalman filter can reasonably be applied to linearizations of certain non-
linear models. These well-known results are included for completeness; see also
Anderson and Moore (1979).

Consider the restricted class of nonlinear models, in obvious notation

Xkt = a(xg) Fvier, v~ N[0, 04l (5.1
Yk = C()Ck) + Wy, Wy ~ N[O,Rk}. 5.2)

Let us here continue to use the notation £;); to denote some estimate of x; given
measurements up until time k, even though this may not be a conditional mean
estimate. Let us also denote
da(x) dc (x)
A - C =
k+1 ax ) k ax

x:)?klk

x:)?k‘k
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assuming the derivatives exist. If a (x) , ¢ (x) are sufficiently smooth, and % is close
to xi, the following linearized model could be a reasonable approximation to (5.1)
and (5.2)

X1 = ApXg + Vi1 + ik,
Yk = G+ Wi =+ Vi,
where U, =a (XAk‘k) —Ak)ﬁk‘k,)?k =cC (XAk‘k,I) — Ckﬁk|k,1 are known if xAk\ka-xAk|k71 are

known. The Kalman filter for this approximate model is a slight variation of that of
Chapter 4, Section 5.5, and, suitably initialized, is

Sk = Feemr + Kie (e — ¢ (Bt ) ) 5
S = a (Bugr) »
Kie = Zp—1Cp, (CrZigu—1Cr + R - (5.3)
Tk = Zie—1 — Zik—1Cr (CeZap—1Cr + Re) B CeZife—15
itk = Ak 1 DAt + Ok

These are as in Chapter 4. We stress that this is not an optimal filter unless the
linearization is exact. Indeed, the extended Kalman filter (EKF) can be far from
optimal, particularly in high noise environments, for poor initial conditions or, in-
deed, when the nonlinearities are not suitably smooth. Even so, it is widely used in
applications (see also Chapter 6).

5.6 Parameter Identification and Tracking

Again suppose the state of a system is described by a discrete-time stochastic pro-
cess {x¢}, k € N, taking values in RY. The noise sequence {v}, k € N, is a family
of independent R"-valued random variables. The density function of vy is Y, and
we suppose Wi (v) > 0, Vv € R". Further, we now suppose there is an unknown pa-
rameter 6 which takes a value in a measure space (Q,3,14). For k > 0 we suppose

Xyl = a(xg, 0,viy1). (6.1

It is assumed that xq or its distribution, is known. The observation process is again
of the form

Yer1 =€ (X, Vir1) - (6.2)

Note the same noise v appears in both signal and observation. We suppose the ob-
servation process y is the same dimension n as the noise process v, and there is an
inverse map g : R” x RY — R” such that if y;, | = ¢ (xy, i) then

Vit = g()’k+1 ’xk)- (6.3)

Again, this is the case if the noise is additive.
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Substituting (6.3) in (6.1) we see

Xier1 = a (X, 0,8 (Vi 1,X%)) -

We suppose there is an inverse map d such that & = a(z,0,g(y,z)) with

D (&, Ok, i) = %?ﬁyk) (6.4)
£=&
then
=d(E,0.y). (6.5)
Writing
—1_11:2 G(yexe-1)""

a new probability measure P can be defined by putting (dI_J/ dP) |4, = At
Calculations as before show that, for any Borel set A C R”,

Plweal%) = [ w0

so that the yy are independent under P with densities . Therefore, we start with a
probability space (Q,.#,P), such that under P

Xyl =a(xx, 0,vii1)

and the {y;}, k € N, are a sequence of independent random variables with strictly
positive density functions ;.
Writing
Vi (g (v, xe—1)) =
A VBTN C gy ve) ™
g v (ve)

a new probability measure P can be defined by putting (dP / dﬁ) g, = Ay. Asbefore,
under P the random variables {v;}, k € N, are independent with strictly positive
densities y;.

Write g (§,0) for the unnormalized conditional density such that

dk (Zﬂ)dzde =F [I(xk S dz)l(@ S d@)Kk | @k} .
Let f: RY — R and & : ® — R be suitable test functions. Then

E|[f(xs1)h(0 )Kk+1 | Dit1]
= [[ 1@ hw s Ew)agar w)
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—Fl flalx . — Wir1 (8 Oks1,%))
_E[f( ( k76’g(yk+17 k)))h(e)Ak Yik+1 (yk+l)

X C (X, 8 (Vir1 Jk))fl ‘ 7

= it One) ™ [ [ £ @@ 0010.:2) B 0) s (8 01,2)
X C (2,8 (kt1,2)) " gi (z,u) | dE dA (u).
Writing & = a(z,u,g (Vx+1,2)), u = u, the above is
= Y1 Gier1) ™ /{f 1) Wir1 (8 ke 1,d (8,1, 341)))

X C(d (§7u7yk+l) ag(yk+17d(§au7yk+l)))_l
X (d (&, 3e41) 1) D (8,1 | A . ).

This identity is true for all test functions f and &, so we deduce the following re-
sult:

Theorem 6.1 The following algebraic recursion updates the estimates gy

Qiet1 (8,u) = A3 (8,1, Yi1) Wier 1 (8 k1, (8, Yie41)))
O (6.6)
X (Wit Oke1)) ™ qe(d (&1, yx41) 1)
where,
A3 (& u,yi41) = C(d (&1, 611) .8 e 1,d (&1, 3541))) " 1D (&, yk1)]-
Remark 6.2 1t is of interest that (6.6) does not involve any integration.
|

If xp 1 =A(0)xp + v and ygi = cxg + vy for suitable matrices A (6), ¢ then

Vi1 = & (V15 Xk) = Vi1 — Ck 80 Xy 1 = (A(0) — €)X+ Yir1-
In this case x+1,yk+1 and vgy; have the same dimension. Therefore, the inverse
function d of (6.5) exists if (A (0) — ¢) is nonsingular, and then

X =(A(8) =) (1 —yrs1) =d (i1, 0,)u11) -

In the case of parameter tracking the parameter 6 varies with time. Suppose 6y
takes values in R” and

Oki1 =AgOk + Viy (6.7)

for some p x p matrix Ag. Here {v,} is a sequence of independent random variables;
V¢ has density ¢,. The dynamics, together with (6.7), are as before
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X1 = a (X, O, Vir1) s (6.8)
Vir1 = € (X, Vie1) - (6.9)

If (6.9) holds then, as before, we suppose
Vi1 = 8 (Vk+1,Xk) - (6.10)
Consequently,
X1 = @ (Xk, O, 8 Vit 15Xk)) - (6.11)
Arguing as above we are led to consider
E[f(xkt1)h (9k+l)xk+1 | Dt |
= [[ @ hwa & wddnw

=E {f(a (Xk, O1s 8 Vit 1,%x)) ) B (Ag Ok + Vk+1)ka

Vier1 (Vkr1)

X C(xkag(yk+17-xk)>7l ‘ %+1:|

= Wit k1)

x [ [[# @20, (.2 (468 + V)0 (V) i (g (1s1.2)
X C(z,8 r1,2) " i (2, 6)} dzd6dv.
This time substitute

¢ =a(z,0,g(,2),
u=~A90+v,
6=0.

The above conditional expectation then is equal to:

Vier1 k1)~

// —AgO) Wit (g kt1,d (& u,yk41)))

X gy (d (évuvyk—k—l),G)C(d(évl/‘;yk-H)78(Yk+lad(§auvyk+1)))7l
X |D(S,u,yk+1)| |dOE AR (u).

Again, the above identity is true for all test functions f and 4 and gives the following
results.
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Theorem 6.3 The following recursion updates the unconditional density q; (& ,u) of
the state x; and parameter 0y:

qrr1 (8, u) :A4(57M7yk+1)/¢(u—A99)CJk (d(&,u,y141),0)d0, (6.12)

where,

Ag (& u,¥%11)
= Yk+1 (yk+1)7l Vir1 (8 kr1,d (8, u,3%41)))
X C(d (& u,y141).8 ke, d (&, 31))) " 1D (&1, ype1)] -

5.7 Formulation in Terms of Transition Densities

In this section we give a formulation of the above results when the dynamics of the
state and observation processes are described by transition densities.

Again, all processes are supposed defined initially on a complete probability
space (Q, . Z,P).

Consider a signal process {x;}, k € N, which takes values in RY. We suppose x
is a Markov process with transition densities py (x,z). That is,

P(xpq1 €dx | xp =2) = pry1 (x,2)dx
and

E[f (xt1) | X =2] :/Rdf(x)pk.t,_] (x,z)dx.

We suppose xp, or its distribution, is known. The process x is observed through a
R"-valued process y whose transitions are a function of x. That is, we suppose there
is a strictly positive density py (y,x) such that

P(yer1 €dy | xe =x) = pre1 (y,x) dy. (7.1)
Note, we suppose that under P the eveent [y, € dy] is independent of values of x

at all times other than & and all y except yg 1.
Again

ELf e [5c=x]= [ F0)pet (na)dy

Suppose py (y) is the unconditional probability density of y,, and that p; (y) > 0 for
ally € R". That is,

EIF00) = [ 70)pe0)dy.
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Again, %ko = 0 {X0, X1y, Xk, V1,5,V and %0 =o{y,--,v}; {%} and {#}
are, respectively, the complete filtrations generated by gkO and @ko.
Write

Ap= ﬁ pe (ye)

=1 Pe (Vesxe—1)

and define a new probability measure by putting (dP/dP)|q, = Ax. Then under P the
v are independent random variables with density p (y) > 0. Suppose, therefore, we
start with a probability space (Q, F ,ﬁ) such that, under P, {x; } is a Markov process
with transition densities py (x,z) and the y; are independent random variables with
positive densities py (v). Now write

T — k Pé(yww—l)'

=1 Pe(ve)

Define a probability measure P by putting (dP/dP)|y, = Ai. Consider any Borel

function f : R? — R with compact support and write g (£) for the unnormalized
conditional density such that

E[I(xc€d&) A | %] = qi (&) dE;
then
E [ f (%ks1) Aest | Digr |

_/f )ar1(8)dE

_ = X Prer1 (V15X
—E| [ £(©)pnr G asR P g

The yy, 1 are independent (of x) under P, so this is equal to

Pre+1 (V1) / / ) P+1(8,2) it (Vkr1,2) gk (2) dzdd.

This identity holds for all such functions f; therefore, we have:

Theorem 7.1 The following recursive expression updates qy.:

@1 (6) =Pt Oxe) ™ [ Pt G2t G D@z | (12
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5.8 Dependent Case
Dynamics

Suppose {x;}, k € N, is a discrete-time stochastic process taking values in some Eu-
clidean space R™. We suppose that xo has a known distribution m (x). {v¢}, k € N,
will be a sequence of independent, R"-valued, random variables with probability
distributions dy; and {w;} a sequence of independent R™-valued, random vari-
ables with positive densities ¢. For k € N, a4 : R™ x R" — R"” are measurable
functions, and we suppose for k > 0 that

X1 = Qg1 (X V1) + Weep 1 (8.1)

The observation process {y, }, k € N, takes values in some Euclidean space R™. For
k€N, ¢ : R" — R™ are measurable functions and we suppose for k > 1 that

Vi = ¢k (%) + Wi (8.2)

We assume that there is an inverse map dj : R x R" — R™ such that if (8.1) holds
then
Virt = dip 1 (X1 — Wi 1,%) -

We also assume that there is an inverse map Vy : R™ — R™ such that if ¢y (xy) +x 1=
Wi (xx) then Vi (Wy (xx)) = xz. We now suppose we start with a probability measure
Pon (Q,\/;_,%,) such that under P:

L. {w}. k € N, is a sequence of independent random variables having density func-
tions ¢y > 0.

2. Xr1 = g1 (X, Vi) F Wit = @t (X, V1) + Vi1 — Crg1 (Xrg1) Or, using our
assumptions,

X1 = Virt (@t (ks Vier) +ee1) -

Working under the probability measure P, and denoting d oy (x), k € N, for the un-
normalized conditional probability measure such that

E [Ad (x € dx) | Z] :=doy (x),
Write

¢ (ye —co(x¢))
51;[1 oe(ye)

With D(.,€) := %55) we have
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Theorem 8.1 For k € N, a recursion for doy () is given by

) = D1 (Vi1 — ek (2))
B (Ve 1)

< [ 1P @)+ 2=, 8)]
JRM

dogi1(z

x dog (§) Ayt (dir1 (i1 (2) +2—yiy1,8))

Notation 8.2 Here m,k € N and m < k. Write A, = ]_[I,f:m A and dYm i (x) for the
unnormalized conditional probability measure such that

E [Kkl(xm € dx) | %] =dYmi(x).
d%m i (x) describes the smoothed estimate of x,, given %, m < n.

Lemma 8.3 For m,k € N, m < k the smoothed estimate of x,,, given % is given by:

AV (X) = B (x) d 0 (x)
where day, (x) is given recursively by Theorem 8.1 and
Bk (X) =E [Aps1k | Xm =%, %] .
Proof Let f : R™ — R be an arbitrary integrable function
E[Ref () | %) = [ 1) ().
However,
E[Acf (xm) | %) =E [Atf (6m) E [Amgrk [ X0, s%m 2] | 2]

Now

E [Km+l,k ‘ Xm = x,%] = Bm,k (x) .

Consequently,

E [Aef (on) | %] =E [K1nf (on) Bui (om) | %]

and so, from our notation,

[ PO dpin) = [ £6) B (x)dai (),

which yields at once the result. (]



5.8 Dependent Case 157
Lemma 8.4 B, « (x) satisfies the backward recursive equation

Bunie () = (ms1 Gms1)) ™"
X /Rm Omt1 Vmr1 = Cmtt (Vi1 (@me1 (6,w) +Ymr1)))
X ﬁerl?k (Vm+1 (aerl (wi) +ym+1)) dWmi1 (W) .

Proof

Bk (x) = E [ Apr1 e | Xm = x, %]
E[Im+lxm+2,n |xm :xa@k]

o]

Omt1 (ym+l — Cm+1 (Verl (aerl (xmavm+l) JF}’erl)))
Omt1 (ym-H)

X E [Km+2,}’l | Xm = X, Xm+1, %}

xm:xa%]

- E Om+1 (ym+1 — Cm+1 (Vm+1 (aerl (xmavm+1) +ym+1)))
Om+1 ()’m+1)

X ﬁm+l,k (Vins1 (@ms1 (xm>Vm+1) +Ymi1))

Xm = x7 %]
- 1
Omt1 (ym-H)

X / {¢m+1 (Ym+1 —Cm+1 (Vm+1 (Clm+1 (x, W) +ym+1)))
Rm

X Bm+1,k (Vi1 (@t (6, W) + Ymi1)) | dWimi1 (W) .

We can also obtain the one-step predictor.

Notation 8.5 Write dpy.1 x (x) for the unnormalized conditional probability mea-
sure such that

E [Aciid (1 €dx) | 2] o= dprir i (x) .-

Lemma 8.6 The one-step predictor is given by the following equation:

ad +x—y,
s (0= [ [ et (- cu (| 2t e 0 T

X dWicr1 (diy1 (Cry1 (%) +x—y,2)) dpi (z) dy.
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Proof Suppose f is an arbitrary integrable Borel function. Then
E[f (1) Marr | 2]
= /ﬂ%mf(x)deJrl,k (x)

= = O Okt — et Vit (arn (o Vi) +9ie1)))
_E|ANE
Ot (Vrt1)

X f (Vi1 (arget (s V1) + Yis1)) ’Xov---,Xk,%] ‘ g/k}
= F{Kk/m o Ok1 (v — i1 Vig1 (a@rg1 (i, w) +)))

< f (Vi (ager (o) +3) dydyis () | %]

:/m/m/m[ﬂle(ak+1(z,w)+y>>

X Bt (v ket (Ve (@it (2w) +))|
X dWii1 (w)dpx (z)dy.

Let x = Vi (agy1 (z,w) +y). Then w = djyq (cps1 (x) +x —,z). Hence

(x)dprs1x (x)

R"l
ddi.1(c X)+x—y,2
=/ / S ) Grr1 (v — cry1 (x)) ke kH&( ) %)
Rm m JRm X
X AWy 1 (dis1 (Crrr (X) +x—y,2)) dpi (z) dy,
and the result follows. ([
A Second Model

Suppose {x;}, k € N, is a discrete time stochastic process taking values in some Eu-
clidean space R?. We suppose that xq has a known distribution 7y (x). The set {v},
k € N, is a sequence of independent, R"-valued, random variables with probability
distributions dy; and {wy} a sequence of R”-valued, random variables with posi-
tive densities ¢y. Fork € N, ay : RY x R" x R™ — R¥ are measurable functions, and
we suppose for k > 0 that

Xip1 = At (X Ve 1, Wit 1) (8.3)

and x; is not observed directly. There is an observation process {yi}, k € N taking
values in some Euclidean space R” and for k € N, ¢; : R? — R? are measurable
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functions such that
Vi1 = Chp1 (X, Wit 1) - (8.4)

We assume that for each k € N there is an inverse map d; : RY x R? x R™ — R” such
that

Vg1 = A1 (X1, Xk, Wi 1) - (8.5)

We require dy to be differentiable in the first variable for each k. We also assume
that for each k, there is an inverse map g; : R? x RY — R” such that if (4.4) holds

Wit1 = 8k+1 (yk+1yxk) .

Finally, we require

Iyt (X, wiy1)

Crer1 (X, Wieg1) = pp , (8.6)
X=Xy
d \ X,
Gk+1 (yk+l7xk) = w 3
Y Y=Vk+1

to be nonsingular for each k € N. Here the o-field generated by the signal and ob-
servation processes is {f,? = 0 (x0,X1,---,Xk, V1, - -, Yk) With complete version {%;}
for k € N. The new probability measure P, under which the {y,} are independent
with densities @y, is obtained if we define

1y 900
iy O (we)

We immediately hav_e, for k € N, a recursion for the unnormalized conditional prob-
ability measure E [ A¢l (x¢ € dx) | %] == doy (x)

dpP
dP

1

= Ay Gy (ye,xe—1)" -

Fi

d oy (x) :/Rdd’(M,yHl)deH (dry1 (%,2,8k01 (Vkr1,2))) d g (2) -

Here

Ort1 (81 Vir1,2 -
q)('x7zayk+l) = + ;k-&-j(y(k—}—?) ))ckJrl (Z)ngrl (yk+1az>> :

‘ Adiy1 (%,2,8k+1 Vkt1,2))

X .
ox

5.9 Recursive Prediction Error Estimation

The case of optimal estimation for linear models with unknown parameters 0, as
studied in Chapter 4, Section 5.2 is a specialization of the work of the previous
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sections. In this case, the unknown constant parameters 8 can be viewed also as
states, denoted 6y, with 6. = 6y = 0, and the state space model with states xy, viz.

Xer1 = A(0) xk +B(0) viey1,
Yk = C(0)xi +wy, ©.1)

can be rewritten as a nonlinear system with states x, 6y as follows

= [ s ) [2]+ [ e
Vi = C(6k) xi 4w ©2)

Readers with a background in system identification will be aware that such models
are not usually the best ones for the purposes of identification; see, for example,
Ljung and Soderstrom (1983). The parametrization is not unique in general. How-
ever, if one is uncertain of the signal model, why not work with the unique signal
model with a known stable universe, termed the innovations model, or the canon-
ical model. This model generates the same statistics for the measurements y, and
is simply derived from the optimal conditional state estimator yielding conditional
state estimates E [x; | y—1,0], denoted %t ¢. Indeed, the innovations model is
the right inverse of this system, and is given as, with 6 = 0

Os1 | [T O O, 0
[)?k+l|k,9} o [0 A(Gk)} [)eklkl,e] + {K(Qk)} Vi, 9.3)

Yk = C(Ok) fxk—1,6 + Vits (9.4)

where K (6;) = K (60) is the so-called conditional Kalman gain, and vy is the inno-
vations white noise process. It usually makes sense in the parametrization process
to have K (0) as a subset of 6. This avoids the need to calculate the nonlinearities
K (.) via the Riccati equation of the Kalman filter.

To achieve practical (but inevitably suboptimal) recursive filters for this model, a
first suggestion might be to apply the extended Kalman filter (EKF) of Section 5.5,
which is the Kalman filter applied to a linearized version of (9.4). This leads to
parameter estimates denoted 6, and to estimates of the optimal conditional esti-
mate )Ek‘k,w which, in turn, one can conveniently denote )?k‘ k—1,0,_,° where @k

denotes the set {éo7 ey ék}. There is a global convergence theory providing reason-
able conditions for 6y to approach  as k approaches . Indeed, results are stronger
in that the EKF estimates approach the performance of the optimal filter asymptot-
ically, and so this method is termed asymptotically optimal. Furthermore, the algo-
rithms can be simplified by neglecting certain terms that asymptotically approach
zero in the EKF, without compromising the convergence theory. The resulting algo-
rithm is identical to a recursive prediction error (RPE) estimator, as formulated in
Moore and Weiss (1979); see Ljung and Soderstrom (1983) for a more recent and
complete treatment.
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The RPE scheme seeks to select estimates 6 on-line so as to minimize a predic-
tion error (yk -C (ék)ik‘ kflsék—l) in a squared average sense. Such schemes, along
with the EKF, apply to more general parametrized models than linearly parametrized
models, (9.2) and (9.4). Indeed, the next chapter presents one such application.

Suffice it is to say here, the EKF and RPE schemes consist of three subalgorithms
coupled together. The first is the conditional state estimator driven from both y; and
parameter estimates 6y, in lieu of 8, which yields state estimates )Ek‘ k—1.6, in lieu of
xk‘ k1,0 8s desired. There is a sensitivity filter, yielding estimates of the sensitivity
of the state estimates and prediction errors to parameter estimates as

) (yk+l _C(e)‘x’\k+l‘k,®k,l,9)
) Vit+1 = 200

=0k 0="06;

axk+1|k,é)k,1,e

20

These are the states and output, respectively, of a filter also driven by y; and 6.
Details for this filter are not given here. Finally, there is an update for the parameter
estimates driven from y; and y, as

0= B+ B (- C (805, ).
Pt =P+ iy

suitably initialized. The rationale for this is not developed here.

These subfilters and estimators are coupled to form the RPE scheme. The full
suite of the RPE components appears formidable for any application, but it is finite-
dimensional and asymptotically optimal under reasonable conditions. Further devel-
opment of this topic is omitted, save that in the next chapter an application within
the context of information state filtering is developed.

5.10 Problems and Notes

Problems

1. Establish the recursion given in Theorem 8.1
2. Suppose that x; € R and

X1 = Ak 1 Xk + Vg1 + Wig1

Here Ay are, for each k € N, m x m matrices, {v,} is a sequence of indepen-
dent R™-valued random variables with probability distribution dyy and {wy} is
a sequence of independent R™-valued random variables with positive densities
¢¢ (b). Further, suppose the R™-valued observation process has the form

Yk = Cexg + wi.
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Here Cj, are, for each k € N, m x m matrices. Find recursions for the conditional
probability measures E [I (x; € dx) | %] and E [I (x,, € dx) | %], m # k.
3. Assume here that the signal and observation processes are given by the dynamics

Xkl = Q1% +Vir1 tWepr €R,
Vi = X +wi € R.

Here, ay, ci are real numbers, v; and wy, are normally distributed with means 0
and respective variances sz and y,f Derive recursive estimates of the conditional
mean and variance of the process x; given the observations up to time k.

4. Repeat Problem 3 for vector-valued x and y.

Notes

Section 5.8 is closer in spirit to earlier work of Ho and Lee (1968) and Anderson
(1968). However, the role of the dynamics is not so apparent. Related ideas can
be found in Jazwinski (1970) and McGarthy (1974), but the measure transforma-
tion technique is not used in these references. A related formula can be found in
Campillo and le Gland (1989), which discusses discretizations of the Zakai equa-
tion and applications of the expectation maximization algorithm.



Chapter 6
Practical Recursive Filters

6.1 Introduction

Hidden Markov models with states in a finite discrete set and uncertain parameters
have been widely applied in areas such as communication systems, speech processing,
and biological signal processing (Rabiner 1989; Chung, Krishnamurthy and Moore
1991). A limitation of the techniques presented in the previous chapters for such ap-
plications is the curse of dimensionality which arises because the computational
effort, speed, and memory requirements are at least in proportion to the square
of the number of states of the Markov chain, even with known fixed parameters.
With unknown parameters in a continuous range, the optimal estimators are infinite-
dimensional. In more practical reestimation algorithms which involve multipasses
through the data memory requirements are also proportional to the length of data
being processed. There is an incentive to explore finite-dimensional on-line (se-
quential) practical algorithms, to seek improvements in terms of memory and com-
putational speed, and also to cope with slowly varying unknown HMM parameters.
This leads inevitably into suboptimal schemes, which are quite difficult to analyze,
but the reward is practicality for engineering applications.

The key contribution of this chapter is to formulate HMMs, with states in a
finite-discrete set and with unknown parameters, in such a way that HMM fil-
ters and the extended Kalman filter (EKF) or related recursive prediction error
(RPE) techniques of previous chapters can be applied in tandem. The EKF and
RPE methods are, in essence, Kalman filters (KF) designed for linearized signal
models with states in a continuous range. The RPE methods are specializations of
EKF algorithms for the case when the unknown constant parameters of the model
are viewed, and estimated, as states. Certain EKF terms which go to zero asymptot-
ically, in this EKF case, can be set to zero without loss of convergence properties.
This simplification is, in fact, the RPE scheme. For HMM models, the parame-
ters to be estimated are the HMM transition probabilities, the N state values of the
Markov chain, and the measurement noise variance. The computational complexity
for computing these estimates is of order at least N> per time instant. The partic-
ular model parametrization we consider here uses the square root of the transition
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probabilities constrained to the surface of a sphere .#V~! in RV, The advantage
of working on the sphere is that estimates of transition probabilities are nonnega-
tive and remain normalized, as required. Of course, in practice, the model param-
eters are often not constant but time varying, and then the RPE approach breaks
down.

In order to illustrate how optimal filter theory gives insight for real applications,
we next address the task of demodulating signals for communication systems with
fading noisy transmission channels. Such channels can be the limiting factor in com-
munications systems, particularly with multipath situations arising from mobile re-
ceivers or transmitters.

Signal models in this situation have slowly varying parameters so that RPE meth-
ods can not be used directly. We consider quadrature amplitude modulation (QAM),
frequency modulation (FM) and phase modulation (PM). Related schemes are fre-
quency shift keying (FSK) and phase shift keying (PSK). Of course, traditional
matched filters (MF), phase locked loops (PLL), and automatic gain controllers
(AGC) can be effective, but they are known to be far from optimal, particularly in
high noise. Optimal schemes, on the other hand, are inherently infinite-dimensional
and are thus impractical. Also they may not be robust to modeling errors. The chal-
lenge is to devise suboptimal robust demodulation schemes which can be imple-
mented by means of a digital signal processing chip. Our approach here is to use KF
techniques coupled with optimal (HMM) filtering, for demodulation of modulated
signals in complex Rayleigh fading channels.

State-Space Signal Model

As in earlier chapters, let X; be a discrete-time homogeneous, first-order Markov
process belonging to a finite discrete set. The state space of X, without loss of
generality, can be identified with the set of unit vectors Sy = {ej,ez,...,en},
e;=(0,...,0,1,0,... ,0)/ € RN with 1 in the ith position. The transition probability
matrix is

A= (aj,')l Si,jSN Whereaji:P(Xk+1 :ej \Xk:ei)

so that E [X;1 | Xi] = AX Of course aj; > O,leyzlaﬁ = 1, for each j. We also
denote {#}, [ € N the complete filtration generated by X, that is, for any k € N, .%;
is the complete o-field generated by X;,! < k.

Recall that the dynamics of X} are given by the state equation

Xir1 = AX + Viey,s (1.1)

where Vi1 is a .%; martingale increment, in that E [V, | %] = 0.
We assume that X; is hidden, that is, indirectly observed by measurements yy.
The observation process y has the form

yi=(c.Xe) +wp,  weareiid. ~NJ[0,07] (1.2)
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with (,) denoting the inner product in RY, and where ¢ € RY is the vector of state
values of the Markov chain. Let %] be the o-field generated by yy, k </ and let
% be the complete filtration generated by X;,#,’. We shall denote parametrized
probability densities as by (i) := b (yi,¢;) = P[yx € dy | Xy = ¢;,0], where

b l_Ml , (13)

2
20,

b(yk,ci) = o
w

Because wy are i.i.d., the independence property
E (yi | Xi—1 = €is Fi—2,%—1) = E (y | Xe—-1 =€)

holds and is essential for formulating the problem as an HMM. Also we assume that
the initial state probability vector for the Markov chain & = (m;) is defined from
m; =P (Xo = ¢;). The HMM is denoted A = (A,c, 7, 02).

Model Parametrization

Suppose that A is parametrized by an unknown vector 0 so that A (6) = (A(6),
c(0),m,062(0)). We propose a parametrization, the dimension of which is Ny =
N+N%+1, representing N state values, N? transition probabilities, and the noise
variance. We consider this parametrization

2/
0= (Cl,- - CN,S115-- - SIN,$21,- - -, SNN+ Op)

where aj; = s?i. The benefit of this parametrization is that the parameters s;; be-
long to the sphere #N~':= {s}; : XY, 5% = 1} which is a smooth manifold. This is
perhaps preferable to parametrizations of aj; on a simplex Ay = {aj; | Z?’Zl aj =
L,a;jj > 0} , where the boundary constraint a; ;> 0 can be a problem in estima-
tion. Actually, working with angle parametrizations on the sphere could be a further
simplification to avoid the normalization constraint.

Conditional Information-State Model

Let X; (0) denote the conditional filtered-state estimate of X; at time k, being given
by X (0) := E[X; | %,0]. It proves convenient to work with the unnormalized
conditional estimates g (6), termed here “forward” information states. Thus

R (0) ==E (X | %.0) = (qc(0),1) " i (6), (1.4)

where 1 is the column vector containing all ones. Here gy (0) is conveniently com-
puted using the following “forward” recursion; see Chapter 3 or Rabiner (1989):

qk+1(0) =B (yk+1,0)A(0)qr (0), (1.5)
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where B (y¢, 0) = diag (b (yk,c1),...,b (yk,cn)). Letting $1 (6) denote the predic-
tion E [yg+1 | %, 0], then

i1 (8) = (c,A(6) i () < g (68),1>1)

and the prediction error 711 (6) := yr11 — Pit1 (0) is a martingale increment. Thus,
the signal model (1.1) and (1.2) can now be written as (1.5) together with

ir1 = (¢,A(0) i (6) (g (6),1) ") + 1 (0). (1.6)

This can be referred to as a conditional innovations model or an information
state-model.

6.2 Recursive Prediction Error HMM Algorithm

For the information-state model in (1.5) and (1.6), we present in this section an
on-line prediction error algorithm for estimating the parameters 6, assumed to be
constant. Here gy (0) is recursively estimated at each iteration, using obvious nota-
tion, as follows

Gii1(68) = Bk 1, 00)A(B) 4 (G 1), 2.1

where 6 is the recursive estimate of the parameter vector based on %, and
Oy :={6,...,6}. Let $111(0y) denote the predicted output at time k + 1 based
on measurements up to time k. Then

$i1 (0) = (e(8) (0 (0-1). 1) "A(8) 4k (Ox-1) )- 22)

The RPE parameter update equations are (Ljung and Sdderstrom 1983)

Ot = rpmj{ék+}’k+1R;;L111I/k+1flk+1 (60}, (2.3)
where
A1 (Ok) = Vs 1 — Fi1 (Op) (2.4)
—1 / —1
R-! 1 R _ Yer 1R W1 Wi Ry ' 25
kT Ty ( k (I*Vkﬂ)*)’kﬂ%HR;kaﬂ 25

Here 7 is a gain sequence (often referred to as step size) satisfying,
% =0, p=c0, 3 % <o (2.6)
k=1 k=1

A selection y, = k! is often used. Also y; is the gradient

V= (—dag( Or_2), e/de)‘ezék,l
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and Ry is the Hessian , or covariance matrix, approximation. For general RPE
schemes, the notation I'yoi{.} represents a projection into the stability domain. In
our case, stability is guaranteed in the constraint domain, so that l"pmj{.} can be
simply a projection into the constraint domain. This is discussed below.

We now present gradient and projection calculations for the RPE based algorithm
(2.3)—(2.5), to estimate the HMM parameters 6. The details are not important for
the reader unless an implementation is required.

The derivative vector, y, defined above is given, for m,n € {1,...,N}, by

 09k1(64-1,0)
lllk+l - T .
0="0,
~ A ~ A ~ A !/
_ <9yk+1(@k1,9) IFk+1(Ok—1,0) &Yk+1(®k179)> @7
dcm ’ OSmn ’ 002 6—t, ’
To evaluate y;, first note that (2.2) can be rewritten as
A N N _ |
Pra1(Ok_1,0) =041 Y, | ¢j X, aijdy |, where oy = (G, 1) (2.8)
j=1 i=1

Here we omit the obvious dependence of §; on Oi_1, and ¢;,q; ; on 6. The deriva-
tives with respect to the discrete-state values, c;, are obtained by differentiating (2.8)
to yield

9e1(64_1,6 N N N .
—ykﬂ(gck 1,6) = Oﬂkzaimq;c‘FakZ <C/2aijﬂ;<(m)
m i=1 =1\ =1

N N N _
—og [ Xmilm) | X | e Daidi | 29
i=1 =1\ =1
where 1, (m) := 9§} ,/dc, from which we have
N .
> M (m)aijb (yirs¢) if j#m
i=1
Miey (m) = X2 M (m)aizh (Ves1,¢)) (2.10)

Il
R

(Vk+1—¢)) < Ai e
+T qua,-j b (Yit1,¢)) if j=m.
W i=1

Recalling that s;; € .7 N=1_then derivatives with respect to the transition probabili-
ties are those on the tangent space of .#”V~!. Thus
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391164, 0 N
91Ok, 0) _ 204G (cnsmn =Y cosmnsy
=1

9Smn

where é;ij (myn) := aqiﬂ/asm, and

26; m, I’l yk+]7cj>

. —2s2 Smndy b (i1, ¢) if j#£n

& mn) =1 | | " (2.12)
Z(Sli (m’n)slzjb (yk-‘rlacj)

i=1
+28mj (1—50,) 40b esrcj)  if j=n.

In achieving an update estimate of s;; at time k + 1 via (2.7), there is a required
projection Iy, {.} into the constraint domain (the surface of a unit sphere in RM).
Thus, in updating §;;, first an unconstrained update, denoted sl » 18 derived then
projected onto the sphere by renormalization as follows,

2
G

- 2
Y S1CH

to achieve ZN | § = 1 as required.

(2.13)

The derivative w1th respect to the measurement noise variance, G2, is given by

IF1+1(0, 0) ul S
970»%: g, ¢j 2, @ijPk

. _

. N .
Pl = 2 piaiib (yis1,c;)

i=1

(yk+1_cj2 N 215
(BT - g ) Sdhay ) pOrre). @19
w i=1

N N ]
i ) 2 <c,2aijq;> , (2.14)
=1 i=1

Mz

1

where p,fH = 36}£+1/(90142,, and
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Where f; (.) is given implicitly in (2.10), (2.12), and (2.15),
and f, (.) is given implicitly in (2.9), (2.11), and (2.14).
Fig. 2.1 RPE/HMM scheme for HMM identification
Remarks 2.1

1. Proofs of convergence of 6 to 6 as k — oo under reasonable identifiability and
excitation conditions for this scheme are a little unconventional since Vj, is a
martingale increment rather than white noise, and is beyond the scope of this

chapter.

2. The RPE technique is in fact a Newton-type off-line reestimation approach and
so, when convergent, is quadratically convergent.
3. Figure 2.1 shows the recursive prediction error HMM scheme, where §; denotes

Gk (©r—1).

Scaling From (1.5), (2.10), (2.12), and (2.15) it is noted that as k increases, qf{
and derivatives of g, decrease exponentially and can quickly exceed the numerical
range of the computer. In order to develop a consistent scaling strategy the scaling
factor must cancel out in the final update equations, (2.3) and (2.5), to ensure it has
no effect on the estimates. We suggest the following strategy for scaling based on
techniques in Rabiner (1989). Let g, be the actual unscaled forward variable defined
in (1.5), g be the unscaled updated version based on previous scaled version, and
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Table 2.1 Parameter estimation error for SNR = 0 dB
Iterations || ERR(¢1) | ERR(é;) | ERR(dp1) | ERR(é22)
25000 0.085 0.088 0.042 0.047
50000 0.058 0.041 0.017 0.013
75000 0.045 0.041 0.015 0.010
100000 0.036 0.033 0.011 0.012

g be the scaled updated version based on previous scaled version, that is,

. . 1
@ = fx G where fi 1= -
=14

(2.16)

It follows from (2.16) that gy (i) = frqx (i) with fr = (fifi—1-- - fo). For the deriva-
tive terms (1, €, p) similar expressions can be derived using the same scaling factor,
fr. Thatis, i (i) = frnj, & = fr&} and pj = frpj. It can be shown, by direct sub-
stitution into (2.10), (2.12), and (2.15), that derivatives of | evaluated with g,
Nk, &, and Py are equivalent to the case where no scaling is to take place.
Increased Step Size and Averaging Equations (2.3) and (2.5) show how the gain
sequence Y scales the update of both R; and 0. Apart from satisfying the restric-
tions in (2.6) it can be any function. Generally, it has the form ¥, = y/k",n € R.
In the derivation of (2.5), % = % is assumed. In practice, for this case, ¥ tends
to become too small too quickly, and does not allow fast convergence for initial
estimates chosen far from the minimum error point. To overcome this problem,
Polyak and Juditsky (1992) suggest a method for applying a larger step size, (i.e.,
0 <n < 1), and then averaging the estimate. Averaging is used to get a smoother
estimate, as the larger step will mean higher sensitivity to noise, and also to ensure
that the third requirement in (2.6) remains satisfied. In our simulations we chose
n=0.5.

Simulation Studies Presented in Tables 2.1 to 2.4 are results of simulations carried
out using two-state Markov chains in white Gaussian noise. Each table is generated
from 50 simulations, and the error function used is given by

The parameters of the Markov chain are ¢ = [0 1]" and a; = 0.9. The signal-to-
noise ratio SNR is therefore given by 10log (1/ Gv%). Initial parameter estimates
used in generating Tables 2.1 and 2.2 are ¢ = [0.4 0.6] and a;; = 0.5. In some
inadequately excited cases the state value estimates collapse to a single state.

The algorithms have been shown to work for Markov chains with up to six states,
and no limit to the number of states is envisaged. For further examples of such simu-
lation studies, the reader is directed to Collings, Krishnamurthy and Moore (1993).
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Table 2.2 Parameter estimation error for SNR = —12.0 dB
Iterations || ERR(¢;) | ERR(é;) | ERR(dq1) | ERR(d2)
25000 0.271 0.238 0.131 0.146
50000 0.245 0.232 0.159 0.137
75000 0.226 0.190 0.127 0.110
100000 0.210 0.210 0.099 0.085

Table 2.3 Effect of variations in initial transition probability estimates

4;(0) || ERR(¢1) | ERR(&) | ERR(d11) | ERR(d22)
0.7 0.107 0.115 0.038 0.023
0.5 0.160 0.095 0.063 0.031
0.3 0.182 0.113 0.067 0.045
0.1 0.143 0.077 0.057 0.033

Results after 25000 Iterations: ¢(0) = [0,1]', SNR = 0 dB

Table 2.4 Effect of variations in initial level estimates

¢1(0) &(0) || ERR(¢1) | ERR(G) | ERR(d11) | ERR(422)
0.1 0.9 0.081 0.094 0.078 0.099
0.3 0.7 0.078 0.070 0.022 0.025
0.5 0.5 0.120 0.135 0.073 0.083

Results after 25000 Iterations: d;; (0) = 0.9, SNR = 0 dB

6.3 Example: Quadrature Amplitude Modulation

Digital information grouped into fixed-length bit strings, is frequently represented
by suitably spaced points in the complex plane. Quadrature amplitude modulation
(QAM) transmission schemes are based on such a representation. In this section, we
first present the usual (QAM) signal model and then propose a reformulation so as
to apply hidden Markov model (HMM) and Kalman filtering (KF) methods.

The technical approach presented here is to work with the signals in a discrete
set and associate with these a discrete state vector X; which is an indicator func-
tion for the signal. Here, X; belongs to a discrete set of unit vectors. The states Xj
are assumed to be first-order Markov with known transition probability matrix A
and state values Z. Associated with the channel are time-varying parameters (gain,
phase shift, and noise color), which are modeled as states x, in a continuous range
Xr € R". The channel parameters arise from a known linear time-invariant stochastic
system. State-space models are formulated involving a mixture of the states X; and
Xk, and are termed mixed-state models. These are reformulated using HMM filter-
ing theory to achieve a nonlinear representation with a state vector consisting of gy
and x;, where g; is an unnormalized information state, representing a discrete-state
conditional probability density. These reformulated models are termed conditional
information-state models. Next, the EKF algorithm, or some derivative scheme, can
be applied to this model for state estimation, thereby achieving both signal and
channel estimation, also a coupled HMM/KF algorithm.
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In this section we present the QAM signal model in the HMM framework. In
Section 6.5 we present a coupled HMM/KF algorithm, which we apply to the model,
in the simulation studies which follow.

Signal Model
Let my be a complex discrete-time signal (k € N) where for each k,
meeZ={V,... 2} Mec NeN G.1)
We also define the vector
i=R+jd = (..., e 3.2)

For digital transmission, each element of Z is used to represent a string of N bits. In
the case of QAM, each of these complex elements, z(i), is chosen so as to generate a
rectangular grid of equally spaced points in the complex space C. A 16-state (N = 4)
QAM signal constellation is illustrated in Figure 3.1.

Now we note that at any time k, the message m; € Z is complex valued and can
be represented in either polar or rectangular form, in obvious notation,

my = prexp[jYi] = mf + jmt. (3.3)

The real and imaginary components of m; can then be used to generate piecewise
constant-time signals, m (t) = my, for ¢ € [fx,f;41), Where #; arises from regular sam-
pling. The messages are then modulated and transmitted in quadrature as a QAM
bandpass signal

s(t) = Ac [m® () cos 2mft +0) +m! (t)sin (2 ft +0)] 3.4

0.06

Imaginary (Z1)

-0.1 -0.06 -0.02 0.02 0.06 0.1

Fig. 3.1 16-state QAM signal
Real (Z1)

constellation
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where the carrier amplitude A., frequency f, and phase 0 are constant. This trans-
mission scheme is termed QAM because the signal is quadrature in nature, where
the real and imaginary components of the message are transmitted as two amplitudes
which modulate quadrature and in-phase carriers.

Channel Model

The QAM signal is passed through a channel which can cause amplitude and phase
shifts, as, for example, in fading channels due to multiple transmission paths. The
channel can be modeled by a multiplicative disturbance resulting in a discrete time
base-band disturbance,

cx = Keexplige] = of +ic € C (3.5)

which introduces time-varying gain and phase changes to the signal. The time vari-
ations in ¢y are realistically assumed to be slow in comparison to the discrete-time
message rate.
The baseband output of the channel, corrupted by additive noise wy, is therefore
given in discrete time, by
Vi = xSk +wi € C, 3.6)

where ¢y is given in (3.5). Assume that wy € C has i.i.d. real and imaginary parts,
wi and wi, respectively, with zero mean and Gaussian, so that wk,wi ~ N [0,02].
Let us we work with the vector x; € R? associated with the real and imaginary

parts of ¢y, as
R
_ [ Kkcoso | _ | Ck
M= (Kksin¢k> N (ci) 3D

This is referred to as a Cartesian coordinate representation of the state.
Assumption on Channel Fading Characteristics Consider that the dynamics of
X, from (3.7), are given by

xk+] = ka —|— Vk+1 s Vi are lld ~ N [0, Qk] (38)

for some known F, (usually with A (F)) < 1, where A indicates eigenvalues, to avoid
unbounded x, and typically with F = fI for some scalar 0 < f < 1).

Another useful channel model can be considered using polar coordinates consist-
ing of channel gain x; and phase ¢ as follows

Kit1 = freKk+ Ve where v} is Rayleigh distributed [m, o]
Orr1 = fou+ v,fH where v,f is uniform [0,27) (3.9)
and typically, 0 < fix <l and 0 < fy < 1.

It is usual to assume that the variations associated with the magnitude of the
channel gain & and the phase shift ¢ are independent, with variances given by ¢2
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k=200 | k=450

0.1

Imaginary
(=
T
1
Imaginary
o
T

-0.1[

-0.1 0 0.1 -0.1 0 0.1

Real Real

Fig. 3.2 16-state QAM signal constellation output from channel

and 05, respectively. It follows, as in Anderson and Moore (1979), that an appro-
priate covariance matrix of the corresponding Cartesian channel model noise vector
Vi, is given by

O = E [vvy]

g cos® ¢ + K0, sin? ¢y (G,% — K7 G;) sin ¢ cos

(3.10)
(G,% — K,f G;) singgcosdy o2sin® y + K']? Gq% cos? ¢

Here we prefer to work with the Cartesian channel model, as it allows us to write the
system in the familiar state-space form driven by Gaussian noise, thus facilitating
the application of the EKF scheme presented later.

Remark 3.1 In Figure 3.2 the output constellation is presented, with signal-to-noise
ratio SNR = 6 dB, from a channel with fading characteristics given in Example 1 of
Section 6.5. The plots show 1000 data points at each of the constellation points for
times k = 200 and k = 450, and give an indication of how the channel affects the
QAM signal.

|
State-Space Signal Model
Consider the following assumption on the message sequence.
my, is a first-order homogeneous Markov process. (3.11)

Remark 3.2 This assumption enables us to consider the signal in a Markov model
framework, and thus allows Markov filtering techniques to be applied. It is a reason-
able assumption on the signal, given that error correcting coding has been employed
in transmission. Coding techniques, such as convolutional coding, produce signals



6.3 Example: Quadrature Amplitude Modulation 175

which are not i.i.d. and yet to a first approximation display first-order Markov prop-
erties. Of course, i.i.d. signals can be considered in this framework too, since a
Markov chain with a transition probability matrix which has all elements the same
gives rise to an i.i.d. process.

]

Let us define the vector X; to be an indicator function associated with my. Thus
the state space of X, without loss of generality, can be identified with the set of unit
vectors . = {ey,ea,...,e,n }, where as earlier ¢; = (0,...,0,1,0,...,0)' € R2" with
1 in the ith position. Then

my =7X;, (3.12)

where z is defined in (3.2). Under the assumption (3.11) the transition probability
matrix associated with my, in terms of X, is

A:(aj,-)71§i,j§2N wherea,-j:P(XkH:ei\Xk:ej)

so that
E[Xp1 | Xi] = AXk.

Of course a;; > 0,212[:\/1 a;j =1 for each j. We also denote {.%;,l € N} the complete
filtration generated by X. The dynamics of X; are given by the state equation

X1 = AXy + Via 1, (3.13)

where Vi1 is a .%; martingale increment, in that E [Vj41 | Z] = 0.
The observation process from (3.6), for the Cartesian channel model, can be
expressed in terms of the state X as

BY (R @) () (o i
Vi @)% (®)'x )\ wl
or equivalently, with the appropriate definition of % (.), yx, Wi,

yi=h (Xk)xk + Wy, wy are i.i.d. ~ N [O,Rk] . (3.15)

Note that, £ [W§+1 | %k] =0and E [wi+1 | %k] = 0, where % is the o-field gen-
erated by yi,k <[, and ¥ is the complete filtration generated by X, %;. It is usual
to assume that w® and w! are independent so that an appropriate covariance matrix
associated with the measurement noise vector w; has the form

62 0 ]
W . (3.16)
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For simplicity we take O'M%R = szvl = szv. It is now readily seen that
E[Viy11%]=0. 3.17)

In order to demonstrate the attractiveness of the Cartesian channel model, we now
use the properties of the indicator function X to express the observations (3.15) in
a linear form with respect to X and x,

Yk = h(X) Xk + wi
= [h(er)xph(ex)xy - h(emw)xi] Xy + Wy
=H [12N ® xi ] Xy + Wi, (3.18)

where H = [h(e;)---h(eyv)] and @ denotes a Kronecker product. Recall that

anB apB
AQB= |auB axnB

The observations (3.18) are now in a form which is bilinear in X}, and xy.

We shall define the vector of parametrized probability densities (which we will
loosely call symbol probabilities), as By = (by (i)), for by (i) := P[yk | Xk = ei, x|,
where

/ ! 2
bi (i) = 27[16% exp | — {yf_ {(ZR) e;cfv%_ () eiCd}
B [(ZI),eij;j &)'ecl] }2 . (319)

Now because wf and wi are i.i.d., E(y | Xx—1=€i, Fk—2,%%—1)=E(yr | Xs—1=0¢€;)
which is essential for formulating the signal model as an HMM, parametrized by
the fading channel model parameters xy.

To summarize, we now have the following lemma,

Lemma 3.3 Under assumptions (3.11) and (3.8), the QAM signal model (3.1)—(3.6)
has the following state-space representation in terms of the 2N -dimension discrete-
state message indicator function Xy, and x, the continuous-range state associated
with the fading channel characteristics.

Xier1 = AXy + Viey,s
X1 = Fxp + Vi, (3.20)
Vi = H [y @ x] Xi + Wy
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The signal model state equations are linear and the measurements are bilinear in X;
and xy.

Remarks 3.4

1. If x; is known, then the model specializes to an HMM denoted A = (A,Z, x,
02,x:), where = (m;), defined from 7; = P (X] = ¢;), is the initial state proba-
bility vector for the Markov chain.

2. If X;, is known, then the model specializes to a linear state-space model.

3. By way of comparison, for a polar coordinate channel representation, the obser-
vation process can only be expressed in terms of a linear operator on the channel
gain, with a nonlinear operator on the phase. Thus, if X;, and ¢, or x;. and ¢, are
known, then the model specializes to a linear state-space model, but not if X; and
Kx are known and ¢y, is unknown.

]

Conditional Information-State Signal Model

Let X; (27) denote the conditional filtered state estimate of X; at time k, given the
channel parameters 2} = {xo,...,x}, i.e.,

£(2) = E (X | % Zi M) (3.21)

Let us again denote 1 to be the column vector containing all ones, and introduce
“forward” variable (Rabiner 1989) ¢ (2") is such that the ith element ¢; (2") :=
P(y0,---,Yk, Xk = €; | Zi ). Observe that Xk‘gg can be expressed in terms of g (Z7)
by

X(2) = {a(2),1) g (2). (3.22)

Here g; (") is conveniently computed using the following “forward” recursion:
Qi1 (Z7) = B (i1, %+1) Agr (27) 4 (3.23)

where B (yis1,%+1) = diag (b1 (1), ber1 (2V)).
We now seek to express the observations yy in terms of the unnormalized condi-
tional estimates g (2).

Lemma 3.5 The conditional measurements yy (Z") can be expressed as
¥i(2) = Hlly @0 {qe1 (2),1) 7 Ageey (2) + e (2), (3.24)

where q; (2°) given from (3.23) and n (Z") is a (Zk, %—1) martingale increment
with covariance matrix of the conditional noise term ny (") is given by

Ry =021+ H Ly @] {X,? () =R (2) X (2 } Iy ox] H.  (3.25)
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Here )A(kD (Z) is the matrix that has diagonal elements which are the elements of

2 (2).

Proof Following standard arguments, since g (Z") is measurable with respect to
{Z. %}, then E (Wl | %] =0,E [wi, | %] =0and E [Viyy | %] =0, so that

E[nk(%) | %7%—1]
= E[H[12N®xk]xk+wk
—H by &3] (@1 (2.1 Ager (2) | 2% |

= Hllp 95 (A1 (2) = (g1 (2).1) Agier (2)
=0.

Also

Ry = E [m (2 )m(Z) | 2k, %]

Age 2
<Wk +H [y ® x] <Xk - qkl)) ‘ %,%—1]

=F
(qk-1,1)

E [le | %,%71]

et (-t ) (v )

X Iy @ xi) H' ‘ %«;%—1}

= 621+ H Iy @ x]
s o% ! i !/
< E [(Xk kaw) (kaxk(;%”)) | 3&”,(,%_1] [y @ x) H

N N

= 21+ Hllyw @] {82 (2) =X (2) % (2) v ] H.

]

We summarize the conditional information-state model in the following lemma.

Lemma 3.6 The state-space representation (3.20) can be reformulated to give the

Sollowing conditional information-state signal model with states q; (Z°),

G112 = Bk 1,%01) Aqi (),
Xi+1 = Fxp + vy,
Vi (2) = H[Ly ©xi) (qr1 (2), 1) Aqey (2) +mi (2).

(3.26)

Remark 3.7 When F =1 and v = 0, then x; is constant. Under these conditions,
the problem of channel-state estimation reduces to one of parameter identification,
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and recursive prediction error techniques can be used, as in Collings et al. (1993).
However, an EKF or some derivative scheme is required for parameter tracking
when x; is not constant, as in Section 6.5.

]

6.4 Example: Frequency Modulation

Frequency modulation (FM) is a common method for information transmission.
Frequency-modulated signals carry the information message in the frequency com-
ponent of the signal. In this section, we first present the usual FM signal model in-
cluding a fading channel, and then propose a reformulation involving discrete-time
sampling and quantization so as to apply hidden Markov model (HMM) and ex-
tended Kalman filtering (EKF) methods. The resulting mixed-continuous-discrete-
state FM model is similar in form to the QAM model of Section 6.3. However,
there is an added layer of complexity in that an integration (summation) of message
states is included in the model. The observations are a function of the phase of the
signal while the message is contained in the frequency (phase is an integration of
frequency in this case), whereas for QAM, the observations are a function of the
complex-valued amplitude of the signal, which directly represents the message.

In addition to this added layer of complexity, in order to implement a demodu-
lation scheme taking advantage of an adaptive HMM approach, it is necessary to
quantize the frequency space. The quantization and digital sampling rate are de-
sign parameters which introduce suboptimality to the FM receiver. However, if the
quantization is fine enough, and the sampling rate fast enough, then the loss in per-
formance due to digitization will be outweighed by the performance gain (over more
standard schemes) from the demodulation scheme presented here. If the signal is a
digital frequency shift-keyed (FSK) signal, then these quantization errors would not
arise. Our schemes are equally applicable to analog FM and digital FSK. Also, it
should be noted that the techniques presented in this paper are applicable to other
frequency/phase-based modulation schemes. In particular, continuous phase modu-
lated (CPM) signals can be seen as a derivative of these FM models. CPM transmis-
sion schemes have a reduced-order model due to the message being carried in the
phase, as opposed to the frequency. In fact, the CPM model has the same form as
that for quadrature amplitude modulation (QAM).

We now reformulate FM signal models with fading channels in a state-space
form involving discrete states X; and continuous range states xi.

Signal Model

Let f; be a real-valued discrete-time signal, where for each k,

foely= {z;‘),...,zgff)}, M=(i/L)meR, LreN. @D
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We also denote the vector
!
Zf: (ZE{I),...,Z;L/)) GRLf. (4.2)

Therefore, each of the M € N elements of Zy is an equally spaced frequency in the
range [0, ). Now we note that at any k, the message, fi € Zy, is real valued and can
be used to generate piecewise constant signals by f (t) = fi for ¢ € [ty, 41 ). For
transmission, the instantaneous frequency, f; (¢) is varied linearly with the baseband
signal f (¢), fi(t) = fe+ f (t). This gives the following transmitted signal.

Strans () = Accos [2m fot + 270 (1)], 0(t) = /Otf(r) dr, (4.3)

where the carrier amplitude A, and frequency f, are constant, and 0 (¢) is the phase
of the signal. For the formulation which follows it is convenient to represent the
FM signal, assumed sampled in a quadrature and in-phase manner, in a complex
baseband notation, as

s(t) =Acexpli6 (1), sc=Acexp[i6y], (4.4)
where the amplitude A is a known constant and
O = (Oc—1 + fi)ar - (4.5)

Here (.),, denotes modulo 27 addition.

Channel Model

The FM signal is passed through a fading noise channel as in the case of the QAM
signals. Thus, the channel can be modeled by a multiplicative disturbance, c (),
resulting in a discrete-time baseband disturbance ¢, as in (3.5). The baseband out-
put of the channel, corrupted by additive noise wy, is therefore given by (3.6). The
channel states are given by (3.7).

State-Space Signal Model

For the FM signal, a discrete-time state space signal model is now generated. Con-
sider the following assumption on the message signal.

fx is a first-order homogeneous Markov process. (4.6)

Remarks 4.1

1. This assumption enables us to consider the signal in a Markov model framework,
and thus allows Markov filtering techniques to be applied. It is a reasonable as-
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sumption on the signal if the transition probability matrix used is a diagonally
dominated, Toeplitz, circulant matrix. In the case of digital frequency shift-keyed
(FSK) signals, the assumption is still valid, given that error-correcting coding has
been employed in transmission. Coding techniques, such as convolutional cod-
ing produce signals which are not i.i.d., yet display Markov properties. Of course,
i.i.d. signals can be considered in this framework too, since a Markov chain with
a transition probability matrix which has all elements the same gives rise to an
i.i.d. process.

2. Higher-order message signal models are discussed below. It is known that HMM
signal processing is robust to modeling errors. Therefore, in the absence of
knowledge about the true message signal model, reasonable estimates will still
be generated.

]
Let us define a vector X,{ to be an indicator function associated with f;. Thus, the
state-space of X/, without loss of generality, can be identified with the set of unit
vectors Syr = {e1,e,...,er, }, where ¢; = (0,...,0,1,0,... ,0)" € REf with 1 in the
ith position, so that
fio=2px]. 4.7
Under the assumption (4.6) the transition probability matrix associated with f, in
terms of X,{, is

A= () 1<ij<iywhered =P (X[, =X/ =)

so that ‘

E[x/ 1] =ax].
Of course, aifj > O,Zgl a'i); =1, for each j. We also denote {.%;,] € N} the com-
plete filtration generated by X/, that is, for any k € N,.%, is the complete c-field
generated by X,‘(f I <k.

As before, the dynamics of XIZ “are given by the state equation
X[, =ATX] + Vi, (4.8)

where V| is a .%; martingale increment.

As noted previously, the states represented by X/ are each characterized by a real
value 7\ corresponding to the unit vector e; € Sys. These are termed the state values
of the Markov chain.

When considering the finite-discrete set of possible message signals Zrp, it be-
comes necessary to quantize the time-sum of these message signals, 6, given from
(4.5). We introduce the set

o 2mi
Zo = {zgl),...,sze)} where 70 = % eR (4.9)
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and corresponding vector
/
20 = (zﬁ,”,...,zﬁfe)) cRbo. (4.10)

Lemma 4.2 Given the discrete-state message fi € Ly from (4.1), the phase 6y from
(4.5) and the set Zg of (4.9), then 0, € ZLg for any k, iff Lo = 2nLy, for some n € N.

Proof Foranya € {1,...,Lg}andb e {1,...,Ls}

Oci1 = (Bk+ fi)ar

O

Let us now define a vector Xk6 €Syr = {el, ceseLy } to be an indicator function

associated with 6, so that when 6, = zél), Xke = ¢;. Now given (4.5), Xk‘irl is a

“rotation” on X,? by an amount determined from X,{ +1- In particular,
X8, = A (X,{H) X0, @.11)
where A? (.) is a transition probability matrix given by
A8 (X,{H) =8 = [1,2,... L] X/ (4.12)

and S is the rotation operator

00 0 1
1 0 ... 00

S = o1 ... 0O . (4.13)
00 ... 120

The observation process (3.5) can now be expressed in terms of the state Xke

»R _ Accos [£,XP]  —Acsin [2,X¢] X N wk @.14)
v Acsin [ZpXP]  Accos [ZpX?] c wh '

or, equivalently, with the appropriate definition of Ag (.),

Y = hyg (XkG)xk + W, wy are i.i.d. ~ N[O,Rk]
= [hg (e1)xxhe (e2) xi- - ho (eLy ) xk] X + wi
= Ho [I, ®@x| X2 +wy, (4.15)
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where the augmented matrix Hy = [he (e1)...hy (eLe)}. Here we see that the
Cartesian coordinates for the channel model allow the observations to be writ-
ten in a form which is linear in both X? and x;. Note that E [wf, | | %] =0 and
E[wi, i | %] =0, where % is the o-field generated by %,k < I. It is usual to as-
sume that w® and w' are independent so that the covariance matrix associated with
the measurement noise vector wy has the form

62 0
Re=| " | (4.16)

0 o5

w

Here we take 62, = 62, = O'V%,.
W w
It is now readily seen that

E[Vii1 | %] =0. (4.17)

We now define the vector of parametrized probability densities as b? = (b,? (i)),
for bY (i) := P [y | XP = ei, i ],

by (i) = exp <— [ —Ac (cos [zhei] cf —sin [zgei] ci)]2

2no2

2
% 2O-w

DA i e o os e cmz)_ @18)

In summary, we have the following lemma:

Lemma 4.3 Under assumptions (4.6) and (3.8), the FM signal models (4.1)—(4.5)
have the following state-space representation in terms of the Ly and Lg indicator

functions Xke and X,{ , respectively,

I _afxf Lyf
X1 —Aka Vi

0 _ 40 (vf )
Xy =A (Xk+1) Xy 4.19)
Xier1 = Fxg + vy,

Yr = Hp [ILe ®Xk] Xke + Wg.

Remarks 4.4

1. Observe that the model is in terms of the channel parameters (states) x; in a
continuous range, and in terms of indicator functions (states) which belong to a
finite-discrete set, being the vertices of a simplex.

2. This model (4.19) has linear dynamics for the states x; and X,{ , but Xk6 | is bilin-

+
ear in Xke and x/

is1- The measurements are bilinear in x; and Xke .
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-0.4 -0.2 0 0.2 0.4

Real

K (f) = 140.5sin (27/5000), ¢ (t) = 0.047cos (27 /5000), SNR = 2.4 dB

Fig. 4.1 FM signal constellation output from channel

3.In Figure 4.1 we present the channel output for 5000 data points, with
channel noise variance o2 = 0.00001, and channel dynamics x(f) = 1+
0.5sin (271/5000), ¢ (1) = 0.047cos (27t1/5000). In our simulations we use
much more rapidly changing channel dynamics, given in Example 1, over only
1000 points. Figure 4.1 is used here merely to illustrate the nature of the chan-

nel’s effect on the signal constellation.
|

Conditional Information-State Signal Models

Let X,‘f (3@‘” X 9) and X,? (% wa ) denote the conditional filtered state estimates
of X,‘(f and Xke, respectively, where 2} = {xo,...,xk}, 290 = {XO",...,XkB}, and
ﬁi"kf = {Xg, ... ,X,‘cf}. In particular,

(2,2°) :=E (X,{ | %,5&7{,%{"_171) , (4.20)
(2, 27) ::E(Xke\%,%,%f,z). 4.21)

Let us again denote the column vector containing all ones as 1, and introduce “for-
ward” variables, q{ (27, 2°9) and ¢? (2, 2/), such that their ith elements are

given, respectively, by P(y07...,yk,X,{ =e| 21, 2,2 ,) and P(yo,....vi, X = e |
Zio 7] ).
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Observe that X{(f&",ﬂ?fe) and )A(,f(%,%f) can be expressed in terms of
q{(ﬂ&”, %) and ¢! (27, Z7), respectively, by

(2,20 = (gl (2,2°).0) g/ (2,27, “22)
@) = (@20 (). e

Here q',f (% A 9) is conveniently computed using the following “forward” recur-
sion:

q{+1 (%7 '%9) = Bf (yk+1 y Xk+1 7X]<9)quf('%'a %9)’ (424)
where Bf(yk+1,xk+1, 9 = diag(b};rl (1),. bl§+l (Lg)), and where ka (i) :=
P[ka | 1 =e;,Xr+1,X ] for bk+1 (i) given explicitly in (4.26).

Also, gy (3&” el ) is Convemently computed using (4.11) to give the following
“forward” recursion:

ad (2, 27) = BY (g1, xe41) <2A k+l /) ) i (2,27)
= B® (i) 0 (X[ 01, ]l (2,.27), 425)

where BY (yi,1,Xk41) = diag(b,fﬂ (1),. b£+1 (Lg)), and where b? (i) is given in
(4.18). Also, 7 = [4% (e),...,A® (eLf)].
We can now write

1
bf( ) = 2162
(D= Acleos (A )X ) —sin(pA (e ) )]
P 202
[k Ac(sin(2pA% ()X, ) cf + cos (A% ()X ) c})] 2)
202 '

(4.26)

We seek to express the observations, yy, in terms of the unnormalized conditional
estimates, ‘1'1]:71 (%, 5{9).

Lemma 4.5 The conditional measurements yk(% s X 9) are defined by
yi(2,2°°) = H [IL, ® (]
~1
x o ° qu (2 %9)’l> qu-lfil(g{?g{f’) ®I, | X
+m (2, 29, 4.27)

where nk(%, %9) isa (%(, %(611767/;{,1) martingale increment.
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Proof Following standard arguments since q‘,’: (% wa 9) is measurable with respect

o {2, 201 %} E Wi | %] =0, E[wiy | %] =0, and E[kaﬂ | %] =0,
then

E[m(2,2°) | 2 21,1 |

= E| Ho [I, @3] Xf +wk
— HyllLy @x) o [(q_ (2, 2°°),1) A g[_ (2, 2°) @11, ] X,
‘ %,«%ﬁp%—l}

= Hy. [IL, ®x¢]

< (o [R (2. 20 o1, ] XL,

—a/® [<q£71 (Z, %e)’lrlquLl (2, 2°) ®IL9]X1?71>

=0.

O

In practice, however, as noted above, we do not have access to Xkofl, but at best
its conditional expectation, q,?_l (5&’ WAl ) Therefore, the conditional measurement
for a more useful model generating y; (2”) (which can be used in practice) does not
have a martingale increment noise term, n (£"). In addition, the covariance matrix,
Ry, of ni (Z°), is of higher magnitude than that of wy. The exact form of R, is,
however, too complicated for presentation here, and “application-based” estimates
of R, can be used when implementing these algorithms.

In summary, we have the following lemma:

Lemma 4.6 The state-space representation (4.19) can be reformulated to give the
following conditional information-state signal model, with states q{ (% A 9) and

Q{.»,_] (%a %9) = q{(fb}/’ (%/'G)Bf (ykJrlaxkvXke)Afa
511?+1 (%»%f) 2611? (%;%f) B? (}’k+1,xk+1)
<o [(q (2. 20,07 A gl (2, 2°) o1,
X1 = Fxg + vy, “428)
Vel \(2.7) |
(aly(2.2%),1)
@ (2, 27)
<q]?_1 (%7 t%/f) al>

Vi (Z) = He [I, ®x;] 27°

+m (Z).
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This fading channel FM signal model is now in standard state-space form to
allow the application of Kalman filtering.

Higher-Order Message Models

Lemma 4.6 provides insight into methods for coping with higher-order message
models, and thus allows us to relax the assumption (4.6). To do this we continue to
quantize the range of frequencies, but we allow the model of the frequencies to be
in a continuous range and in vector form. Therefore, the state-space representation
of the frequency message is no longer a first-order system. Also, the quantization
errors are now involved with the phase estimate. This approach allows the message-
frequency model to be in a continuous range while still employing the attractive
optimal filtering of the HMM filter for the phase. The following state-space model
applies,

_pf f
x1:+l_Fkxk+V£+1’
) ) )
x0. =A% (x[ (Wx])).x2,
X1 = Fxg 4 vit 1,

Y = He [I, ®x(] X2 +wy,

(4.29)

where ka is the function associated with the dynamics of the frequency message

given by the state x,f , the scalar message frequency is given by h’x,’: , and ka is the
quantized frequency in state-space form.

Following the steps presented above for the signal under the assumption (4.6),
an information-state signal model can be generated for this higher-order state space
signal model. As with the previous information-state signal model, this higher-order
model also results in the EKF/HMM scheme which follows.

6.5 Coupled-Conditional Filters

The algorithm presented here is referred to as the KF/HMM scheme. It consists of
a KF for channel estimation, coupled with HMM filters for signal state estimation.
These algorithms apply equally to both the QAM and FM signal models presented
in the previous two sections.

In the QAM case of (3.26), the HMM estimator for the signal state, g, condi-
tioned on the channel estimate sequence {f£;}, is given by

Qi1 (B) = B (Vg 1,%) Adic (K1) (5.1)
X (&) = (g (Bee1), 1) g (Ber) - (5.2)
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In the FM case of (4.28), the conditional HMM estimators for the signal states, c?{ s
c},?, are given by

qk+1(xk» %) = B (yey1,%,60)A ¢ (Xk 1.401), (5.3)
X (F1,09 1) = {q] (e-1,90_1),1 g ! (R 17% 1) (5.4)
Qk+1()?k, al) = B® (ys1, 5,0 Ae)qk(xk LAy, (5.5)
Xk (-1, qk D= <‘1k(xk ]7qk 1)1 > ‘Ik(xk lv‘li ok (5.6)

The Kalman filter equations for the channel parameter, x;, conditioned on the
indicator state estimates, X;_; in the QAM case, and ka—l and X? | in the FM
case, or equivalently on the corresponding information states denoted loosely here

f 6
aAS qk—1 9y _1>9f—1> A€

Rk = Bt + K [y — HiZge1 ] (5.7)
er1k = Fiyp, (5.8)
Kie = St Hi [HiZ 1 He+ R~ L (5.9
Zik = Zigk—1 — Zafk—1 [Hk2k|k—1Hk+Rk]71Hlizk\k—17 (5.10)
stk = FEuF + Ok, (5.11)

where

O(H. Ly @ Fx](qi1,1) "' Agy)

a ‘x:xk
X
for QAM model (3.26)

» , (5.12)
P (He. (I, ® Fx] 7® [ﬁ ® iz, m>

ox h=x,
for FM model (4.28)

and R is the covariance matrix of the noise on the observations w given in (4.16), Q
is the covariance matrix of v, and X is the covariance matrix of the channel parameter
estimate X [x is defined in (3.7)].

Figure 5.1 gives a block diagram for this adaptive HMM scheme, for the QAM
model, when Switch 1 is open and Switch 2 is in the top position. This figure is
generated from the observation representation (4.15). Further assumptions can be
made for simplification if the maximum a priori estimate of g; were used, indicated
by having Switch 2 in the lower position. Figure 5.2 gives a block diagram for the
adaptive HMM scheme, for the FM model, when Switch 1 and 2 are open.

Figure 5.3 shows the scheme in simplified block form for the case of (3.26). A
further suboptimal KF/HMM scheme can be generated by using the state-space sig-
nal models (3.26) and (4.28), and estimating the KF conditioned on a maximum a
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Riccati
equations

Ye+1

Yk+1

Fig. 5.2 KF/HMM scheme for adaptive HMM filter for second model

HMM state estimate 5
. N X,
conditioned on z,

Yk

KF channel estimate -
conditioned on X,

Fig. 5.3 KF/HMM adaptive HMM scheme

priori probability estimates (] )MAP, (3¢)MAP and (g;)MAP. Figure 5.4 shows this
scheme in block form, for the case of (3.26). In fact, hybrid versions can be de-

rived by setting the small-valued elements of in , q,‘j, and g associated with low
probabilities, to zero and renormalizing.
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HMM state estimate )A(
conditioned on ‘ k

MAP operator

Yk

KF channel estimate 2
conditioned on X ,ICVIAP k

Fig. 5.4 KF/HMM adaptive HMM scheme with MAP approximation

Robustness Issues

Due to the inherently suboptimal nature of these adaptive HMM algorithms, it is
necessary to consider robustness issues. The KF/HMM schemes presented above
are practical derivatives of EKF/HMM schemes and effectively set the Kalman gain
terms associated with the respective g’s to zero. This produces decoupled condi-
tional estimates which are then used to condition the other estimates. There is no
theory for convergence in these decoupled situations when dealing with time vary-
ing parameters.

In an effort to address the inevitable robustness question, we look to the standard
procedures from Kalman filtering. A widely practiced method for adding robust-
ness is to model the estimate errors due to incorrect conditioning, as noise in the
observations. This procedure can also be used with our adaptive HMM techniques.
By adding extra noise to the observation model, the vector of parametrized proba-
bility densities (symbol probabilities) will be more uniform. That is, the diagonal
“observation” update matrix, B (.), in the “forward” procedure for the discrete-state
estimate g, will place less emphasis on the observations. An additional method for
adding robustness to the adaptive HMM scheme is to assume the probability of
remaining in the same state is higher than it actually is, that is, by using a more
diagonally dominant A. This will also have the effect of placing less importance on
the observations through the “forward” procedure for the discrete-state estimate g.

These robustness techniques are of course an attempt to counter estimation errors
in high noise. They therefore restrict the ability of the estimates to track quickly
varying parameters, as the rapid changes will effectively be modeled as noise. There
is here, as in all cases, a trade-off to be made between robustness and tracking ability.

Simulation Studies
Example 1 A 16-state QAM signal is generated under assumption (3.11) with pa-

rameter values a;; = 0.95, a;; = (1 —a;;) / (N — 1) for i # j, (z)R = £0.01976 +
0.03952, (z0) = £0.01976 £ 0.03952. The channel characteristics used in this ex-
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cR and ¢!

Fig. 5.5 Example 1: QAM ¢&F o 200 400 600 00 1000
and ¢/, for SNR = 6 dB Time k

ample is given by

. ( 3mt
k() =1+0.5sin <m> ,

107t
¢ (1) =0.75mcos (1000>

and the signal-to-noise ratio associated with the observations in the absence of fad-
ing is SNR = (E,/02) = 6 dB, where E, is the energy per bit associated with the
transmitted signal. Of course, much lower SNRs can be accommodated in the pres-
ence of more slowly varying channels, and it should be noted that the SNR effec-
tively varies as the channel fades. The lowest effective SNR in this example occurs
at k = 500 where SNR = 0 dB.

The case of a;; = 0.95 represents a high probability of remaining in the same
state. It is known that, in the case of independent data sequences (i.e., a;; = % for
all i), the matched filter is optimal. In fact, under these conditions, the HMM filter
becomes the matched filter. We present the case of a non-i.i.d. data sequence to
demonstrate the area where the HMM/KF schemes provide best improvement over
conventional approaches.

In this example we demonstrate the KF/HMM scheme of Figure 5.3. The results
are presented in Figure 5.5 and Figure 5.6, and show that even though the channel
changes quite quickly, good estimates are generated. Figure 5.5 shows the true chan-
nel values and the estimated values in real and imaginary format, that is, exactly as
estimated from (5.7)—(5.11). Figure 5.6(a) shows the actual channel amplitude &
and the estimate of this, generated from the estimates in Figure 5.5. Likewise, Fig-
ure 5.6(b) shows the actual channel phase shift ¢ and the estimate of this, generated
from the estimates in Figure 5.5. Small glitches can be seen in the amplitude and
phase estimates at points where tracking is slow and the received channel amplitude
is low, but the recovery after this burst of errors seems to be quite good. It is natural
that the estimates during these periods be worse, since the noise on the observations
is effectively greater when k; < 1, as seen from the signal model (3.20).
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Example 2 In this example, we demonstrate the ability of the HMM/KF adaptive
algorithm to demodulate a 16-QAM signal, in the presence of a complex-valued
stochastic channel. The channel gain and phase shift variations are given by LPF
white Gaussian processes. The variance of the Gaussian process for the channel
amplitude is 1, while the variance for the phase shift is 5. In both cases the bandwidth
of the LPF is W,. The results for this example are displayed in Figure 5.7. This
example provides a comparison between the HMM/KF scheme and the conventional
MF/AGC/PLL scheme.

Example 3 A frequency modulation scheme, under assumption (4.6) with af; =

O.95,aifj =(1- a{j)/ (N—1) for i # j, is generated with Ly = 16. (This is equiva-
lent to a 16-state frequency shift-keyed digital scheme.) The value of 8 was quan-
tized into Lg = 32 values, under Lemma 4.2. The signal is of amplitude A, = 0.2.
The deterministic channel gives a more rigorous test which is easily repeatable, and
allows results to be displayed in a manner that more clearly shows tracking ability of
these schemes. The channel characteristics are the same as those used in Example 1.
The signal-to-noise ratio associated with the observations in the absence of fading
is SNR = (E,/02) = 2.4 dB, where E, is the energy per bit associated with the
transmitted signal, if the signal were a 16-FSK digital signal. Of course much lower
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Fig. 5.9 Example 2: FM &, and ¢, for SNR = 2.4 dB

SNRs can be accommodated in the presence of more slowly varying channels, and
it should be noted that the SNR effectively varies as the channel fades. The lowest
effective SNR in this example occurs at £ = 500 where SNR = 1.8 dB.

The estimation scheme used here is the decoupled KF/HMM scheme imple-
mented on the FM signal model given in (4.28). The results for the decoupled
scheme are presented in Figure 5.8 and Figure 5.9 and show that even though the
channel changes quite quickly, good estimates are generated. Figure 5.8 shows the
true channel values and the estimated values in real and imaginary format, that is,
exactly as estimated from (5.7)—(5.11). Figure 5.9(a) shows the actual channel am-
plitude x; and the estimate of this, generated from the estimates in Figure 5.8. Like-
wise, Figure 5.9(b) shows the actual channel phase shift ¢ and the estimate of this
generated from the estimates in Figure 5.8. These results show sudden phase shifts,
seen as glitches in the phase estimate in Figure 5.9. These can be any multiple of
m/Ly due to the symmetry of the phase quantization. In this case, there is tracking
degradation over the period where channel amplitude is less than one. It is natural
that the estimates during these periods be worse, since the noise on the observations
is effectively greater when x; < 1.
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For further simulation studies the reader is directed to Collings and Moore
(1994b) where comparisons appear between these KF/HMM schemes and the tradi-
tional MF/AGC/PLL approach.

6.6 Notes

The material for this chapter has been drafted in three papers (Collings et al. 1993;
Collings and Moore 1994b,a). In turn, these build on earlier work by the authors, on
on-line adaptive EM-based schemes in Krishnamurthy and Moore (1993). The EM
schemes themselves are studied in Baum et al. (1970) and Dempster et al. (1977).
Original work on RPE schemes appears in Moore and Weiss (1979), Ljung (1977),
and Ljung and Séderstrom (1983).

For general background on FM demodulation in extended Kalman filters, see
Anderson and Moore (1979). For the case of CPM demodulation in fading channels,
see Lodge and Moher (1990).
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Chapter 7
Discrete-Range States and Observations

7.1 Introduction

In this chapter a finite-state space, continuous-time Markov chain hidden in another
Markov chain is considered. The state space is taken to be the set of unit vectors
Sx ={ei},e;=(0,0,...,1,...,0) of RV,

Basic martingales associated with Markov chains are identified in Appendix B.

In Section 7.2 we derive finite-dimensional filters and smoothers for various pro-
cesses related to the Markov chain.

In Section 7.3 optimal estimates of the parameters of the model are obtained via
the EM algorithm.

7.2 Dynamics

Consider the Markov process {X;},t > 0, defined on a probability space (Q,.Z,P),
whose state space is the set, Sy = {ej,...,en} C RN, Write pi = P(X, = ¢;),
0 <i < N. We shall suppose that for some family of matrices A,, p, = (p;,...,p} )'
satisfies the forward Kolmogorov equation

dp;

— = A;p;. 2.1

di tPr 2.1
A; = (ajj (1)), t > 0, is, therefore, the family of so-called Q-matrices of the process.
Because A; is a Q-matrix,

aii(t) == aji(t). (22)
J#i

The fundamental transition matrix associated with A, will be denoted by @ (¢, s), so
with 7 the N x N identity matrix
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dq)cg S) _ A®(t,s),  ®(s,s) =1, 2.3)
do(t,s) B
e —D(t,5)As, DO (t,1)=1.

[If A, is constant @ (¢,s) = exp ((t —s)A).]
Consider the process in state x € S at time s and write X, (x) for its state at the
later time ¢t > s. Then

Ex[Xi | Fs| = Esx[Xi | Xs] = Esx[Xs50 (x)] = (2, 5)x.

Write .%; for the right-continuous, complete filtration generated by 6{X, : s <r <
t}, and .%, = .Z0. We have the following representation result.
Lemma 2.1
A 1
M =X —Xo— / AX,dr
0
is an {.%;} martingale.

Proof Suppose 0 < s <t. Then

!
EM,—M,| ] = E [X, _X, —/ AX,dr | ﬂ;}
S.l
=E [Xt X, — / AX,dr | xs}
JS
t
= S,Xv[Xl] _XS_/ ArEs,XS[Xr]dr
N

t
= O®(t,5)X; — X, —/ A D(r,5)X,dr =0
s

by (2.3). Therefore, the (special) semimartingale representation of the Markov chain
X is: .
X[ = X() +/ Arerr+Mt.
0

]

The observed process ¥; has a finite discrete range which is also identified, for
convenience, with the set of standard unit vectors of RY, Sy = {f1,---,fu}, where
fi=1(0,...,0,1,0,... ,0)/, 1 <i < M. The processes X and Y are not independent;
rather, given the evolution of X, then Y is a Markov chain with Q matrix

G =G (X) (2.4)

N
=Y Cu(Xi,em), Cn=(c}), 1<i,j<M, 1<m<N.
m=1
Notation 2.2 Write ¢;; = c;; (r) = XN_, (X, em) cij.
Also write %0 =0 (X,,Y;,0 <s<t), and %, for the right continuous, complete
filtration generated by 2.
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Lemma 2.3 In view of the Markov property assumption and 2.4) W; :==Y; — Yy —
f(; C,Y,dr is an 9;-martingale.

Proof The proof is left as an exercise. U
Lemma 2.4 The predictable quadratic variation of the process Y is given by
t t
(YY), = diag / CY,dr— / (diag¥,)C..dr
0 0
t
- / C,(diagY,)dr. (2.5)
0
Proof
t !
YY) = Yo¥g+ / Y,_dY, + / avy,_+[v,v),
0 0

t t
= Yo¥§ + /0 Y, (C.Y,) dr+ /O Y,_dW/

! !
+ / (CY,)Y dr+ / aw,y,_
0 0
+[Y7Y]t_<Y’Y>I+<Y7Y>t7 (26)
where [Y,Y], — (Y,Y), is an %-martingale. However,

v,Y/ = diagy,,

Y, (C,Y,) = (diagY,)C,, (2.7)
(C,Y,)Y! = C,(diagY,). (2.8)
We also have
t
Y,Y,’ =diag¥p+ diag/ C.Y, +diagW;. 2.9)
0

Y;Y/ is a special semimartingale, so using the uniqueness of its decomposition from
(2.6), (2.7), (2.8), and (2.9), we have (2.5). O

The dynamics of our model follow
!
X = X0+/ A X dr+V;, (2.10)
0
ot
Y, = Y0+/ CY, dr+ W, (2.11)
0

where (2.10) and (2.11) are the semimartingale representations of the processes X;
and Y;, respectively.

Notation 2.5 With %#° = ¢ (Y;,0 < s <t), {#}, t >0, is the corresponding right
continuous complete filtration. Note % C %, NVt > 0. For ¢, an integrable and mea-
surable process write ¢, for its % -optional projection under P, so ¢, = E[¢; | %;]
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a.s. and @, is the filtered estimate of ¢,. [For a discussion of optional projections see
Elliott (1982b).] Optional projections take care of measurability in both t and o;
conditional expectations only concern measurability in . Denote by J; k the num-
ber of jumps of Y from state fy to state fy in the interval of time [0,t] with k # £.

Then,
<fk7Yr7> <féder> = <fk7Yr7><f57Yr_Yr7>
= <fk7Yr7><f€7Yr>
=1Y,— = fi,Y, = fi],
so that for k # /¢

A = [ ) )
= [ GuCrydrs [ i) isaw,)

using (2.11). This is the semimartingale representation of the process 7/, k # £.
Clearly, % are %;-measurable V¢ > 0 and have no common jumps for (k,) #
(k',0"). Now
M
GY, = 3, (Y. fi) ficji,

ij=1

and

(f,CY,) = 2 (Yr, fi) cais

i=1

also

<fk7Yr> 2 <Yrafl> Cpi = <Yr7fk> Clk-

i=1

Since ¢y = 2%:1 (X, em) ¢, we have
t ]
A = /0 A dr 4 O, 2.12)

where

N
Arké = z (Y, fic) (Xrs em) i (2.13)

m=1

and OX are martingales.

Definition 2.6 Suppose K; is a purely discontinuous, increasing, adapted process on
the filtered probability space (Q,.%,P,.%;), t > 0, all of whose jumps equal +1.
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Denote the sequence of jump times Sy, 52, .. .; then K, is a standard Poisson process
if the random variables S1,S, — S,...,S, —S,—1,... are exponentially distributed
with parameter 1, and are, respectively, independent of %y, Zs,,..., Fs, |,-...

Notation 2.7 1= (1,1,...,1)" € R™ will denote the vector all of whose entries are
1. Iyy will denote the M X M identity matrix.

If A = (aij), B = (bjj) are M x M matrices and b;j # 0 for all i, j, then % will
denote the matrix (%) If A = (aij) and a = (ay1,ax,...,aum) then Ag = A —
diaga.

Remarks 2.8 Suppose on (Q,.7) there is a probability measure P and a vector of
counting processes

N = (N(1),...,N:(M))

such that under P each component N;(¢) is a standard Poisson process, and {X; }
is an independent Markov chain with Q-matrix A, as in (2.1). Write {¥¢,} for the
filtration generated by N and X. Then N, —f1 = Q, is a (%,F) martingale.

Define

t
Y, = Y0+/ (I —Y,_1')dN,  for Yy € Sy. (2.14)
0
Then
1 t
V=Yo+ [ Wds+ [ (1 —Y.-1')do.
0 0
where IT is the M x M matrix (m;;) with 7;; = 1 fori # jand m; = — (N — 1).
Write

1
N, = / (Iy — diagY;_ ) dY;.
0

Then N is a vector of counting processes. Note that N # N. With

G(X;)
IT

D, :=
consider the process
A =1 —&—/OZKS_((DS_)OY_ — 1) (dN, —TlpY,_ds) . 2.15)
Then

A= exp { /Ot(Cy(Xv)oHO)XﬁldS} T (1+ ((Ds_)oXs- — 1YAN;) . (2.16)

0<s<t
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The probability measure P can be defined by setting

dP —
fr— = Al"
dP |y,
Then it can be shown that, under P,
t
Y,fYof/ C(X)Y,.dr=W, 2.17)
0

is a (¢, P) martingale. Furthermore, under P, X remains a Markov chain with Q-
matrix A.
[ |

Notation 2.9 If ¢, is an %, -adapted, integrable process then

r _E[Xtt‘@t} ._Gt(q)t)

where E denotes expectation w.r.t. P and o; (¢;) is the % -optional projection of
As¢y under P. Consequently, 6; (1) =E [ A, | Y; | is the % -optional projection of A,
under P. Further; if s < t we shall write o (¢s) for the % -optional projection of A,
under P, so that

O; (¢S) =E [KI(PS | @;] a.s.
and, loosely we write oy (¢¢) = o (¢r).

To summarize, we have under the probability measure P

t
&=&+/A%W+W
0

] (2.19)
Y, =Y, +/ C(X,)Y, dr+W,.
0
A; is a Q-matrix satisfying (2.1) and (2.2). Under the probability measure P
1
Xo=Xo+ [ AXdr+Vi,
0 (2.20)

t
Y, - Y —/ ITY,dr is a martingale.
0
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7.3 A General Finite-Dimensional Filter

Let H; be a scalar process for simplicity of notation of the form

t t t
HI:H0+/ ocrerr/ B,’dv,+/ 8 dy,, 3.1
0 0 0

where o, 8, 0 are %;-predictable, square-integrable process of appropriate dimen-
sions. That is, o is scalar, B, = (ﬁ},,ﬁf\’)l € RY, and 8, € RM. Recall from
Chapters 2 and 3 that by considering H;X; we obtain finite-dimensional estimators
for various parameters of our models. The same trick works here with H;X;.

The signal process X is modeled by the semimartingale

°t
X, = Xy + / AX,dr+V, 32)
JO
so that
" .
HX, = HyXy+ / o X, dr+ / X._BldV,
JO JO
t t
+ / X, 8/ dY, + / H,A X, dr
0 JO

+ /0 tH,_dVr+ Y, (B/AX,) AX,. (3.3)

0<r<t
Note AX,AY, = 0 a.s. Now
Y (BAX)AX = X [ (B~ BY) (X ei) {ejsdX,) (e~ €)
0<r<t ij=170
and using (3.2)

N )
Z (Br/AXV) AX, = Z /0 (ﬁrj_ﬁrl) (Xr—,ei) <ej,dVr> (ej_ei)

0<r<t ij=1

N t . .
+ Z /0 <ﬁtJX,.—ﬁ,’X,,ei>ajidr(ej—e,~).

i,j=1

Substituting in (3.3) we have

t
0

N
o, X, +HAX + Z <ﬁr]Xr — B;Xr,€i> (Ej — ei)aji] dr
ij=1

t ot ot
+ / X, Bldv,+ / Hy_dv,+ / X, 8/dy,
0 JO JO

N t . .
+3 /O (B7— BY) (X, 1) (e, dV ) (e —er).

i,j=1
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We now give a recursive equation for the unnormalized estimate ¢ (H;X;).

Theorem 3.1 Write Cji= (c}i,ci, . ,c[]\f) A recursive linear stochastic differential

equation describing the evolution of the process & (H,X;) follows:
1 1
o (HX) = 6 (HoXo) + / o (0,X,)dr + /0 o (H,AX,)dr

/ o (BIX, — BjX,) ,ei)aji(r)dr(e;—ei) G4

7/1

+ / o (X8 (I—Y,_1')diagdY, (D, )y Y, —1)).
Proof The product X;H; A; is calculated using the product rule for semimartingales
X Hi Ay = HoXo + / Hy_X,_dA,+ / A,_dX,H,
0 0
+[XH A, (3.5)

Here,

(XHA],= Y, X, A8 (I-Y,_1')diagAN,((D;-)o¥,— —1).

0<r<t

Substituting in (3.5) and after some simplification

JE— t E—
X,H, A, = HyXo + / X, A—8/_ (I -Y,_1") diagdY, ((Dp)o¥,— — 1)
0

t_
+/A,
0

t _ _
+ /0 Hy X, A, ((Dy-)oY,— —1)' (dN, — oY,dr)

N
o, X, +AHX, + Z <B;!Xr - Brera ei> aji(r) (ej - ei) dr
ij=1

+a dv — martingale. (3.6)

Taking the % -optional projection under P of both sides of (3.6), and using in
Lemma 3.2 of Chapter 7 in Wong and Hajek (1985) gives at once (3.4). ]

The next corollary will be used for the derivation of smoothers.

Corollary 3.2 The above equation is recursive in t, so for s <t we have the follow-
ing form.

t r
o (HX,) = 0 (X;Hy) + / o (0,X,)dr + / o (AH,X,)dr
N s

t N . .
D (o (B/X,—BiX,) .ei)aji(r)dr(ej—e) 3.7)

S i j=1
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t
+/ o (Xo—Tr [§,— (I-Y,—1) (D,-)oY,— —1)]) dY,
n 2 / (Hy,_X,_) e} (Dy_(e1)oYs_ — V') (dN, — TIgY,dr) e;,

where Tr is the trace. Here, the initial condition is E | A;HsX | %), which again is
a %;-measurable random variable.

Specializing Theorem 3.1 and Corollary 3.2, the following finite-dimensional
filters and smoothers for processes related to the model are computed.

Notation 3.3 Write ®(e;) = (D,—(e;)oY,— —1'),1 <i<N.

Zakai Equation for X

Take H, = Hy =1, &, =0, B, =0 € R, §, = 0. Applying Theorem 3.1 and us-
ing Notation 3.3 the unnormalized filter for the conditional distribution of the state
process follows:

o (%) = 0 (o) + [ Ao (X,)dr

N 1 .
+3 /0 (0(X,_),e) ®(e;) (dN, — TlgY,dr) e;
=1

(3.8)

This is a single finite-dimensional equation for the unnormalized conditional distri-
bution o (X;). Note it is linear in ¢ (X;).
The Number of Jumps

Fore;, e; €S, # j, consider the stochastic integral
ii t
v :/0 (X,—,ei) (ej,dV,).

Note the integrand is predictable, so Vtij is a martingale. Now

(Xr—,ei)(ej,dX,) = (Xo—,ei) {ej,Xr — X, ) = (Xr—,&;) (X, €})
=I[X,— =e¢;and X, = ¢;].

Write j,ij for the number of jumps from ¢; to e; in the time interval [0,¢]. Then
using (2.10) we obtain
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. t t .
/t’/ :/ (X—,e) <ej,er> :/ (X—,e) <ej,A,Xr>dr—|—Vt”
0 0
1 ..
- / (X,_ e ajidr+ V7. (3.9)
0
This is the semimartingale decomposition of jtij . To obtain the Zakai filter for

/,ij, take H; = /tij, Hy=0, a, = (X,,e;)aji, Br = (X, e;) ej 6, = 0. Then it is seen
that:

o (%isz) = /Ot (ArO' (/,’/Xr) + (0 (X;),ei)aji(r) ej) dr

T ) B (3.10)
+ /0 ;21 <o— (yrix,,) ,ei>CI)(ei) (dN, —TloY,dr) e;.

Taking the inner product with 1 = (1,...,1) gives the finite-dimensional filter
G( /,” ) for the number of transitions in the interval of time O to ¢. This quantity
will be used later for the estimation of the probability transitions a;;.

Occupation Time

The time spent by the process X in state ¢; is given by
) t
178 :/ (X ei)dr,1 <i<N.
0

A recursive finite-dimensional filter for this process is needed with (3.10) in order
to estimate a ;. Take

H, = ﬁtiaHOZOaar: <erei>aﬁr:0€RNa6r:0~

Substituting in Theorem 3.1, and using Notation 3.3 we have

o (ﬁtiXt) = /0’ (<G(X,) ,ei)ei+AC (ﬁin))dr
t NV (3.11)
+/0 z<6 (ﬁl{fxr*) ,€i>q)(€i) (dNr_H()Yrdl") é;.

Together with the filter for o (X;) we have a finite-dimensional unnormalized filter
for 6 (0}X;), 1 <i < N. Taking the inner product with 1 gives o (&7).

Drift Coefficients

In the next section we will see that the estimation of the ¢f;’s, in the entries of
the Q-matrix C, of the observation process, involves the filtered estimates of the
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processes

t t
gy = [ Ksemdt and T4 = [ (1, f) ()
’ 0 0

The process 7, increases only when the ¥ process jumps from f; to f; and the

X,_ process is in state e,,. The ftk’” process measures the total time up to time ¢ for
which X is in state e, and simultaneously Y is in state f;. Apply Theorem 3.1 to

4 t
Ay = / (Xr—,em) (da%/rkz—l,k[dr)—l—/ (Xr,em) ),rk[dr
0 0
taking H; = ,Q/MI,HO—O o= (X, en) A, 8K = (X,,e,), and B, =0, (X, e,) AK =

(Xe,em) (Ye, fi) TN _1 (Xr,ea) ¢ = (Y, fi) (X em) ., and 88X, = (X, em) X, =
(X, em) em. Write ¥ (e;) = (I —Y,1") @(e;). Then the Zakai equation for <7} X; is

G(%’szr) = /I (<G(X) em) (Yrs fr) Chpem +Ar G(%zr ;) dr
/ en) ¥ler)dYe G.12)

+ /0 ; (0 (oA, %) i) Bler)

Similarly, with H; = zkm’ Hy =0, 0y = (Y, fi) (Xr,em), Br =0 € RV, 5r” =0
fori,j=1,...,M, we have

(dN, —T1oY,dr) e;

o (F"x,) = / t (<o(x) en) (Yr, i) en+ A0 (727X,) ) dr
(3.13)
/ ﬂk”’X ).e > (ei) (AN, —TIpY,dr) e

Smoother for the State

For the smoothed estimates of X; given %, s <t, take H = Hy = (X;,e;), s <t,
o, =0,B=0ecRY, 5 = {6’} =0 and apply Corollary 3.2.

O; (<Xv;ei>Xt)

= Gs<<Xs,ei>xs>+ [ 4005 ) ”

/ X‘,e,>Xr,),ej>(I)(ej) (dNerOY,) dre;.
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This is a single equation, finite-dimensional filter, for o; ((X;,e;)X;) =
E[A; (Xs,e;) X, | %], driven by the .#""/°s. Taking the inner product with 1 gives
Gt (<X57ei>)'

Smoother for the Number of Jumps

Take H, = / s<t, o =0, B, =0, and 5, = 0 in Corollary 3.2:

o (/sijxl) =0 (frinS) + /stArG (/sinr) dr
t N .
Y (o (A7X) o) Dlex) (N, ~ ToY,dr) e

S k=1

(3.15)

Smoother for the Occupation Time

Finite-dimensional smoothers are obtained for ﬁ’; by taking H; = H; = ﬁsi fors <t
and o, =0, B, =0, 6, = 0. Applying Corollary 3.2 gives:

o (01X) =0 (ﬁ;ﬁxs) 4 / (A0 (01X,) + (0/(X,) i) i) dr

(3.16)

/ _Xi—),ex) @(ex) (AN, —ToY,dr) ey
S k=1

Smoother for </  and T fm

It is left as an exercise to show that the processes .7 ; and kM have the following
finite-dimensional unnormalized smoothers:

9 (“karZSXI)
= o(ﬂ,gzsxs + /.IArG (%’str) dr

+/ em Yrvfk>czr]l¢emdr
(3.17)

i 2 Y(E;)dY, e;

2 <G (bafk’,ﬁr,Xr,) ,e,'>(1)(e,') (dﬁr — l_[oY,dr) e;,




7.4 Parameter Estimation 209

t N
= G(Z,kaS) + Z <O'(<Z]ier,),e,'> D(e;) (dlvr - HoYrdr) e

+/ cen) (Y, fi) em +A, o(ykmx))dr.

(3.18)

7.4 Parameter Estimation

Suppose, as above, that X;, + > 0, is a Markov chain with state space Sy =
{e1,...,en} and Q-matrix generator A = {a,-j}. Then

ot
x,:x0+/ AX, dr+V,. 4.1)
0
Again, suppose X; is observed through the process Y with representation
1
Y=Yo+ [ CYdrew, (42)
0

where C, is as given in Equation (2.4). The above model, therefore, is determined
by the set of parameters

6 :={aij,cl, 1 <i,j,{.m<N, 1<k<M}.
Suppose the model is first determined by a set of parameters
6 :={aij, i, 1 <i,j{,m<N,1<k<M}

and we wish to determine a new set & = (Gij, €p. 1 <i,jtbm <N,1<k<M)
which maximizes the log-likelihood defined below. Write Py and Py for their re-
spective probability measures. From (3.9) and (2.12) we have, under Py, that

.. ! ..
/ll] :/ <Xf7ei>aﬁdr+vtljv
0
!
%ké / Yrvfk Z Xraem C[kdr"‘oke

To change, or modify, the intensities of the counting processes /,ij and %7, ke that

is, to change aj; to d;; and ¢} to ¢}y, m = 1,...,N respectively, we must introduce

ij,kl

the Radon-Nikodym derivatives L, (Brémaud 1981), given by
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210
. t kt N
L7 = exp [/ log (i ) dak — / (lké /'eré)dr
+/ log( ) (aﬁ—dﬁ) <Xr;ei> dl’“|
= [ aji— ;i) (Xr, e;)dr
! A’kl kO 3kl
+/010ng /(), — AN dr|,
where
R N
lrké =Y, fx) Z (X, em) 6712
m=1

Clearly the martingales V¥, VI'/', O*, and OF" are orthogonal for (i, j) # (i', j')
and (k,?) # (K',¢). Consequently, to change all the aj; to dj; and to change all ¢},
N, we should define for i # j and k £ /¢

tocy,m=1,...,
t]kf
=TT
i,j=1k/l=1

dp,

dPy |,

The log likelihood is, therefore

= logL,
N i aji t

= 2 {%Jlog;—k/o (aji—dji)(Xr,ei>dr}
ij=1 ji

M ' SN (X em) e
+ /log Sl D B ) g gk
0 Yot (Xr em)

k(=1

1 N
+/O <Yrafk Z Xraem Cékéﬁ)dr}'
m=1

oy 4P
oo o
£ dpy |y,

(4.3)

Now, note that

N A N m
1 (X, em) O
log }r(]z—1<—rm>f: (X, em) log
ot (Xrsem) € m=1 Cl



7.5 Problems and Notes 211

so that, taking the conditional expectation of (4.3), we obtain

2100 %P0 N P load gl
OgdPQ t = Z(% 0gaji —dji t)

ij=1
M N -
+ 3 ¢ 3 (loget) / (X, em) dHKE (4.4)
k=1 { m=1

—m; 5%/0[ Y, fr) <X7em>dr} +R(6),

where R (6) = E[R(6) | %] does not involve any of the parameters of 6. Therefore,
the unique maximum of (4.4) over 6 occurs at the value of 6 obtained by equating
to zero the partial derivatives of (4.4) in d;; and ¢y, yielding

. oA
=00 @.5)

and

o 00 e ) ool
. G([(; <Yr7fk> <Xraem> dr) o (zknz)

(4.6)

[from Bayes’ formula (2.18)]. The family of log-likelihoods is improving and so
converges (Dembo and Zeitouni 1986).

7.5 Problems and Notes

Problems

1. Show that the Markov chain X; has the martingale representation
t
X, =®(1,0) (X0+/ ®(r,0)"" dVr) ,
0

where @ (., .) is the fundamental transition matrix (see Appendix B).

2. Prove Lemma 2.3.

3. Show that finite-dimensional smoothers for the processes .« = and Thkm de-
scribed in Section 7.3 are given by (3.17) and (3.18), respectively.
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Notes

In previous chapters we obtained finite-dimensional filters and smoothers for a
discrete-time Markov chain observed in Gaussian noise. In addition to the filters
for the state, finite-dimensional filters and smoothers were obtained for the number
of jumps from one state to another of the occupation time in any state, and aslo of a
process related to the observations.

In this chapter, the situation considered is that of an unobserved, continuous-time
Markov chain which influences the behavior of a second process; in fact, the terms in
the intensity, or Q-matrix of the second observed process, are functions of the first,
Again, new finite-dimensional filters and smoothers are obtained for quantities anal-
ogous to those mentioned above. Particularly interesting are estimates for the joint
occupation times of the X and Y processes. Using the expectation maximization
(EM) algorithm these estimates are then used to update and improve the parameters
of the model. Using the smoothers, filters and possibly new data, the model can be
repeatedly revised towards optimality. We, therefore, have an adaptive, self-tuning
model.

The results are similar in spirit to work in Davis, Kailath and Segall (1975),
van Schuppen (1977), and Boel, Varaiya and Wong (1975). However, these works
do not exploit the change of measure. Other novel features of the present chapter
are the use again of the idempotent property of the signal process to find a closed-
form filter for HX, and the finite-dimensional filters for the number of jumps and
occupation times, and the use of the EM algorithm to reestimate the parameters of
our model.



Chapter 8
Markov Chains in Brownian Motion

8.1 Introduction

In this chapter, a continuous-time, finite-state Markov chain is observed through a
Brownian motion with drift. The filtered estimate of the state is the Wonham fil-
ter (1965). The smoothed estimate of the state is given in Clements and Anderson
(1975). A finite-dimensional filter for the number of jumps _#” was obtained
by Dembo and Zeitouni (1986) and Zeitouni and Dembo (1988), and used to esti-
mate the parameters of the Markov chain and the observation process. However,
this estimation also involves ¢! and ;' for which finite-dimensional filters are
not given in Zeitouni and Dembo (1988). Our filters allow, therefore, the applica-
tion of the EM algorithm, an extension of the discrete-time Baum-Welch algorithm
(Dembo and Zeitouni 1986; Zeitouni and Dembo 1988). Unlike the Baum-Welch
method our equations are recursive and can be implemented by the usual methods
of discretization; no backward estimates are required.

Section 8.2 introduces the model. Sections 8.3-8.4 cover the filtering and smooth-
ing of the various processes related to the Markov chain. In Section 8.6 finite-
dimensional predictors for the various processes are derived. Finally, in Section 8.7
we obtain a finite-dimensional filter for a non-Markov multivariate jump process
with, almost surely (i.e., for “almost” all its sample paths), finitely many jumps in
any finite-time interval. Some elementary introduction to the concept of random
measures would be helpful to the understanding of this section, which can be omit-
ted on a first reading.

8.2 The Model

Suppose, that X;, ¢ > 0, is a Markov chain defined on a probability space (Q, %, P)
with state space S = {ej,e,...,en}. As in Chapter 7, X; has a semimartingale rep-
resentation

rt
x,:x0+/ A X dr+V,. @2.1)
0
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The process X; is not observed directly; rather we suppose there is a (scalar) obser-
vation process given by

t
Vi = /0 c(X,)dr+w. (2.2)

(The extension to vector processes y is straightforward.) Here, w; is a standard
Brownian motion on (Q,.%,P) which is independent of X;. Because X takes values
in S the function c is given by a vector ¢ = (cy,c2,...,cy)’, so that ¢ (X) = (X, ¢)
where (-,-) denotes the scalar product in RY. Write

%OZG{X&W)}S:SSt}? %OZG{yX:SSt}7

and {4}, {#}, t > 0, for the corresponding right-continuous, complete filtrations.
Note %; C ¥, for all t.

We are going to derive finite-dimensional filters and smoothers similar to the
ones in Chapter 7. For this we introduce the probability measure P by putting

t 1 !
:Al‘ =exp <—/ <Xr,C>dWr_ _/ <Xr7C>2 d}") .
9 0 2Jo

t

dP

dpP

Now A; is a martingale under P and
3
A = 17/ A (X, c)dwy.
0

By Girsanov’s theoiem (Elliott 1982b), y is a standard Brownian motion under P.
Define the process A; by

R t_
A =1+ / A (X, c)dy, (2.3)
0

so that A, = exp(fg (X c)dy, — 3 [§ (X,,c)* dr) and A/A; = 1. Note A; is an ¥-
martingale under P. However, it is under P that (2.2) holds and so has the form of
the observation process influenced by the Markov chain.

In the sequel, we work with a Markov chain X; and a standard Brownian motion

y: defined on {Q,.#,P}. The measure P is defined by putting (dP/dP)|z = A;.

8.3 A General Finite-Dimensional Filter

Consider again a scalar process H; of the form

r 15 ot
H,:H0+/ ocrdr—i—/ [3,’dV,+/ 5. dw,., 3.1
0 0 JO

where «, 3, 0 are .% -predictable, square-integrable processes of appropriate dimen-
sions. That is, o, and 0, are real and 3, is an N-dimensional vector.
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Write C = diagc for the matrix with diagonal entries cj,ca,...,cy. Using the
product rule for semimartingales
t 1
H/X, = HyXy+ / o X, dr + / B.X,_dV,
0 0
t t t
+ / 6. X, _dw,+ / H.AX,dr+ / H,_dv,
0 0 0
+ Y (B/AX,) AX,. (3.2)
0<r<t
Here
!
> (BAX)AX, = X [ (B B) (X (eaVs) (e~ )
0<r<t ij=17/0
Noogto .
+y /0 (BIX, — BiXy ey ajdr(e; —er).
ij=1
In the last integral we have replaced X,_ by X,.. Substituting in (3.2) we have
t t
HX, = H0X0+/ Ot,X,dr—i—/ ﬁrX,, dav,
0 0
! ! !
+ / 8%, dw, + / HAX, dr+ / H,_dvV,
0 0 0
£ 3 [ (BB (X ei) (ejavi) (e =)
ij=1
+ 2 /0 <ﬁ;]Xr — ﬂr’Xr,ei>ajidr(e]- —e).
ij=1
Remark 3.1 As in previous chapters, o (H,X;) = F[KZH,XI | % ] .
]

Theorem 3.2 The recursive equation for the unnormalized estimate o (H,X;) is
given by the following linear equation:

1 t
o (HX,) = o (HoXo) + / o (0 X,)dr + / Ao (H,X,)dr
0 0

t N ) ]
+/0 2 <G( rjXr_ﬁrer)7ei>ajidl’(€j—ei)

ij=1

+ /(: (0(6:X;) +Co (H:X;))dyy. (3.3)
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Proof
AIH[X[ - HOX() +/ OCrArX,-d}’Jr/ ﬁrAr7Xr7 dVr
0 0

t _ t_ r_
+ / OA_X,_dw,+ / AHAX, dr + / A,_H,_dV,
0 0 0

+ 2 /(: (ﬁrj - ﬁ;) <Kr—Xr—,€i> <€j,dVr> (ej — ei)

ij=1

N t — Pa—
+3 / (BIAX, — BIRX, er) aijdr(e; —e;)
i,j=170

N N .
+2/l <KrXraei>CiHrdYrei+2/[<XrXraei> Oy drcie;.
i=17/0 i=17/0

Under P y is a standard Brownian motion. Conditioning each side on % under P,
and using the Fubini Theorem of Wong and Hajek (1985), the result follows. (]

The Zakai equation is recursive, so for s < ¢ we have the following form:

Corollary 3.3

g °t
6 (HX,) = o (HX;) + / & (0,X,)dr + / Ac (H,X,)dr
N N

+ 3 [(o (B -B)X) e aidr(e;—e)
ij=17s
"’/t [0 (6,X,) +Co (H,X,)|dy,. (3.4)

Here, the initial condition is E | A;HX, | %], again a %-measurable random vari-
able.

8.4 States, Transitions, and Occupation Times

We now obtain particular finite-dimensional filters and smoothers, in their unnor-
malized (Zakai) form by specializing the result of Section 8.3.

The State

Take H, = Hy =1, 0, = 0, B, =0 € R", §, = 0. Applying Theorem 3.2 we obtain
a single, finite-dimensional equation for the unnormalized conditional distribution
o (X): B

o(X;)=E [Ath | g/t]
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which is

N 1 t
G(Xz):Xo+/0 AO'(Xr)dr+/0 Co (X,)dy,. @.1)

For the smoothed estimates of X; given %}, s <1, take
H, = Hy = (X;,¢;), s<t, o, =0, Br=0, 6, =0

and apply Corollaries 3.3. [Rather than taking H; = (X, e;) and estimating P(X; =
ei | %) =m((X;,e;)) we could consider all states of X; simultaneously by taking
H; = X;, s <t; however, the product H;X; would then have to be interpreted as a
tensor, or Kronecker, product H;X/.] Substituting H; = (X;, e;), s <, in (3.4) gives

01 (Xs,e)X,) = 0, (X, X))+ [ Ao, ((X,,e) X)) dr
. § “4.2)
+ / Co, ((Xs,e) X)) dy,.

This is a single-equation finite-dimensional filter for o ((X,e;)X;) =
E[A, (X, ei) X, | @,] driven by y. Taking the inner product with 1 gives o; ((X;, ;).

The Number of Jumps

In Appendix B it is shown that the number of jumps from ¢; to e; in the time interval
[0,7] is given by:

.. ot ..
i~ / X eiyajdr+ V. (4.3)
Jo
To obtain the unnormalized filter equation, take H; = j,ij ,Hy=0, o =

(Xr,ei)aji, Br = (Xr,ei)ej, 6, = 0.
The Zakai equation for O'( /,” X,) is obtained by substituting in Theorem 3.2:

o(_7ix) = /0' (0(X,),e) ajie;dr

+ [ Ao (ix)dr+ [ Co (%) dy,.
0 0

The smoothed estimate of jfj given %;, s < t, is obtained from Corollary 3.3 by
taking H, = Hy, = #’, s <t, &, =0, B, =0 and §, = 0. Then, from (3.4) we have
the finite-dimensional Zakai form of the smoother

o (%) =0 (#0%) + [40 (%) ar+s ['Co(Fi)as. | @9)
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The Occupation Time

The time spent by the process in state e; is given by
. t
o :/ X,e)dr, 1<i<N.
0

Take

H, =0} Hy =0, o, = (X, ei),
B—0cRY,  §=0.

Substituting again in Theorem 3.2 gives the Zakai equation

o (ﬁfX,) = /Ot (0(X,),ei)eidr+ /OtAO' (ﬁﬁXr) dr—i—/ot (CO' (ﬁﬁXr)) dy;,.

(4.6)
The finite-dimensional unnormalized smoother is obtained for O' by taking H, =
H;= 0l fors <tand o- =0, B, =0, 6, = 0. Applying Corollary 3.3 gives

0 (0X,) =0 (0X,)+ / tAc(ﬁjX,) dr+ / t (Co (01X,)) dy,. (4.7)

The Drift Coefficient

In the next section we shall see that the estimation of the drift coefficient ¢ =
(c1,¢2,. .- ,cN)’ of the observation process involves the filtered estimate of the pro-
cesses

) t t t
7= [ edy = [[auendrs [ (x.endw.

Taking H, = 7', Hy = 0, &, = ¢; (X,,e;), B, = 0 and §, = (X,,e;) we shall ap-
ply Theorem 3.2, noting again that X,0, = ¢; (X;,e;) X, = ¢; (X, e;) e; and X, 6, =
X, (X, ei) = (X, e;) e;. The Zakai equation here is

. 4 t .
o (7'X) :ci/o <G(Xr)’6i>eidr+/0 Ao (FX,)dr

+ /Ot (Co (Z'X:) +(0(X,),ei)ei) dyy.

Taking H, = 7! for s <t, &, = 0, B, = 0 and §, = 0, we obtain from Corollary 3.3
the following finite-dimensional unnormalized smoother:

o (/%) =0 (7/X,) + /IAG (7/%:) ‘”*/ICG (7% )dyr.|  (48)
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Remark 4.1 In all the above smoothing equations when we take an inner product
with 1 the integral involving A will vanish because Z’]Y:l aji=0.
' |

8.5 Parameter Estimation

This problem is nicely discussed in Dembo and Zeitouni (1986) and Zeitouni and
Dembo (1988). We first review their formulation in our setting.

Suppose, as above, that X;, t > 0, is a Markov chain with representation (2.1).
Again, suppose X; is observed through the process (2.2).

The above model, therefore, is determined by the set of parameters

0 :=(ajj, 1 <i,j <N, ¢, 1 <i<N).
Suppose the model is first determined by a set of parameters
0 = (ajj, ¢ci, 1 <i,j<N)
and we wish to determine a new set
0= (&, &, 1 <i,j < N)

which maximizes the log-likelihood defined below. Write Py and Pj for their re-
spective probability measures.

To change all the aj; to d;; (see Chapter 7) and to change the ¢; to ¢;, we should
define

Py 1L’ /l<x ¢—c)d
= ex ,6—c
dPy 5 oy + EXp 0 r Yr
L 2 2
-5/, (X, &) = (Xy,c)")dr p. (5.1

Now recall that (X,,c) =YY | (X,,e;) i, (X,,6)% = SN, (X,e;) c?, etc. Therefore,
taking the log and the conditional expectation on %} of both sides of (5.1), we obtain
using the notation of Section 8.4:

dPy N Aiteen. o
E |log Y| =Y (A logaji—a;i0;)
dPy =
#J
N
+3 (i~ 1810)) +R(0). (5.2)
i=1

Here again R (6) is independent of 6.
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The unique maximum of (5.2) over 6, obtained by equating to zero the partial
derivatives of (5.2) in d;; and ¢&;, is therefore, given by

A (/t”)
. 53
aji (@1) , (5.3)
G(ﬂ,’)
(i = = 54
“ (o)) CH

This parameter set gives P, the next probability measure in the sequence of steps
in the EM procedure.

The sequence of log-likelihoods constructed this way is increasing and so con-
verges. The convergence of the sequence of 6 is discussed in Dembo and Zeitouni
(1986) and Zeitouni and Dembo (1988).

8.6 Finite-Dimensional Predictors

The State

The prediction problem discusses the derivation of an equation for 7, (X;) :=
E[X; | %],0<s <t Forfixed s, 7, (X;) is a %-martingale. Consider for fixed 7, the
¥;-martingale

Ns:=E[X | %] =D(,s)X,. 6.1)

Bayes’ theorem implies

E XA | % : (X

where A; is given by (2.3). We are interested in deriving a recursive equation for
E [AX, | %] := 0, (X;). Using the product rule, with C = diag c) as before,

_ r_ r_ r
XA :Xo+/ A,CX,dy,+/ A,A,X,dr—i—/ ArdV,. (6.3)
0 0 0
Lemma 6.1 The solution of (6.3) is given by
_ ¢ _ 1 _
XA, = ®(1,0) {Xo—i—/ @ (1,0) ' A,CX, dy, + / cb(r,())lA,dV,}. (6.4)
0 JO

Proof Here, (6.4) is obtained by variation of constants, or alternatively differentiat-
ing (6.4) yields (6.3). O
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Now, using a result of Wong and Hajek (1985) to exchange conditioning and
integration in E [ASXX | %4 ] , the desired Zakai recursion follows:

o, (X,) = (D(t,O)O'(Xo)—I—/OS(D(tm)CO' (X,)dy,. 6.5)

Together with (4.1), Equation (6.5) which is driven by y, provides a finite-dimen-
sional predictor for the unnormalized estimate of X.

Number of Jumps and Occupation Time

The number of jumps from e; to e; in the time interval [0,7] is (see Appendix B)

.. t t
’U:/o <X,,,ei>aji(r)dr+/0 (X,—,e) <ej,dVr>. (6.6)
Denote 0y = E[_#"” | 4,]; then we have the following:
Theorem 6.2
.. t S
sl] = </0 CI>(r,O)X0aj,-(r)dr,e,->+</0 <X,_7€i>dVr,€j>

+ </OS /'tq)(nu) aji (r) drqu,el->_ 6.7)
Proof From (6.6) we write
J=E[ 77 4]
! N
=FE [/0 (X—,eiyaji(r)dr ‘ «%] +/O (X,—,ei) {ej,dV,). (6.8)

Now, using the martingale form, X, = ® (¢,0) (Xo + [y @(r, 0)"! dV,)

/|

E M (X,_,ei)aji (r)dr

- </0tq>(r,0)xo,e,~>aﬁ(r)dr
+E K/O‘tqwr,o)/or@l(uyo)quvei>“ﬁ(r)dr gx}

— </OZ(I)(r,0)X0,€i>aji(r)dr (6.9)
+</()S/M'q>(r,u)aﬁ(r)drdvu,e,->. (6.10)

Substituting (6.9) into (6.8) gives (6.7). O



222 8 Markov Chains in Brownian Motion

We shall first obtain the following finite-dimensional, recursive filter for nsij X, =
E[/t”Xs | g4‘9]:
Theorem 6.3

nS]X =Ny X0+/ Xhez ajl( )d}’( j —€i +/ Arnil*]X dr

+</0 /r D (u,r)aji(u)du

X Z<X},ek>agk( Vdr(e;—ex),e >(€Z—ek)

vy
. /5 (C}Zn\ﬁj - <Xr,c>)z1‘l\£j> (dy, — <Yr,c>dr), 6.11)
0
with a Zakai form
G(nsisz) =0 n()XO +/ ajl( )dr(ej_ei)

+/ Aro( n;/X,) dr
0
(6.12)
<2Fﬂ (s,1) > (e¢—ep)

+/ CO' n’/X dy,.

Here T)i (s,6) = f3 [1® (u,r)aji (u) du (0 (X,) ,ex) ag (r)dr(e; — ex).
Proof Using the Itd product rule for (4.1) and (6.7) we have

N s y
nix, = (’)JXO—|—/ NYAX - dr+ [nlf,X]s+%—martingale.
Jo
Here,

[nV.x],= X An/ax,

0<r<s

and

ANIAX, = (X,—,e;) (e;,AX,) AX,

+ </rtq>(u, Pa (u)duAX,7e,->AX,

= (Xr—, &) (Xr,e;) (ej —ei)

+</rtd)(u,r)aji(u)du



8.6 Finite-Dimensional Predictors 223

X 2 rsex) (Xr eo) (ep —ex) e > (er—er)
furt
= <X,,,el-> <ej,er> (ej — ei)

+</rtq)(u,r)aji(u)du

XZ v ex) (e, dX,) (er—ex) e >(ep—ek)

k#

Hence

nix, = nO]Xo—I—/ nvA,X, dr—i—/ (Xy,ei)aji(r)dr(ej—e;)

+</0 U ® (u,r) i (u) du

X z (X, ex) ag (r)} dr(ei—ey) ,e,-> (er—er)
k.l
+ %;-martingale. (6.13)

Taking the %;-optional projection on both sides of (6.13) gives

—_

TlsJX = TIOon—i—/ X.,ei)aji(r)dr(ej—e +/ AnY X, dr

+</0 /r D (u,r)aji(u)du

X Z<Xr,ek>a5k( Ydr(e;—ex),e >(eg—ek)

kAL
S
+ / %edv,, (6.14)
0

where v, ==y, — [§ <)2,, c>dr is the innovation process and ¥, is a square-integrable
%-predictable process which we will identify using special semimartingale repre-
sentations. Multiplying together (2.2) and (6.14) and taking the %;-optional projec-
tion gives us:

ns]ngs / an <Xr,C dr—|—/ Vr ran dr

Jr/ yr s a,, r)dr(ej—e;)

—l—/yr</ (u,r)aji (u)du
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x> (X ex)ag (r)dr (e, —ex) ,ei> (e —ex)
kk;féf
+ %;-martingale. (6.15)

However, multiplying together the innovation form y, = [3(X;,c)dr + v; of (2.2)
and (6.14) we also have

— s =
nsl]Xs)’s = /0 <Xr,0>ni]err

N

s ..
+ yr< rvei>aji (r)dr(ej*ei)+/ yrArn;{jerr
0 0

o /;‘D(u?r)aﬂ(u)du
x Y (X, ex)ap (r)dr(ec—e) 7€i> (er —ex)

+ / Yodr. (6.16)
0

Equating the bounded variation terms in (6.15) and (6.16) gives
% =CniX, — (X, c)nX,. (6.17)

This together with (6.14) gives (6.11). Equation (6.12) is easily obtained using the
change of measure and Bayes’ rule. (]

Taking the inner product of (6.11) and (6.12) with the vector 1 = (1,1,...,1) we
obtain the normalized and unnormalized predictors for the number of jumps, that is,

—

(Wx1)=n/ and  (o(nix).1)=0(nd).

With similar arguments we have predictors for the occupation time O :=
Jo (X, ei)dr. If we denote I', := E [ 67 | 4, ], then similarly to Theorem 6.2,

r= </0Sq>(r,0)xodr,ei> i </0S/rtd>(r,u)duMu,e,->.

In this case

—_— — S —
TiX, = [iXo + / ATiX, dr
0

+</Os/rtcl)(u,r)aﬁ(u)du
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X Z<Xr, ek>a4k (r)dr(e;—ep) ,ei> (e¢—ep)

n / (CTIX, = (R, )TIX, ) (dyr = (%, c)dr), 6.13)
0

with a Zakai form

o (TiX,) = o (THXo) + /0 SA,G(FiX,) dr

+<Zrii(sat)»ei>(ez—ek) (6.19)

[

+ /0 "Co (X,T%) dy,.

Here l"i,’( (s,t) = [o [L®(u,r)aji(u)du{o (X,),ex)an (r)dr(e; —ey). Taking the
inner product of (6.18) and (6.19) with the vector 1 = (1,...,1) gives the desired
predictors for the occupation time at any state e; up to time 7.

8.7 A Non-Markov Finite-Dimensional Filter

Consider a process Sy, t > 0, with right-constant sample paths defined on a proba-
bility space (€,.%,P). Its state space is an arbitrary finite set § = {sy,...,sy}. By
considering the functions ¢y (s;), defined so that ¢ (s;) = 0 if i # k and ¢y (sx) = 1,
and writing X; := (¢, (S;),...,0n (S;)) we see that equivalently we can consider a
process X;, t > 0, whose state space is the set S = {ey,...,ex} of unit (column)
vectors ¢; = (0,...,1,0,...,0)" of R¥. {.%} will be the right-continuous complete
filtration generated by X.

Suppose that in any finite-time interval X; has, almost surely, only finitely many
jumps (this is implied by the boundedness of a;; defined below), and write T} (®),
k € N, for the kth jump time. &7, () (dr) will denote the unit mass at time 7; (@)
and, if X7, () = €;, («)> Write &; (o) (i) for the function which is 1 if i = i (@) and 0
otherwise. X; is a multivariate jump process and we can write

X, =Xo+ Z AX,, where AX, = X, — X,_

0<r<t
t
=Xy +/0 Z(Ei —Xr—) Z6Tk(w) (dr) 6ik(w) (i) ] . (7.1)
i k

The random measure ¥ 8z, (o) (dr) 8; (o) (i) picks out the jump size and the jump
times and, following Jacod (1979), has a predictable compensator vP (dr,e;). In
turn, v? factors into its Lévy system :

vP (dr, e,») =1 (@,‘,Xr,, T, a)) dA (V,Xr,, a)) .
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Roughly speaking, dA (r,X,_,®) is the conditional probability that the next jump
occurs at time r given the previous history of the process. (In the Markov case the
conditioning is only on the event that the process is in state X,_ just before r).
A (ei, Xy—, 1, ®), defined for e¢; # X,_, is the conditional probability that the process
jumps from X,_ to X, = ¢;, given that there is a jump at time r and given the previous
history of the process.

The measure dA is a nonnegative random measure on R ™. For simplicity we shall
suppose it is absolutely continuous with respect to Lebesgue measure, so that there
is a predictable Radon-Nikodym derivative a (r,X,_, @) such that

dA (rnX,—, o) =a(r,X,_,o)dr.
Writing a (e;,X,—,r,®) = A (¢;,X,—,r,0) a(r,X,—,®) for e; # X,_ we see

z ale, Xr—,r,0)=a(rX,—,o).
e,«;éX,,

If we define a matrix A (r, w) = (a;; (r, @)) by putting

aij () = a(ej,e;,r,m), i j,
aii(r,a))Z—a(r,e[,a)), 1 <i<N,

then (with obvious notation),

Y (ei—X,—)aix,. =A(r,0)X,—

and the representation (7.1) can be written
t
X = Xo+ /0 Y (ei—X,) (Z 813(0) (dr) 8 o) () a,-x,> dr
i k
!
+ / A(r,o)X,_dr. (7.2)
0
Note X is a Markov process if and only if the elements of A are deterministic.

The decomposition (7.2) expresses X as the sum of a martingale V and a pre-
dictable process of integrable variation. The martingale V is

t
V[ — /0 Z (e,» —Xr,) <2 5Tk(w) (dl") 5ik(w) (l) —aix,_ dr)
i k

!

— X, —Xo— / A(r,0)X,_dr (7.3)
JO
!

— X, —Xo—/ A(r,0) X, dr, (7.4)
0

because for almost all ® X, (o) = X,— (@) except for countably many r. (This ob-
servation will be used to equate similar integrals below.)
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For unit vectors e;,e; € S, i # j, consider the stochastic integral

.. 3
V= / (ei, Xr—) (ej,dV,). (7.5)
0 .
Note the integrand is predictable, so V*/ is a martingale. Now

<ei7er> <ej7er> = <ei7Xr7> <ej7AXr>
= I(Xr, =€, Xr:ej). (76)

Substituting (7.3) in (7.5)

t

V= [k N epds) - [[lenXe) (epAr o)X, )ar

Write /,ij for the number of jumps of process X from e; to e; up to time ¢. Then
using (7.6)

.. .. 1
V,lj = /IU —A <Xr77ei> aji (r, (}))dr
L. !
— gl /0 (X, e) aji(r,0) dr
(again because X, = X,_ a.s. except for countably many r). Therefore, we can write

.. t ..
A /0 (Xp.ei)aji (r,0)dr+V;". 1.7)

Observation Process
Suppose {1,2,...,N} =A(1)UA(2)U---UA(d) where A(k)NA(£) =0 if k # ¢.

For a set A (k) write I (A (k)) for the vector Y;cu)ei. For k,£ € {1,...,d}, k # ¢,
define

(i./)€A(k)xA(0)

so from (7.6)

7= [ Uam) XA 0),ax).

Substituting from (7.3) we obtain, similarly to (7.7),

t
v = [ ar 0l
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where

W () = Y (X ei)aji(r,o)

(i,7)€A(k)xA(¢)
and Q¥ = y vl
(i,j)€A(k)xA(€)

The observation process will be a set of processes of the form Y. That is,
we suppose there is a collection of pairs (ki,¢1), (k2,02), ..., (kp,¢p) with ki,
tie{l,....d}, ki # ¢;, and (k;,¢;) # (kj,€;) for i # j. For simplicity we shall write
Y7 for Ykiti , etc., so the observation process is

o= (KL )
. r .
where ¥/ = / W (r)dr+Qj. (7.8)
0
Note that if i # j then Y jumps at different times to Y/, so the martingales Q' and
Q/ are orthogonal.

Write {#;} for the right-continuous, complete filtration generated by Y. Our ob-
jective is to obtain a recursive equation for X, = E [X; | %].

Definition 7.1 The innovation process is

where .
Q{:Y/—/ W (r)dr.
0

Simple arguments, using again Fubini’s theorem, show that 3/ is a % -martingale.
We can, therefore, write

. L .
Y] — /0 W (r)dr+ 0. (7.9)

Similar calculations, again using Fubini’s theorem and (7.4), show that the pro-
cess

o
Vii=X,—Xo —/ A(r,o)X.dr
0
is an RV -valued martingale with respect to the % -filtration. Because % is the trivial
o-field, {Q, ¢}, Xp is a constant vector, the initial distribution of X.

From the representation result for martingales with respect to a multivariate jump
process V (Brémaud 1981) can be represented as

t

0

4 t
=3 [ ¥agi.

j=170
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Here v is a & -predictable N x p matrix valued process with columns
=) j=1p
We, therefore, have
X = X0+/ A(r, X dr+/ Y- dQ,. (7.10)
Theorem 7.2

—

v = () T 0 (€0 Xr) ap (1, @)ep = (1) %,
(0.p)€A(kj)xA(¢))

Proof The filtering problem will be solved if we determine the elements of . This
we do by calculating X,Y; two ways; in fact we calculate the jth column (X;,¥;’ > in
two ways. Now

. 1 . t . .
XY/ = /0 X, dY! + /O dx,y! + Y, AXAY/

0<r<t
and from (7.4) this is
t . t
= / X,,dYr-’—i—/ A(r,0)X,Y,_dr
+/dVY,_+ Sy (X—X,-)AY,. (7.11)
0<r<t
Note
Yy X, AY = / X,_dy;.
0<r<t
Also A
AYr] = <I(A (kj)) 7Xr—> <I(A (gj» ’XV>
and
X, <ep,X>fep<ep,X> 1<p <N,
o)
X,AY, Yy (I(A(k}) . X—)ep(ep,Xr)
peA(t))
Therefore,

Y AXAY = Y (X, — X )AY/

0<r<t 0<r<t

= 3 (AKX epep X [ Xeoar]

pea(t))
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t
= 2 / (es,Xr) aps (r,w) drep
(0.,p)€A(kj)*A(L))

t .
+ Y 0/Pep —/0 X, dy/.

(0,p)€A(kj)xA(¢))

Substituting in (7.11) we see
. ot . t
XY/ = / A(r o)XY, dr+/ dv,Y,_
0 0

t
+ / (€6, Xr) aps (r,w)dre,
(o,p)€A(k;)xAle;)

+ Pep. (7.12)

Taking the % -optional projection of each side of (7.12) and using the fact that

—

A(no) XY =A(ro)XY)

r

we have
. ! .
Xy’ :/A(r,a))XrYr]_dr
Jo

+ D /eg, >apg(ra))drep+Ht, (7.13)
(0.,p)€A(kj) A

where H is a square-integrable % -martingale. However, from (7.9) and (7.10) we
also have

Xy’ —/X de+/dXY + Y, AX.AY/

0<r<t
:/Xr,izj(r)dr—i-/ﬁr,déf

't , - . ,
+/ A(r,0)X,Y! dr—&—/o %Y, d0.+ Y, vIAY/

0<r<t

because the martingales Q' and Q/ jump at different times if i # j. That is,
4 r ¢
Xy’ :/ Xh (r) dr+/ A(rw) XY dr+/ YR (r)dr+H?, (7.14)
0 0

where H? is a square-integrable % -martingale. Now Y,Y,j is a special semimartin-
gale so the decompositions (7.13) and (7.14), into the sum of a martingale and a
predictable bounded variation process, must be the same. Therefore, equating the
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bounded variation processes we see

A

¥=h (1) Iy, #){ (os X,) apo (r, 0)ep — I (r) }
(0,0)€A(k;)xA(L))

O

Corollary 7.3 If the entries a;; (t, ) of the matrix A(t,®) are adapted to the % -
filtration, then

—

(€5, Xr) apo (1, @) = <607Xr>apo' (rw)

N

B (r) = D (6, Xr)aps (1,0)

(o,p)€A(k;)xA(L))

and X, is given by a finite-dimensional filter. That is,

x { S (o )apo (r)ep— (1) :})d@.
(o,p)

€A(k;)}A(L;)

A Zakai Equation

To derive the Zakai form of this filter suppose the as) (¢, @) are adapted to the % -
filtration and suppose there is a k > 0 such that as) (f,®) > k for (0,p) € A (kj) x
A(¢}) and all j.

Define a new measure P, on (Q,.%, P) by putting E [dP/dP | ¥, | = A, where A
is the martingale

P t . .
Ar=1+ 2/ Ar— (W (r—=)"" =1)d Q.
=170

Then under P the components ¥ J of Y are independent Poisson processes. Con-
sequently define Q! =¥/ —t and write Q, = (@1,...,Qp )/. Consider the (P, .7)
martingale

_ Pt ‘ .
Ac=14Y /0 Ar— (W (r=)—1)dQ].
j=1
Then it is easily checked that

AA =1 a.s.
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We take P as the reference probability and compute expectations under P. How-
ever, it is under P that

) t .
V= [Wedreol j=1op
0
Write IT (A, ) for the 2 -optional projection of A under P. Then for each ¢ >0
(A)=E[A | %] a.s.

Furthermore, it can be shown that
B Pt
H(At):H—Z/O AJdQ,
j=1

where A/ =TT (A,_) (h/ (r—) —1).
Write

(o2 (Xl) = E [K[X[ | g[] a.s.

Also, 6 (1) =TI (K,). g: is an unnormalized conditional expectation of X; given %,

because X)
N O (X q:
X, =E[X, | %] = = —.
= EXIH=50 I (A,)

Therefore,

p . | aas
+ Z Z / [(eg,qr,>apg (rnw)ep fqr,] de.

J=1(0.p)€A(k;)*xA(L;)

Note again this equation is linear in q.

8.8 Problems and Notes

Problems

1. Fill in the proof of Theorem 3.2
2. Derive Equation (6.12).
3. Fill in the details in the derivation of Zakai Equation (7.15).
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4. Prove that the solution of (6.3) is given by

_ t _ t .
XA, = ®(1,0) {X0+/q>(r,0)‘A,cx,dy,+/q>(r,0)1A,dv,}.
0 0

Notes

The literature on semimartingales and stochastic integrals is found in many text-
books and monographs (Elliott 1982b; Wong and Hajek 1985; Chung and Williams
1990).

In Dembo and Zeitouni (1986) 7' is written as [J E[(X,,g) | % ]dy,, a non-
adapted stochastic integral which is not defined, at least in Dembo and Zeitouni
(1986). Also, it is not clear the reference to Yao (1985) in Zeitouni and Dembo
(1988) provides a finite-dimensional filter for ﬁ} in the general case.

However, the results of Section 8.4 above give explicit finite-dimensional filters
(and smoothers) for /@”, Ol,and J',1<i,j<N.
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Chapter 9
Hidden Markov Random Fields

9.1 Discrete Signal and Observations

In the previous chapters we used ideas and techniques to solve filtering and esti-
mation problems for dynamical systems evolving in one-dimensional (discrete or
continuous) time. Here, working again with the reference probability technique, we
discuss similar problems for “discrete-time” random fields, that is, sets of random
variables taking their indices from unordered countable sets, such as, for example,
lattices in Euclidean spaces. Our goal is to derive algorithms that could be useful to
restore, or filter, noisy or [as expressed by Besag (1986)] “dirty images.”

We shall be working under the assumption that the random fields are Markov
random fields. For that, consider a lattice L of points and consider a system of neigh-
borhoods .4 = {Ny,¢ € L} over L, such that each N, consists of a certain number
|N¢| of points of L, not including ¢. Denote X (Ny) = {Xy,k € Ny}. Then {X,,¢ € L}
is a Markov random field if P[X; = x | Xy, k # {,k € L] = P[X; = x | X (Ny)]; that is,
the dependence between the random variable is, for each Xy, determined only by
random variables in its neighborhood N;.

A random field X on a lattice L is considered. At each point ¢ of the lattice X,
takes some value. The random field X is not directly observed; rather there is a noisy
observation process y which is a function of X and, in the “blurred” case, of some
of the neighbors of X. We, therefore, have a hidden Markov random field, HMRF.

Conditions are given which ensure X is a Markov random field. The problems
discussed here are the following: given a set of observations {y,,¢ € L}, determine
the most likely signal {X;,¢ € L} and, also, determine the parameters of the model,
that is, the transition probabilities of the Markov random field X and the observa-
tions y. The technique used is that of a measure transformation which changes all
the signal, X;, and observation, y,, random variables into independent, identically,
uniformly distributed random variables. The use of this measure change is equiv-
alent to employing a form of Bayes’ Theorem; however, to exhibit analogies with
the rest of the book we choose to introduce a new probability measure. The lattice L
could be the set of pixel locations in some image. We first discuss the case where the
observation variables y take values in a discrete set. In Section 9.2 we considered



238 9 Hidden Markov Random Fields

the situation where y is scalar and the signal X is observed in Gaussian noise. In
Section 9.3, both the signal X and observations y take continuous values.

The Markov Random Field

Consider a finite lattice L. (In particular, L could consist of a grid or array of points
in R.) Associated with L we suppose there is a discrete Markov field X;, ¢ € L,
with a finite-state space S defined on a probability space (Q,.%#, P). Without loss of
generality we can suppose that S consists of the set Sy = {ey,...,ey} of standard
unit vectors in RY for some positive integer M. Then X; € S for each ¢ € L. We
shall suppose that each point ¢ € L has a neighborhood Ny consisting of points of L
different from ¢. The number of points in Ny may vary for £ on or near the boundary
of L. Write Ny = Ny U/ and |N;| for the number of points in N.

Given the state X; = x; and given X (N;) we suppose the site £ € L has an energy
proportional to

b (x¢, X (Ni)).

Here b(-,-) is a positive function defined on S x SN We suppose a probability
measure P is defined on the finite-state space Q = S* of this discrete random field
by setting

p oy = Tieth X (%) 0

forx = {x;,0 € L} € S. Here Z= ¥ . . Ty, b (x},x* (Ny)) is a normalizing con-
stant.
We shall assume in the sequel that, for each £ € L,

b(xe, X (No)) = [T @ (xa)a(xe). (1.2)

neNy

Here each @ (-) is a positive function on S? and a (-) is a positive function on S.

Remark 1.1 Note our model generalizes the Ising (Kinderman and Snell 1980) sit-
uation where, for each ¢ € L and x € S, a function U, is considered where, for
constants J, m, H,

J

Ur(x)=—5 El,v 01 (X) 0 (x) —mH 0y (x).

In this Ising case S = {e}, ez} and oy (x) = +1 if x; = ) and oy (x) = —1 if x; = e3.
Then, for x = {x;,¢ € L}

e Ui — H a*t (xp)a(xe),

neNy

where a* (x,) = exp (=30 (x) 0, (x)) and a (x;) = exp (—mHoy (x;)).
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Lemma 1.2 With P defined on Q = St by (1.1), if assumption (1.2) is satisfied, the
random field X satisfies the Markov property

P[Xézem |Xkak7£€7k€L] :P[Xf,:em ‘X(N/)}
. [Then, a™ (em)d™ (xn)a(em)

a szzl [nen, a* (ep) aP (xn) a(ep) .

Proof

P[X;=em | Xp,k € Lk # 0]
P[Xé = e, Xk :xkak#g]
o P X = xi, X = e,k # (]

Mt Tacn @ ()0 (5) Ty, " (1) )
X Hﬁﬁi]&v/"' a’ (xg) a* (em) a(x)

M Hk];éeNL [aen, a* (xa) a(xi)
¢

X HnEN[ a? (xn) a (ep) HﬁBG#Né"l a (Xﬁ) a™ (ep) a (xn)

[Ten, @ (xn) @ (em) a(em)

XM Tew, a? (xn) @™ (ep) al(ep)

O

Remark 1.3 We shall assume in the sequel that assumption (1.2) is satisfied and that
P is defined by (1.1). Note this implies the Markov field is homogeneous in space;
that is, the transition probabilities depend only on the neighbors and not on the lo-
cation (though for sites £ on or near a boundary, |N;| may vary). Nonhomogeneous
random fields can be discussed using the measure change method; however, pa-
rameter estimation is more difficult. Write .7, for the complete o-field on Q = S¢
generated by X. Write A, for the M x MNel matrix of probability transitions

a” ()C] goos 7X\N4;|)
=P[X;=en | X(No)] (1.3)
[Then, @™ (em) @™ (xa) a(em)

X0 Taew, @ (ep) a? (xa) alep)

s xiES:{el,...,eM}.

Now .#;_ gy is the o-field generated by all the X, with the exception of X;. With ®
denoting the tensor product we have:

Lemma 1.4 The signal process X has the representation

Xp = A¢ (Onen, Xn) + Vi, (1.4)
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where V; satisfies
E[Vi| Z ] =0.
Proof
E[V,| EL_{[}] =E [Xi— At (®nenXn) | ﬁL—{é}]
=E[Xo| Z1-1y] — At (®nen,Xn)

=Ay (®nEN[Xn) —Ay (®n€N[Xn)
=0.

The Observation Process

The process X is not observed directly. Rather, we observe the values Y, ¢ € L, of
another process Y which, without loss of generality, we identify with the standard
unit vectors fi, ..., fx of RX for some suitable positive integer K. Write

cm =P [Ye = fi| Xo = en] (1.5)

and C for the K x M matrix {cg}, k=1,..., K, m=1,....,M,sothat E[Y; | X;] =
CXy. Write %1, = 6 {¥y,£ € L} and assume that

EY | ZL.% ] =E[Y| Xe]. (1.6)

Lemma 1.5 For{cL
Y, = CX; + W,
where W, satisfies E [Wy | %] = 0.
Proof
E[W | %] =E[Y,—CX | % 11)]
=E[E[Y,~CX | Z1.% ] | Z10y]-

Using (1.6) this is

E[EY | X —CX¢ | 2101 ]
E[CX~CX¢ |1y ]
0.

O
In summary, we have the discrete hidden Markov random field (HMRF) model

Xy = Ag (Qnen, Xn) + Vi,

(1.7)
Y =CXy + Wy,
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where Ay is the M x MNel matrix of probability transitions given by (1.3) and C is
the K x M transition matrix with entries given by (1.5). The values V, and W, are
such that E [Vg | &O}\L,{e}] =0and E [Wg ‘ @Lf{k}] =0.

Change of Measure for the Y Process

Assume that ¥ (X;) = E [(Y;, fi) | X¢] >0 for 1 <k <K and all the values ey, ..., ey
taken on by Xy for £ € L. Write

1 K ] <Yévfk>
T K kl;[l (Ck (Xe)>

and

AL =TT

leL
Lemma 1.6 E [A; | 71,%_(n]| =1
Proof

E[M|TL,% 1] = EE

K 1 <Y[7fk>
I (H) | T, %)

k=1

T [ Yo, fi) | F. % q0y |-

O

Using Lemma 1.6 and repeated conditioning we see that E [Ar] = 1.
Now construct a new probability measure P on (SL LV %) by setting dP/dP =
(dP/dP) |'/LV?yL AL.

Theorem 1.7 Under P the random variables Y;, ¢ € L, are i.i.d. and uniformly dis-
tributed over {fi,..., fx }-

Proof Denote by E the expectation under P. Using a version of Bayes’ Theorem we
see
E[(Ye, i) | Pr. %0y ]

_ B[V oA L]
E[AL| ZL,% 1]
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A (nE {(Yz,f/&lf*lck X)) |9L,%—{z}]
- ArE [ | P12 (0] '

From Lemma 1.6 this is

—E {(Yg,f@ %WIXZ) | %,%{4}}
= %E[m,f@ | X¢]

x| = x| —

O

Remark 1.8 Under P, X; = A (®nen,Xn) + Vi. Note that under P the ¥ are, in par-
ticular, independent of the X,. Write A= QL[I and Ar = [Tyer A¢. It can be shown,
as in Lemma 1.6, that E[ 2, | 1% ] =1and E [AL] = 1. Set dP/dP = A;.
Then under P, P [Yi = fi | Z1,% (0] = &k (X).

[ |

Change of Measure for the Signal Process

In this section we start with the measure P on (S*,.%,V %), so the random vari-
ables Y, are i.i.d. and uniformly distributed, and the distribution of X € Q = SL is
defined by (1.1). Assume that a” (X;) >0, a(X;) >0forall{ € Land m = 1,.

Suppose that ¢ (-) is the uniform probability distribution on S, so that ¢ (e,) ﬁ
1 <i< M. Write

S tel)=T]ox)=M".
lelL

Define I', = @ (x) /P (x) where P( ) is given by (1.1). Note E[I',] = 1, and a new

measure P can be defined on (S%,.%;, V%) by putting
dp
-_— = F .
ap "

Lemma 1.9 Under P the random variables Xy, L € L, are ii.d., with uniform distri-
bution over S.

Proof Denote by E the expectation under P. Using again a version of Bayes” Theo-
rem we have

E[(Xo,en)To | Fry)

E[<Xé7em>|j14—é} = E[I—\L|yL []

Cancelling, and leaving in the expectation only terms involving X this is
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o

[ KeendX) | g 4
HnEN[ aXn (em)am (Xn)a<em) )

6(x,) 7 }
{nneNéanxoaXf(xn)a(X[) T

1 T T
E [ (Xye -
B HneN[“x"(em)um(xn)a(em) [< 4 m> | L []

- 1 E[(Xiep) | Zrit]
21 Men, @ (ep)a? (xn)a(ep) [(Xevep) | o]

o]

Writing 7 (p) = [1uen, @™ (ep) a? (xn) a(ep) this is

1 m(m)

wm) 3 7 (p) 1

M 1) M
p=1 n(p) ZkM:]n(k)

O

Now it is possible to start with a probability measure P on (SX,. 7V %)
such that the X,, are also i.i.d. random variables uniformly distributed over S =
{e1,...,em}. Then, given functions {a” (x,),a(en)} form=1,...,M and n € Ny,
¢ € L, we can construct a probability measure P such that

- r(m)
PIX, = ey | Xk £ 0] = — 1.8
[Xe = em | Xi,k # (] M 70 (1.8

We shall adopt here the convention 0% = 1. In fact, the probability measure P is
defined by setting dP/dP = T; where

= —l:P(xé)
S Y5 s

Lemma 1.10 Under the probability measure P, Equation (1.8) holds.

S

Proof The proof is left as an exercise. (|

We see, therefore, that we can start with a probability measure Pon (SL, FLV @L)
such that both processes Xy, £ € L and Yy, £ € L are i.i.d. and uniformly distributed
over {ey,...,en} and {f1,...,fx}, respectively. To retrieve the situation of Lem-
mas 1.2 and 1.5 we define a probability measure P by setting

AP dPdP  _ _
dp _ dpap L
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Recursion

We shall work under the probability measure P, so that X, leL,and Yy, £ € L, are
are i.i.d. and uniformly distributed over {ey,...,en} and {fi,..., fx }, respectively.
Using a version of Bayes’ Theorem we write

E[(Xp,em)ALTL | 2]
E[AT, | %)

E[(Xp,em) | 2] =

Notation 1.11 Write g, (em), m=1,...,M for the unnormalized conditional distri-
bution E [{Xg,em)ALl"L | @L]

Theorem 1.12 For { € Land m = 1,...,M a recursivelike equation for the unnor-
malized conditional distribution of one single random variable X, given all the ob-
servation % is as follows:

K
g (em) = 5" (em) Brr. (em) (1.9)

where

Br—tp(em) =E[Ar—TL(Xe=em) | Xe = em, P1] . (1.10)

Proof

E[(Xp,em) AT | 2]
= E [<Xéaem>KCY[ (em)KL—éfL | @L]

= KCY[ (em)E[<XZaem>E [KLfffL |Xé = emv%] | %]

K N —
= MCYZ (em)E [ALfér‘L | Xy = em,%]

= ECYZ (em) ﬂL—K,L (em) :

M
O
Theorem 1.13 Write
ﬂL_{[lstWfp} (eml 1€myy e ’emp)
=E[AL {000ty TL | Xey = €y X0, = €y, D]
Then Br_¢ 1 (em), m=1,...,M, satisfies the following “backward recursive” equa-

tion for any 0* £ 0; 0,0* € L
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KM
Br—ci(em) = 57 > M (er) Bu-gr.ey.0 (emsex)
=1
and
Br-r.r (€xys---ver,) =TL (exys---vex,) -
Proof
ﬁL—{é},L (em)
=E[A T | Xe=em, %]
= E[K" (Xp)E[ A0 1| Xo = em, X D] | Xo = e, 9|
M
=K Y " (ex) Bujoeey.r (emex) E[(Xem )]
=1
K,
— " (ex) Br—gr0y.0 (emsex)
M= {6,053,
where

Br—qe.0y. (emrex) = E [Ap_(oo T | Xo = em, X = e, %] .
Finally in the recursion we would have

Biro (ex i#ri€L)
= E [KCYr (Xr)r(ek”i?é r,iEL) |Xl :ekﬁi# r7@Li|

M
=KX ()T (ens # rey) E ()]

" (ep)T (exi # rrep)

S|
I

[
NN
Mz

" (ep) B-rr (€xys---e,) s

Mz

S|
Il

and

ﬁL—L,L (ekl g ,ekL) = FL (ekl goen ,é‘kL) .

245

O

The next result gives the normalized conditional distribution of the whole signal

given the observation.

Theorem 1.14 Let X = (X;,/ € L) and x € S*, then the conditional distribution of

the hidden signal given the observations is given by the following expression:

Meer Maen, @ (xn) a(xe) c¥e (xy)
Yest Ieer Inen, a't (x5)a (xj) e (x;)

PIX=x|%]=

(1.11)
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Proof P[X =x| %] =E [T1ser (X¢,x¢) | #1]. Using Bayes’ Theorem and the inde-
pendence assumption under P this is

_ E [Tver (Xe,xe) ALTL | 21 ]
E[ATL| %]
_ EMeer (Xe,xe) MUK Tper Taen, @ (xn) @ (xe) ™ (x0) ]
E [M*K!TLier TR (Taew, o (%) a () 4 e (x0)|
Meer Tnen, @ (xa) a (xe) €' (x0) E [(Xp,x0)]
vest Ieer nen, a‘ (x))a (x7) ¥ (x7) E [(Xe,x))]

and the result follows because E [(X;,x/)] = . O

Remark 1.15 Quantity (1.11) is a function of the hidden signal x. For any possible
signal x = (x;,£ € L) write

Zx) = logH H a*t (xp)a(xp) e (x¢) (1.12)
[,EL"€N[
=y 2 loga™ (x,) + ElogcY‘ (x0)+ > loga (x;).
(eLneN, leL leL

For any component xy, of x there is at least one possible value ey, € S of xy, for
which
Z (x| e ) =max.Z (x).
(xle0) =y 2 )

Here the maximization takes place with all components of x fixed, with the excep-
tion of x;,, and (x | eq, ) denotes the signal x modified so that e;, occurs in the /;
location. Suppose x, is a component of (x | e, ) Then there is at least one possible
value ey, € S of x4, for which

Z(x|egl,egz) :glae);f(ﬂegl).
2

Again, (x| e, eq, ) denotes the signal (x | e;, ) modified so that ez, occurs in the £,
location. This procedure can be repeated. Note that we obtain a monotonic increas-
ing sequence of log-likelihoods

X(x)gf(ﬂegl) S"g(xleéwefz) §~--§$(x|egl,e/2,...7egp)

and so the sequence (x | e, ), (x | o, er, ), . (x | egl,...,egp) provides better
and better estimates of the signal, given the observations.
|

In the next paragraph an alternative method of maximizing £ (x) is proposed.
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Maximum A Posterior (MAP) Distribution of the Image

Remark 1.16 Again consider quantity (1.12).

=Y loga (x,)+ Y, logc" (x)+ Y loga (x;). (1.13)

(eLneN, el leL

Given the observations Y, we suppose that each pixel ¢/ € L has an indepen-
dent probability distribution p (£) = (p1 (£),p2(£),...,pn(£)) over S. Write p =
(p(£),£ € L) and E, for the expectation under p. We now wish to determine the dis-
tribution p which maximizes E,.Z (x| y). That is, we wish to maximize E,.Z (x)
subject to the constraints

pj(£)>0 VleLand j=1,....M

and

pi(0)=1 V€L

s

1

J

To effect this, consider real variables p; (¢) such that pjz» (¢) = pj(£). Then we re-
quire Zp; (0 =1,v0elL.

|
Write

L(p,A)=E, +2M<2p, )

lelL J

Write k (£) for the set of k such that £ € Nj. Differentiating L (p,A) w.r.t. p; (¢) and
A¢ gives a sparse system of (M + 1) L equations with (M + 1) L unknowns

IL(pA) _ od (e
) - <,1;Nl,21g ()6} 1)
+ Y Zloga (ej) p7 (k)
kek(1) j=

+logc" (el)+10ga(e1)+)h> =

oLpt) _,, o0 d® (e

g <,,;M,zlg 930
+ Z ZIOga (e pj()
kek(1

—|—10gcY1 (e2) +1oga(er) —|—Al> =
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d
g =20 ()3, S o

nenNy j

+ Z Eloga (e) pj k)

kek(1

—|—10gcY1 (epm) +loga(em) +),1> =0

oL
=2 loga®! (e;
o~ (3, Zoss cofto
+ Y Zloga (ej p]()
kek(2) j=
+logc?? (el)+10ga(el)+7tz) =0
JL (
=2 lo
8PN( ) pN ng'\,ﬂz’ g(l ( )

dpn (L)

+ Z Zloga (e))pj (k)

kek(2

+ logcY2 (em) +1loga(ey) + 2,2) =0

JdL '

nenNy j=

+ Y Zloga (ej) p7 (k)

kek(2) j=

+logc't (el)—&-loga(el)—&—),L) =

oL =2pn (L <Z Zloga (ej)p; (n)

neNp j=

+ Y ZIOga (e}) pj k)

kek(L) j=

+logct (ey) +loga(ey) + 7LL> =0
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o Y
8717j=1pj(1)71f0
oL M
a—h—jzzlpj(L)—l—O.

Once a candidate for the critical value p = (p;(¢), j=1,...,M, £ € L) has been
found, an estimate for £ = (£;,¢ € L) is obtained by choosing, for each ¢ € L, the
state ¢; in S corresponding to the maximum value of p (¢) = (p1 (£),...,Pu (£)).

An advantage of this procedure is that it simultaneously estimates maximal val-
ues of x; for all pixels ¢ € L, thus avoiding the iterative procedures of the ICM or
simulated annealing (Ripley 1988).

Estimation

We now estimate the parameters in our model, namely, the entries of the matrices A
and C in the hidden Markov field X and the observation process Y, respectively. To
simplify discussion we shall consider only the transition matrix A corresponding to
nonboundary points £ of L, so that |N;| is constant. The transition matrix for points
on or near the boundary can be estimated in a similar way. Write

PlX;=em| Xy =ep,,n €Ny =a" (€k1,~~~76’kN)
7 (m)

- M
i (p)

and N = |Ny| for the fixed number of neighbors of points in N;. Also write P[Y; =
filXe=em)=crm k=1,...,K; m=1,...,M for the entries of matrix C. These
parameters are subject to the constraints:

M
d" (ex,,. - ery) =1, (1.14)

m=1

M=

Cim = 1. (1.15)

>~
Il

Assume a prior set of parameters
{am(ek]a"'7ekN) ;Ckm;l Ski;mSM;I SkSK}
We shall determine a new set of parameters

{@" (ex)s---exy) skm: 1 <kism <M, 1 <k<K}
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which maximizes the pseudo-log-likelihood defined below. Consider first the pa-

rameters cy,,. Define
K M ékm (Xpsem) (Yo, fx)
()
k

—Im=1 \Ckm
and

Ar=]JN.

el

It can be shown that E [A] = 1. Define a new probability measure P on (Q,.%1 \VV %)
by putting dP/dP = A;.

Lemma 1.17 Under the probability measure P
P [Yg = fr| fL,gfL_{g}] = Ciyn ON the set [Xg = em] .
Proof Assume X; = e,,; then by a version of Bayes’ Theorem we can write

PIYy=fi| FL. %] = E[ (Yo fi) | FL. %0y ]
E[Yu )AL | TPy
 E[M T ]
E[ Y fi) M| TPy ]
BN T ]

Now

ékm <Yl"rfk>
I (—> | T, %0y
E

k=1 \Ckm
S Akm
:];1; [<Y€afk> |<§Z.L7@L—{[}:|

k=1 Ckm
A K
Ckm
=2 = 2, Con =1
Chem k=1

Therefore
PYi=fi| ZL.% ) = E[(Vo.f) M | FL -0y ]

Crm
=E | (Y0, fi) i | 71, %0y

Ck R
= CTmEHYz,fO | Xo = em]| = Cim-

m
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Theorem 1.18 The maximum likelihood estimate of cy,, given the observations Yy,
{ €L, is given by

o = Yoer (Yo, fi) g (em)
eerqe (em) .

Where qq (ey,) is the unnormalized conditional distribution given by Theorem 1.12.

(1.16)

Proof
E[logAL| %]
K M
> DY Kevem) (Yo, fo) (10g & —log crm) | 21
k=1m=1/(€cL
= > > > Y0 fi) E[(Xe,em) | Di]10gm + R, (1.17)
k m ¢

where R is independent of ¢y,,. Now the ¢y, satisfy constraint (1.15)
K
2 Crom =
k=1
with dynamic form ¥, M, Zsz 1 (X¢, em) éxm = L or conditional form
ZZZE&MW%%_L (1.18)

m=1k=1(cL

We wish, therefore, to choose ¢, to maximize the quantity (1.17) subject to the
constraint (1.18). Using the Lagrange multiplier technique this is

o S e O E X en) | %)
o S E [ (Ken) | %]

or

for = Soer (Yo, fr) qe (em)
" Yrerqe (em) ’

where gy (ey,) is the unnormalized conditional distribution given by Theorem 1.12.
]

(1.19)

Consider now the parameters a™ (ek] . ,ekN) in the matrix A. To replace these
parameters by a" (ek1 yeon ,ekN) we consider, the pseudo-likelihood

(ek ek) (Xesem) Ten, (Xnser, )
n=TI T 11 (_> |

(€L m=1neEN, ky=1 (ekl ’ ekN)
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Then
E[logT | %1 ]
M M
=22 2 Y E|Xeew) [] Xuer,) | 2L
teLm=1neNyk,=1 neNy
xlogd™ (ex,,...,exy) +R, (1.20)
where R is independent of 4™ (e, ,. .., ek, ). We have the constraint
M
a (ekl,...,ekN) =1
m=1
with dynamic form
M M
Z Z z Z a (ekl""7ek1v) H <Xnaek,,> =L
{eLm=1neNy k,=1 nenNy

and conditional form

M M
NN YN a" ek, ey E | [] Knven,) | 21| =L (1.21)
leLm=1neNy k,=1 neN,
We wish therefore to choose 4™ (ek1 yee- ,ekN) to maximize the conditional pseudo-

log-likelihood (1.20) subject to the constraint (1.21). Using again the Lagrange mul-
tiplier technique we obtain

an (ek e ) _ EZELE [<Xe,€m> HnENg <Xn,€k"> | Q/L]
e Seer E [Tnen, (Xnsex,,) | 1]

From Bayes’ Theorem this is

_ Seer B [(Xe,em) e, (Xn,ex,) ALTL | 21
SierE [Muen, (Xnex,) ALTL | 1]

Using Notation 1.11 we can write

i ( ) Srer gy, (em;ex,,n € Np)
a \€k,,..-,€ =
e YecLqn, (ex,,n € Np)

(1.22)

7

where Ny = N; U/ and as in Theorems 1.12 and 1.13

qﬁ[: (emveknan S NZ)

K\
= <M) H ctn (ek,,)ch (em)ﬁLfm,L (em,ekn’n ENy),

neNy
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gqn, (ekynn € N[)

K\Y —~
~(3) T (e Boowatenm e Ny

neNy

are unnormalized conditional distributions.

A Blurred Observation Process

In this section the Markov random field X is still given by

Xo =A¢(@nen, Xn) + Vi (1.23)
but the observation process Y will express some “blurring” of the signal X:

Y = Co(®,en,Xn) +We, (1.24)
where C; is the K x MN¢l matrix of probability transitions

ck(x1,...,xm|):P[Yg:fk\Xn:xn,nENﬂ, X €8,
and ¥, € {f1,...,/fk}»
E[Yi| X (No)] = Ci(®pen, Xn)-

Remark 1.19 All the above discussions go through with minor changes in the proofs.
We shall mention only the most relevant results. Note that an assumption like (1.2)
is not needed for the ¢ (X (Ny)). Furthermore, the neighborhood system N, used
in (1.24) can differ from the one used in the dynamics of (1.23). Theorem 1.14 reads
as:

PIX =x| %]

Mrer hen, @ (xa) a(x) " (xp,m € Ny) (1.25)

Zx’ESL HZEL HneNé ax2 (xZ) a (xé) cte (ximm S NZ)
|
The MAP method of the previous section and the discussion in Remark 1.15 ap-
ply here. The maximum (pseudo) log-likelihood estimates of c* (e Jpaeeese jﬁ) and

a’ (ekl . ,ekN) are given by
Seer Yo, fi) aw, (ej,,n € Ny
C’k(ejl,...,ejﬁ): ZEL< k> N/( J _ ) (1.26)
Yrer 4y, (€j,:n € Ny)
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and
2[ qn, (8 s €y s 1 GNZ)
A" (ehys ey ) = e N . (1.27)
Yrer Xit1 9, (€isex,:n € Ny)
Here
w, (o €N0) = e (5,,n € M) By (v € N0)
qN[ Xn, 1 l) = Mﬁéc Xn, 1 14 L*{f} Xn, 1 l)s
B0y (xmn € Nz) =E [XL_{z}fL | X = Xp,n € N&%] )
ﬁLfL (xmn S L) = TL (xn,n e L)
and the Radon-Nikodym derivative A; is defined as
Yo, fi)
STk ([l o)
leL
9.2 HMRF Observed in Gaussian Noise
The process X is again described by
Xy = A(@nen,Xn) + Vo 2.1

We shall suppose the y process is scalar. (The case of a vector observation process
can be treated similarly.) Further, we suppose the real-valued y process has the form

e = &(@per,Xn) + O Dy, Xn ) We- (22)

Here the wy, ¢ € L, are i.i.d. N (0, 1) random variables. Because X; € S for £ € L the
functions g and o are determined by vectors (gl, 7gM\N4\) and G], NN
withg; >0, fori=1,.. MWl| respectively. Theng( neN, ) <g7 neN, les and

0 (@,ew,Xn) = (0,®,c7,Xa) where (, ) denotes the usual inner product in RY el

Note that a different neighborhood system 1\75 could be introduced in the obser-
vations. In image processing observations of the form (2.2) are said to be blurred.

Changes of Measure

Starting with the y process, define
A = 2o (e, X we)
= <G7 ®nENgX”>

2
x exp{ié (<g7 ®HEN/,‘X”> + <G’ ®n€NyX”>W[) + %W%}
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and

Ar=]JN.

leL
Using repeated conditioning we see that E [Az] = 1. A new probability measure P
on (S%,.7, V%1 ) is obtained by setting dP/dP = A;.

Theorem 2.1 Under the probability measure P the random variables yy, { € L, are
iid N(0,1).

Proof With E for the expectation under P. Then for any integrable f: R — R and
using a version of Bayes’ Theorem

E[f(o)ALl ZL, %0y ]

(AL | ZL, %0y ]

(

E
_E[f0) M| LY ]
E[M| P, % )]

E[f00) | Z1,% ] =

Now

E M| FL,% - {5}]
oo
= \/_exp{ (g, ®xy) + (G,®xn>w)2}<6,®nemxn>dw.

The values of g, o, and the x,, are known, so after a change of variable this integral
equals 1. Hence,

E[f o) | P ]

— = [ {ro0exl-3 (e en)+ (o.onm)’]
X <G,®n€kan>}de

\/—/ fve)exp (—1y7) dy

and the result follows. O

Now, starting from the probability measure P, we define another probabil-
ity measure P such that under P the Xy, £ € L, are i.i.d. random variables with
uniform distribution over {ej,...,ey} and the y, are i.i.d. with normal density
(1/v2r)exp{—1y*}. We start with P on (Q,.Z,, vV %1). To return to the real-world
situation, set

dP dPdP — —
—x = =X = A F . 2.3
dp  dPap Mt 2.3)
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Here A; is the inverse of Ay so that

-1
= <G7®n€1TJ[Xn> €Xp [_%W%—i_%«ga ®Xn>+<o-7®xn>w/)2]

Lemma 2.2 Under the probability measure P defined by (2.3) the random variables

Wy = - <g, ®nean> leL
(0B Xn) ’

are i.i.d. and normally distributed with density (1 /v 277:) exp (— %wz).

Proof Let f : R — R be any integrable function. Then

E[fwW)ATL| ZL, % (0]
E[ATL Z0,% (0]
LA E {f(w)ze \ 3‘)%40}
LA E F/z \ fu%—{e}}

E[fw)| 71, %10y =

Now as in the proof of Theorem 2.1 £ [Ip | 71, Z?/L_{[}] =1 so that

E[f(wo)| ZL.% 0]
=E [f(w)@ \ ﬁb%f{z}}
B /+°° fwi)exp{=3wF + 1 (g(®x4) + 0 (@x2) we)* }exp (=337
. 0 (®x,) V27

Since y; = g (®X,,) + 0 (®X,,) wy and wy is the only unknown random variable, this
is
= woexp | —=ws | —.
- f( f) P < 2 f) \/2—
The result follows. ([l

) dyg.

Signal Estimation

Theorem 2.3 Let X = (Xy,£ € L) and x € S- be any signal. Then the conditional
probability distribution of the signal is:

W (x,y)

P[X :x‘ %] = —ZX*GSL\P(X*’}))7

(2.4)
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where

2

— 1 ({Ye— <g7 ®neﬁ;xn>

¥ (x,y) = [1(0, @, n) "' R e
(x y) ZEL< nGNgx”> P 2 ( <G,®n€N4x"> )

x [T a (xn)a(xe).
neNy
Proof Here, P[X =x | %] = E [T1yer, (Xe,x¢) | #1,]. Using a version of Bayes’ The-
orem and the independence assumption under P this is then
_ EMier Xo. X)) ATL | 21
E[ATL| %]
W (x,y) MEE [(Xg,x0)]
vest ¥ (¥, y) MEE [(X;,x))]

The result follows because E [(X;, x/)] = 7. O

Remark 2.4 Quantity (2.4) is a function of the hidden signal x. For any possible
signal x = (x¢,¢ € L), given y = (yy,£ € L), write

Z (x) = log'¥ (x,y)
1

= logH<G,®neﬁéxn>7lexp ) <

Ve = {8 e, M) ) ’
leL

<G’ ®}1€N[xn>
x [T " () a(xe)
neNy
! (8,20 )’
-1 Yo — (8, ®Xn
= S log(0, @y ) — 2 3 (22
[,‘EZL < neNg > ZZEZL<<G’®HENAX”>>

+ 2 z loga™ (x,) + ZIOga(w).

{eLneN, lel

The maximization techniques used to estimate the signal x which were discussed for
-Z (x) in Section 9.1 can be applied to the present model.
|

Notation 2.5 Write 9y, (x,,,n € Ng) for the unnormalized conditional distribution
EA[H,,GM (Xn, xn) ALTL | 2]
Lemma 2.6 We have the following relation:

(0. Ducy )| 1<yz—<g7®nemxn>>2 1,

an, (n,n € Ny) = YT/ T} <c,®,,emxn> 2"

X ﬁL—{Z} (xn,n € Nl,‘) )
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where _ B _ B

BL*{[} ()Cn,n € Né) =E [AL,{[}FL |Xn =Xp,N € N[v%] .
Proof

E H <Xn7xn>KLFL 2,
nENk
= E| TT Xusxa) AeE [Ap_(0yTL | Xy = 50, € Ny, 9] ‘ @L] :
neN,

Writing

E [ALf{[}TL | X =xp,n € Nz,%} = ﬁLf{Z} (xn,n € NZ)

and substituting for

Ao = A¢ (Xn,n €Noyyi)

- L(yve—{g.®X)\" 1,
= (0, @X,) ! — | —
< 7® ’l> exp{ 2 ( <G,®X,1> + zyé

the result follows using the independence assumption under the probability mea-
sure P. ]

Write

BL—{él,éz,...,l,,} (xnl 1€ Nfl;xnm”Z € Nfz;'";x”p’nﬁ € Nép)
= E|:AL7{Z1,[p}FL
’Xm = Xp,, N1 Eﬁgl;...;X,,p = Xn, Mp EN[p,@L]

Then using double conditioning as in the proof of Lemma 2.6 we see that §; _ (4, (%X,

n € Ny) satisfies the following “backward recursive” equation for any ¢* # /;
00" e L:

ﬁL—{Z} (x,,,n GNZ) = Z <G’®n*eﬁk*xn*>7l

SNl
1 (ye*_<ga®n*gﬁ{,*-xn>>2 1

—= + %%
2 <G, ®n*€ﬁf* xn*> ¢

2
X Br—ge.0} (xne,n* € NgUN)

X exp

and

Br(xp,nel) =Tp(x,,nEL).



9.2 HMREF Observed in Gaussian Noise 259

Parameter Estimation

We only need to estimate the parameters in the observation process described by the
equation

Ye= <g’ ®n€ﬁ;;x > <G ®n€N; >W[’

where g = (gl""ngWzl) € RMY! and o= (Gl""’GMWU) € R%‘NN. We remark
again, the neighborhoods Ny used in the definition of y, could differ from those used
in X;. To simplify the discussion we shall consider only nonboundary points of L,
so that |Ny| is constant.

To replace the parameters by §i,...,4,,~ and 61,..., 6Mﬁ we must consider the
Radon-Nikodym derivative

(g,@n ﬁ,Xn> 2
<G’®"€N1:Xn>eXp{_ ( (6 ’®ne;[§"> ) }
Ar=T]

1
2
N 1 /y— </S®,,NXn> 217
=) <Ga®neN£Xn>eXP{§( L ) }

neNy

Now

2
N 1 ({Yye— <ga ®n€N[X">
logAp = —log(6,8®, -~ Xn) — = - +R (0,
e éezL 0g< et n> 2( <Gv®nemxn> ( g)

A~ 2
Yo — 8ky,...kx
LY S T e [Mgokl ,,,,, . u]

LeLky,...kg=1 nEN,
+R(0,8),

where Gy, i = (6, e, @ @ery), 8y dy = (&4, @ ®er,) and R(0, g) is
independent of & and g. Then

M

Ellogh|#]=-% ¥ E|[] Xoer) |2

CeLky,ky=1 | nen,

wl

X [10g6k|,...,kﬁ+ ~2

EllogAr | 2] = =Y E | [] Kuser,) | %

1Ky lel nEN,
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and the optimal estimate of G is

6 _ ZZELE[HHEN/ <Xn7ekn> | g)]/L] (yé _gAkl"“7kﬁ)2
i,k ZZELE[HWGN&‘ <Xnyekn> | @L]

From Bayes’ Theorem this

- - . 2

5 el E [Hnem (Xu, e, ) ALTL | L] (ve — 8y )

ks = £ i )
b SeerE[Myew, (Xnsex,) ALTL | 21

Using Notation 2.5 we can write

. _ ZeeLdy, (ex,,n € N¢) (ve —gAkl,,..,kﬁ)2

Oky,...hyy = = (2.5)
b Yrer 4y, (e, n € Ny)

£ 9E[logAL | ]
57

The optimal estimate of g, ey is a solution o = 0 and using the same

argument we obtain

Sierqn, (ex,n € Ni) ye
YreL 4y, (ex,n € Ny)

8ky ooy = (2.6)

where gy, is the unnormalized conditional distribution given in Lemma 2.6.

9.3 Continuous-State HMRF

Signal and Observations

A random field X. on a lattice L is considered which at each point ¢ of the lattice
can take any real value. The actual value X, is related to the values of X, for n in
some neighborhood Ny of ¢, plus some (additive) noise. Here the set of observations
ve, ¢ € L, are also real-valued and involve additive noise. Our development focuses
on the situation where the transitions in the Markov random field X. are related to
Gaussian densities, and the noise in the observations y, is also Gaussian. In this
case the MAP estimate of the signal, given the observations, is the solution of a
sparse set of linear equations. The observed process y is assumed to satisfy the
dynamics

Yo = Z CnXp + Wy, 3.1

neNy

where N, = Ny U/, the coefficients ¢y, £ € L, are real numbers and the wy, £ € L,
are independent random variables with positive densities y;. The hidden signal
is described by a set of real random variables X;, ¢ € L, with joint probability
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density
2
[eerIs,en, exp { % }
D(xp,lel)= Z , (3.2)
where Z is a normalizing constant.
Lemma 3.1 The conditional density of Xy given all the other X;’s is given by
I ex { =g —ann| >~ pon—apx[* }
neNy p 202
D (x| xp,k # L) = b —aminP—n—ar :
fR HHEN/; exp{ — n20-2 L }dX[
Proof
@ ( ‘ k#g) CD(xk,kEL)
xp | X, =
¢ ¢ k fR(D(xg7xk,k7é€)dxg
2
. [Trer HneNk exp(#) {_ |xk - anxnl }
= 5 .
fR [eer HnENk eXP(ﬁ) {= ek — anxn| " }dx,
After cancellation we have only terms involving xy; this, therefore, is
2 2
_ HnEN[ exp(#) {= e — anxn|™ — %0 — agxe| ™}
S Tnen, xp (552) {= e = awal* — [n — agxe|* Yx,
O

Changes of Measure

Consider first the y process. Define

A new probability measure P on .F; V %; is obtained if we set dP /dP = Ay. Under
P the random variables yy, £ € L are independent with densities y;. Now consider
the signal X. Let ¢ (x) be any positive probability density defined over R, and write
® (x4,0 € L) = [Tser & (x¢). Define

dA)(X[j,K eL)
Ip=——7—775,
D (xp,l€L)

where @ (x;,¢ € L) is given by (3.2). Define a measure P on .%7 \VV %1 by putting
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Lemma 3.2 Under P, the random variables X, { € L, are i.i.d. with density §.
Proof Suppose f: R — R is any integrable function. Then

E[TLf (X)) | Z1_q0y]
ETL| Zn]

E[f(X)| Fr_q0] =

Leaving under the expectation only terms involving X, this is

E[ 6 (X1 (X0)
HnEN[ €xp ﬁ {7|X(7a,,x,l|27|xy,fagXA2}

E[ 1 — 2 2 |yL{f}:|

HnEN{/ exp ﬁ{flefanxnl —|xn—a,X;| }

| yL{Z}:|

Using Lemma 3.1 and writing

B — ¢ — anxn|* — |0 — agxe |
= H exp 262

neNy
this is
O (x0)f(xs ,
_ Jr w()x/()xz)d éf]R n(mdxz
fete o nta e
= [ 80 () = ELr (0],
and the result follows. O
Estimation

We shall work under P, so that X and y are two sets of independent random variables
with respective probability density functions ¢ and ;. In this section we choose v

12
" exp (—x%/2p?).
Notation 3.3 Let x = (x;,¢ € L) be any value of the hidden signal X and write

to be the normal density (27p?)

[T/ €dx) | %] = qL(x)
tel

for the conditional probability density function of X given the observation y.
Theorem 3.4 If the probability density function of X is as given by (3.2) then

I'(x,y)

JoeT (x,y)dx’ (3.3)

qr(x) =




9.3 Continuous-State HMRF 263

2
Here ' (x,y) = Iser [Tnen, exp{ —lx—anxl* (y‘i_zmeﬁg C'"x'") }
202 2p2

Proof For any arbitrary integrable function f : RE — R

E[f(X)ATL| 2]

EL001 %) = = St
2
E‘ f(X)HZELHnEN(eXP{X[aanz (yf*szN[Cme) } @
202 B 2p2 L
d(x)

2
E‘ HKEL HnENér exp{ 7|X[7a,1X,,\2 _ <y/172n1eﬁé C’"X’") } @L
202 2p2
dX)

Under P, X has the probability density function ®. Therefore, this is

. 2
Jrrf (%) [eer ITen, exp{ ——awml* (yrz'"Esz C’"x’") }dx

207 20” - (3.4)
fRL HZGL HnGNg exp{ ,‘xg,anxnll B (yﬁZ,,,em L‘mxm) }dx
202 2p2
On the other hand we have
ELF00) %)= [ f()q(x)ax (35)
Equations (3.4) and (3.5) yield at once (3.3). O

Theorem 3.5 Suppose A is the L x L matrix such that the (th row has the only
nonzero entries

2c v+ a2
Ao = _2[ o2 ‘
2cuce 2ay
Ak,n = p2 — ? l‘f”l S N[,
and
CmC
Apm = ;)"2[ ifmeN,, n€N,Il+#m.

Here vy is the cardinality of Ny. Also B is a matrix with nonzero entries ¢, /p> for
n € Ny. If A is nonsingular the maximum conditional likelihood of the signal x =
(x¢,€ € L), given the observation'y = (yy,£ € L), is given by xyy = A~'By.
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Proof For any x € RE write

=log[] Hexp{im | }

(eL neNy
2
(yé - ngN[ mem) }
X Hexp{ '
lel 2P2
2 1 ?
(23 sprtam?+ Z (v T o) )
feLneNy 262 leL 2p2 meN,
Now
P rw=3 L )
—_— = X) = — Xy — an.xn CmXm —
ax@ neNy 62 2 meN,
ay Cy
T2 2 (xn_aﬁxlj - 2 I? (yn_ 2 mem>
neNy neNy meN,

% 2¢2 2c;,c 2a
(52 3 (- 2)-
o> p? nen, c
CyC, Cy Cy
I

2
nENy meN, ,m#l p p neNy p

Setting (/dx¢).Z (x) =0 for £ =1,...,L yields a system of L linear equations in
matrix notation
Ax = By.

Hence
xy =A""'By,

where B = d1ag(—'2 p—%,... 4). O

Remark 3.6 The form of the matrix A depends on how the lattice and neighborhood
system are defined. Simple cases indicate A is in general nonsingular. The measure
change method will work with other forms of density for the signal X and obser-
vations y, though perhaps with not quite such explicit results. It is of interest that
Theorem 3.5 describes the MAP estimate for the signal without techniques such as
simulated annealing.

]

9.4 Example: A Mixed HMRF

The signal we consider here could be from a region of distant space. The atmosphere
causes distortion and blurring of the picture. Another possible source of noise is in-
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herent to the recording device itself. The scene is partitioned into a lattice L of pixels
or frames and all the quantities of interest will be indexed by L. We shall assume
that at each frame or pixel ¢ € L the signal consists of essentially two components:
the luminescence, which is represented by a continuous real random variable Xy;
and the number of stars, Z,, which is represented by a discrete random variable. The
observed information at each pixel ¢ is given by a continuous real random variable
v1,¢ and a Poisson random variable y; ¢. All random variables are defined initially
on a probability space (Q,.%,P). Write #, =0 (Z;,{ € L), % = o (X;,{ € L) and
Y =0 (y17[7y2’[,£ € L) for the complete o-fields generated by the two components
of the signal process and the two components of the observation process respec-
tively.

Write Ny = Ny U {¢} and X (Ng) = {Xk,k € Ng} and Z(N[) = {Zk,k € Ng}
Given Z (Ng) and X (N g) we suppose there is an “energy” at £ € L proportional to

— — ZI’th’X Zﬁ
©; (Z(Ne) X (Ne)) = TT exp{—p (Zn, X, Xe)} (“(7))
nenNy ZZ.
2
Xexp{ —xg—a;gmzaxnl} . @.1)

We suppose a probability measure P is defined on the state space Q = NF x RE by
setting
PZ=zX=x]=C '] ®:(z(N/) ,x(N()) := ®L(z,x) 4.2)
lel

for (z,x) € NE x RE. Here C = ¥ [pe® (z,x) dx is a normalizing constant. In
view of (4.1) and (4.2) we have
PlZi=2.Xe=x| FL (0.9 -10)]
=Y (2% | Fr0p:%—10})
= P|Zy=z0,Xe=x¢ | Z(N¢) . X (No)]
I (z¢, %)

B : 43
Yo Jr IT(k,x)dx 4.3)
Here
H(Zé’xf) B H exp{_“ (Zn’xn,)%) —H (ZZ,XZ,)C”) - le —ay (ZnaZ[)xn|2
nENg
2 (M (20, X, Xp) Z 7
= xn —ap (z0,20) X0 <T> (1 (ze, %0, %)) } (4.4)

That is, (X¢,Z;) is a Markov random field.
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We suppose that our mixed HMRF is described by

Xy, felL, Zy, lelL,
yie=h(Ze,Xe) +wy, 4.5)
Y20 = V(Zy, Xg) +my.

Here v (-) is the intensity of the Poisson process y, ¢; wy are independent real-valued
random variables with density functions y; and;

E[m¢| ZL.9, % —{y20}] =0

and X and Z have the joint probability distribution given by (4.2).

We shall define a new probability measure P on (Q,.%; V%, V %1 ) such that the
four processes Xy, Zy, y1¢ and y, ; become four sets of independent random vari-
ables which are, in particular, independent of each other. Let ¢ (x) be any positive
probability density defined over R (e.g., a standard normal), and write

L (xp, 0 €L) = H¢ X¢)

el

Assuming that all quantities of interest are positive, define

1 (X)) v 0e) exp(v(Z X))
e @ (X,Z) jop We(we) (V(Ze,X0))™ Zy!

AL =

forX = (X;,l €L), Z=(Z,L€L).
Lemma4.1 E[A;]=1.

Proof
EAN]=E[E[A |2~ {01e}, 7% ] ]

@ (X) Nl exp (v (Z,Xr)) /W vie) y12‘|

L (X, Z) jop (v(Ze, X)) 20!

The integral is equal to 1 and proceeding in the same manner with y; ¢ this becomes

{ dx) 1 }

@ (X,Z) et Trer Zi!

_ 1L D (x) D (x,k)d
€ (kg ter)ent /R D (x,k) Tk!
L
e

]
A new probability measure P on (Q,.ZLV¥Y V%) is obtained if we set
dP/dP = A;.
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Theorem 4.2 Under the probability measure P the process {Zy,{ €L}, {X;,{ €L},
{yl’g, le L}, and {yzvg} are four sets of independent random variables which are,
in particular, independent of each other. Moreover, Zy and y, ¢ are Poisson random
variables with intensities equal to 1, Xy has probability density function (13[, and y1 ¢
has probability density function ;.

Proof Let f,g from R — R be any integrable functions and &, 11 any summable
functions from N — R. Then using a version of Bayes’ Theorem we write

E[f(X0)g (v1.0) € (Z)N (v20) | Friy-Gii0y- P10y ]
_E [f(X0) g (y1.0) € (Z)n (v2.0) AL | Fryey Gi—10 D10y |
E[AL| Z110% 10y P10} ]

(X)) g (v1.0) & (Ze)n (v20) AL)
B (1, AL>

~ (fX)g(yie) E(Z)n (v20) . &)
a (1, 5z> '

Here R
0 (Xe) Wi (yu) exp (v (Ze, X))
Z ye(we) (V(Ze, X)) TH(Ze, Xo)
and T1(Z;,X;) is given by (4.3). Using repeated conditioning as in the proof of
Lemma 4.1, we see that

=

-1

2/1’[ (x,k)d ] ,
(f (X0)g (v1.0) & (Zo)n (v2,0) , 60)
=E[f(X)E [g(r1.0) | E[E(Z))E [0 (y2,0)] (1,60),

and Xy, Zy, y1 ¢, and y; ¢ have the stated probability distributions. U

(1,60) =

Conditional Distribution of the Scene

We shall work under the probability measure P.

Notation 4.3 Let k = (k;,¢ € L) € NF and x = (x;,¢ € L) € RE be any value of the
signal components and write

[T (Xe € dxe,Ze = ke) | 2 | = qu (k,x)
leL

for the conditional probability density distribution function of the signal given the
observation y.
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Theorem 4.4
Y (k,x,y)
k,x) = 4.
9 (k,x) Ywent Jpe Y (K, x'y)dx' (4.6)
Here
Y (k,x,y) = @1 (k,x) [T we (y1.0 = h (ke,xe)) (v (ke,xe) > exp{—v (ke,x0)} -
leL

Proof For any integrable function f : N x Rl — R and by a version of Bayes’
Theorem we write:

E[f(ZX)A| %]
E[AL| %]

E[f(Z,X) 9] =

using the independence and distribution assumptions under P; after simplification
this is equal to

Sient Jur [f (k,x) @ (k,x) TTy € Ly (y1,0 — h (ke,xe)) (v (ke,xe))™>
xexp (v (k,xe)) ]dx

“@.7)
Sprent Jre [‘DL (k*,.x*)Tle € Ly (yhﬂ —h (kZ‘,x}T)) ( (kw /))m
xexp (v (kj,x})) |dx*
On the other hand we have
EfzX)| %)= 3 [ flxba(vidr 438)
keNL
Comparing (4.7)—(4.8) yields at once (4.6). U

Maximum A Posteriori Distribution of the Scene

To obtain the maximum posterior estimate of the scene, given the observations y,
the values of (k,x) = (k¢,x¢,¢ € L) which maximize g, (k,x) given by (4.6) could
be obtained. However, the k; take integer values, and it is difficult to find the maxi-
mizing values of (k,x). Procedures discussed in the literature (Ripley 1988) include
the ICM (iterated conditional modes), or simulated annealing. As in Section 9.1 we
propose an alternative method which leads to a sparse system of equations.

Write

L (kx| y) = log®p (k,x)+ Y logyy (y1,0 — b (kg, xr))
leL

+ 3 (2= 1) v (ke xe)- (4.9)
leL
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It is sufficient to seek values of (lAc,)?) which maximize .Z (k,x | y). For any posi-
tive integer N and any pixel ¢ € L suppose there is a probability distribution p (¢) =
(p1(&),p2(0),...,pn (€),pn+1(£)) which assigns a probability p; (¢) to the inte-
geri, 1 <i<N,and py; (¢) to the integers greater than N. Write p = (p(¢),£ € L)
for the corresponding distribution and E), for the expectation. Consider

ZL(px|y)=E,[ZL (kx]|y)]. (4.10)

Both variables p and x are now continuous and we propose to investigate the critical
points (p,£) of £ (p,x|y) subject to the constraints

pi(0)>0, VeL 1<j<N+1, @.11)

and
N+1

ij(g):l, VleL.
=

Once a candidate for (p,%) has been found an estimate for (k,%) is obtained by
choosing, for each ¢ € L, the integer i corresponding to the maximum value of p (¢).
In case this procedure gives i = N + 1 for a large number of pixels ¢ perhaps initially
a larger value of N should be chosen. To effect this, consider real variables p; (¢)
such that pj2» (¢) = p;j (£). Then we require

N+1
> pi)=1, V€L (4.12)
j=1

Write -
+
L(p.A) = EpZ (kx| y) + X A (2 PHOE 1) .

leL j=1
Differentiating L(p,A4) w.r.t. to p; (£), x, and A, gives a sparse system of (N +3)L
equations for the critical values (p,%).
Again an advantage of this procedure is that it attempts to find simultaneously
maximal values of k(¢) and x(¢) for all pixels £ € L, thus avoiding the iterative
procedures of the ICM or simulated annealing.

9.5 Problems and Notes

Problems

1. Show that under the probability measure P defined in Theorem 1.7 the random
variables X, ¢ € L satisfy the Markov random field property given in Lemma 1.2.
2. Establish the result of Lemma 1.10
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3. Explain whether the algorithm described in Remark 1.15 converges necessarily
to a global maximum or not.

4. In the blurred model described in Section 9.1 derive (1.25), (1.26), and (1.27).

5. Discuss the MAP estimation of the signal X for the HMRF observed in Gaussian
noise in Section 9.2.

Notes

The literature on image processing is extensive. Important contributions include
Besag (1986), Geman and Geman (1984), Qian and Titterington (1990), and Ripley
(1988).
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HMM Optimal Control



Chapter 10
Discrete-Time HMM Control

10.1 Control of Finite-State Processes

Discrete-time control problems are treated, for example, in Kumar and Varaiya
(1986a) and Caines (1988). Here we discuss the discrete-time, partially observed
control problem using the reference probability. The reference probability is con-
structed explicitly, and the role of the dynamics in the separated problem clarified.
The unnormalized conditional probabilities, which describe the state of the process
given the observations, play the role of information states, and the control problem
can be recast as a fully observed optimal control problem. Dynamic programming
results and minimum principles are obtained, in terms of separated controls, and
adjoint processes are described for each model.

Dynamics

We use the notation of Chapter 2.
The state and observation processes are as described in Chapter 2 by the equa-
tions

Xir1 = AXi + Vi1,
Vi1 = CXp + Wiyt

Now, we suppose that the transition matrix A (.) in the chain X depends on a control
parameter u taking values in some measurable space U. At time k the control uy
is to be #;-measurable. Write U (k) for the set of such controls and U (h,h+¢) =
UnUUh+1)U---UU (h+£). For u = (ug,...,ux—1) € U(0,K—1), with u; €
U (i), where K is the finite horizon, X will denote the corresponding process. We
suppose there is a probability P on (£2,%;) such that under P the ¥; are i.i.d. random
variables uniformly distributed over the set of unit standard vectors {fi,..., fur} of
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RM_ A new probability measure P* is defined by putting

dpP"

dP

it 1 (S 00d) 0.0

%, =1
Recall from the notation of Chapter 2 that
et = E [Yir1 | 9] = CX;

and ¢} | = (ck1, /i) = E Y | %] = (CXk. f;). Then under P*, let us write the
model as

Xir1 = A () X +Viy 1,
Yiy1 = CXp + Wit

From Equation (2.6.1) the recursion equation for the unnormalized distribution
again has the form

=

Qi y1 :E[KZ—HXHI | %H] :MZ <61Z,€/> jHCYkH. (1.1)

Jj=1

The initial value g is the distribution of Xj.

Equation (1.1) describes the observable dynamics of a separated problem. gy |
is an information state. That is, if we know g/, Yo, ...,Ys;1 and w, Equation (1.1)
enables us to determine g, . The information state g is a positive (not necessarily
normalized) measure on S = {ey,...,ey}. As in Chapter 2 we work under P, so the
Y’s remain i.i.d. and uniformly distributed. A more general model would allow the
entries of C to be u-dependent.

Cost

Suppose there is a cost associated with the process of the form

K
J(Xo,u) =Y (Xi, b (),  foru=(ug,...,ux) €U(0,K).  (1.2)
k=0

Note the cost is, without loss of generality, linear in X.
Here, for each k € {0,1,...,K} and u € U, ¢, (u) € RY. Then the expected cost
if control u is used is

Vo (u) = E[J (Xo,u)]

Ak (i (X, bk (W»ﬂ

k=0

=E
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_F li (E[Rx| %) <uk>>]

k=0

=E [i <qz,ék<uk>>] : (1.3)

k=0

We see that the cost is expressed in terms of the information states given recursively

by (1.1).
If g is such an information state at time k then the expected remaining cost cor-
responding to the control u € U (k,K) is given by

Vk(Qvu) :E

K
D Ad () | = q] - (1.4)

j=k
For 0 < k < K the cost process is defined as the essential infimum under P

Vikg)= N Vilqu).

ucl(k,K—1)

For k =K setV (K,q) = E [(g, ¢k (u))]. The following dynamic programming result
is then established:

Lemma 1.1

(k q E[ Q7€k( )>+V(k+1 qk+1) ‘Qk— } (15)
uel (k)

Proof

4 <k7CI) = /\ Vi (Cb M) = /\ /\ Vie (q’u) :

uel (k,K—1) u€U (k) veU (k+1,K—1)

Using (1.4) and double conditioning this is:

= A /\ E|E

u€l (k) vel (k+1,K 1)

(q: L (u))

+.§, (5,45 ( ’%H]“]k— ]

i (q'5.45( ‘%&11 ‘qk—qu-

j=k+1
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Using the lattice property for the controls [see Lemma 16.14 of Elliott (1982b)], the
inner minimization and first expectation can be interchanged, so this is

= A {F[@Mk () | gk = 4]

uel (k)

+E N

veU (k+1,K—1)

= /\ (g, b () +V (k+1,q81) |ae=q] -
U

§<q,, )>’%+11 ‘qk=q]}

j=1

O

Definition 1.2 A control u € U (0,K — 1) is said to be separated if u; depends on
(¥0, - - -, yx) only through the information states g. Write U, (0, K — 1) for the set of
separated controls.

Lemma 1.3

Vikkg)= N Vilg,u). (1.6)

uclU,(k,K—1)

Proof The proof will use backward induction in k. Clearly

V(K.g)= N\ Vk(qgu)= N El(g.tk )]

weu (k) weu(K)
= A Ellg.lk )]
uEQ.Y(K)

and the result holds for k = K. Then from Lemma 1.1

/\ E[(qg.0c(w)+V (k+1.q¢ ) | =4q].
uel(k

It is clear that a minimizing u; (or a sequence of minimizing u;’s) depends only on
the information state g; = g. Therefore,

Vikg) = N El{gb@)+ N Ve (@) ‘]k:‘I]
ucU, (k) veU,(k+1,K-1)
= A Vlguw.
ueU,(k,K—1)

A minimum principle has the following form:
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Theorem 1.4 Suppose u* is a separated control such that, for each positive measure
q on {ei,...,en}, ui(q) achieves the minimum in (1.5). Then Vi (q,u*) =V (k,q)
and u* is an optimal control.

Proof We again use backward induction in k. Clearly
Vi (q,u”) =E[{q,k ("))] =V (K,q).

Suppose the result holds for k+ 1,k+2,...,K. Then

E[(q. 0 (")) + Vi1 (g y.u) | an = q]
=E[(q, 6 (w))+V(k+1,4¢,) | g =4q]
vV (k,q).

Now for any other u € U (0,K),

Vk (CI7 ult)

Vi (qvu*) =V (kaQ) <Vi (q’u) )

and, in particular, Vp (g, u*) < Vy (q,u), so u™ is optimal. O

Adjoint Process
For simplicity suppose the cost is purely terminal at the final time K, so
J (Xo,u) = (X, Uk (uk)) ,

where ug € U (K). Consequently, x (ux) is %% measurable and so a function of
Y1,...,Yk. Then, as in (1.3),

Theorem 1.5 Define g = {x (ux) and, if N =N (Y1,..., Yy 1) has been de-
fined, set

N M
ne = oY) = 3 (i (i) af)cige. (1.7)

where 0!, (fi) = My (N1, - - Ya, i) Then ! is the adjoint process such that

E[{txk (u),qk) | ] = (0 q) -

Proof Again we use backward induction

E[{lk (u),qk) | Zk] = (b () .qk) = Mk qk) -
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So the result holds for k = K. Suppose 0, | = N, (Y1,..., Yk, Yiy1) has been de-
fined. Then

EK”/?H#IZHH%]

-2 | (L el ) 1o

M

™M=

1<qk’e/>E[<nk+17 ]><Yk+1,c,> | %]

J

N M
P 722 nk+1 (fi), j>cl]€j>_<q;(¢3nku>

j=1li=1

and the result follows. O

Remark 1.6 Notice that the adjoint process is given by finite-dimensional linear

equations.
]

The Dependent Case

When the noises in the signal and observations processes are not independent as in
Section 2.10, the observable dynamics of the separated control problem are given in
Lemma 2.10.4 as

Jiy1 = Z Z<Qk7€]> Sy.j Okt 15 fr) -

r=1j=

Here s,ij = P (Yi+1 = fr, Xkr1 =€ | Xg =€) and s,.; is the vector (s,lj, .. ,erj).
The initial value gy is the (normalized) distribution of Xy. The above analysis goes
through and the dynamic programming results are exactly as before. The adjoint
process ;! is given by

k N
=2 2 (T (F)s)) e (1.8)
r=1j=1

Markov Chain in Gaussian Noise

The model

Xir1 = AXi + Vierr,
Ver1 = ¢(Xk) + 0 (Xi) Wiy 1,
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where y is real-valued and the wy are i.i.d. N (0, 1) random variables, is discussed in
Chapter 3 where we derive various estimators of quantities related to the state and
observations processes. The recursive equation giving updates of the unnormalized
conditional distribution of the state is reported here for convenience:

=

Yerr Xer1) = 2 (% (Xe) T (k) ) @i,

i=1
o(%5)

019 (yi)

where

I (v) = e;.

The initial value g is the distribution of Xy. The above discussion goes through.
The adjoint process is given by

oo o
M = Z - /m (M 1,A () €) B (y Cl) dy. (1.9)

O

We recall that ¢ is the positive densities of wy, and the wy form a sequence of
independent random variables. The ¢; and o; are the components of the functions ¢
and o, respectively.

10.2 More General Processes
Dynamics

Consider a finite-time horizon control problem and, for simplicity, suppose the noise
is additive in the state and observation processes. All processes are defined initially
on a probability space (Q,.%#, P).

The state process {x;}, k=0,1,...,K, takes values in R? and has dynamics

X1 = Ak (X, ) + Vi1 (2.1

We suppose the initial density m (z) of xo is known.

The observation process {y }, k=0,1,...,K, takes values in R™ and has dynam-
ics

Vir1 = Cr (k) + Wit 1- (2.2)

We suppose yo = 0 € R™. For 0 < k < K write y* = {y0,v1,...,%}. {%} is the
complete filtration generated by x and y. {#;} is the complete filtration generated
by y.

The noise in the state process is a sequence {vi }, 1 < k < K, of independent R4-
valued random variables having densities Y. The noise in the observation process
is a sequence {wy}, | <k <K, of independent R"-valued random variables having
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positive densities @, ¢ (b) > 0, for all b € R™. The parameter uy in (2.1) represents
the control variable, and takes values in a set U C R”. At time k, uy, is %} measurable,
that is, uy, is a function of yk. For 0 < k < K write U (k) for the set of such control
functions and

Ulkk+0)=U (k) UU (k+1)U---UU (k+20).

Foru € U (0,K — 1), X will denote the trajectory (x9,X;,X>,...,Xk) determined by
(2.1), and a sequence vy, ..., vk of noise terms.

Unnormalized Densities

Suppose we have an equivalent probability measure P on (Q,%) such that under
P {y;} is a sequence of independent random variables having positive densities ¢y
and for any u € U (0,K — 1), X;. satisfies the dynamics in (2.1).

Suppose u € U (0,K — 1). Define

v 9 (e —Coi (X))
Ne=T1 e (ye) '

Then a probability P* can be defined by setting the restriction of dP"/dP to 9k
equal to KL;(. It is under P* that the state and observation processes have the form
(2.1) and (2.2).

Write g} (z) for the unnormalized conditional density such that

E[Ad (X €dz) | %] = g} (z)dz.
The normalized conditional density p} (z) is then given by:

() = (2)
T Jpeg (8)dE”

and for any Borel test function f
B (Ks) | %] = [ 1@ Pl ()

Similarly to Theorem 4.4.8 we have the following recurrence relation for gy

Theorem 2.1

‘IZ+1( ) ¢k+1 yk+1

2.3)
/ Vir1 (2= Ax (&) Gt (V1 —Ci (8)) g (§)dE.
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Remark 2.2 This equation describes the observable dynamics of a separated prob-
lem. gf, , (+) is an “information state” in the sense of Kumar and Varaiya (1986a).

That is, if we know ¢ (-), Yt

Tis1 ().

and uy, Equation (2.3) enables us to determine

The initial information state gq is just 7y, the (normalized) density of xo. Note that,
even if 7y is a unit mass at a particular xo, gf (z) = ¢ (1)~ w (2= Ao (x0,u0) ) X
¢1 (y1 —Co (x0)), and the consequent terms ¢4, g%, . .. follow from Equation (2.3).

Cost

Suppose, given xp and u € U (0,K — 1), the cost function associated with the prob-

lem is of the form
K—1

J (x0,u) = Y b (X, uge) + Lk (X ) - (2.4)
k=0

Then the expected cost, if control u is used and the density of x¢ is m (+), is
V() (7'C(),u) =F [J (X(),u)] . (2.5)

This can be expressed

i K—1
Vo (mo,u) = E |Ax (Z O (X, ux) + i (XK)>
=0

K-1
= ¥ E[Ayt (Xe,u)] +E Al (X )]
k=0

K—1
=E| Y (b(zu),qt () + (k (2) g (Z)>]

k=0

=F|E

K—1
Y (i (zm) ,qf () + Uk (2) ,qk (2)) | %H ,

k=0

where, for example, we write

(e cn) g @) = [ ez g 2)
= E[ Al (X, i) | %]
Remark 2.3 We have seen the information state at time k belongs to the set S of

positive measures ¢ (-) on R?. Note the probability measures are a subset of .
|

Here S is an infinite-dimensional space. A metric can be defined on S using the
1 Loy g2 (-
L' norm, so that for¢' (-),¢(-) € S

d(q'.q%) =|j¢' - 7| :/Rd g (2) — ¢* (z) ] dz.
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Any g € S can be normalized to give a probability measure 7 (q) = ¢ (-) / ||q||.
Consider the process starting from some intermediate time k, 0 < k < K, from
some state ¢ (-) € S. Then, foru € U (k,K — 1)

i1 (2) = Orst Oasr) ™ (2.6)
< et = A (Em) o k1 = Ge () (£) .

The remaining information states ¢" (-), k+ 1 < n < K, are obtained from (2.3).
The expected cost accumulated, starting from state ¢ (-) € S and using control
ue U (k,K—1) is, therefore,

Z(E 2.15),44(2)) + (tk (2) 4k 2)) |k =1q | - .7

The problem is now in a separated form. The filtering recursively determines
the unnormalized, conditional probabilities which are the information states, g ).
These evolve according to the linear dynamics (2.3), and the cost is expressed lin-
early in terms of these information states.

For 0 < k < K the cost process is again the essential infimum

V(k’q) = /\ Vi (qau)'

ucU (k,K—1)

The dynamic programming identity and the minimum principle have the same forms
as in Lemma 1.1 and Theorem 3.3 and their proofs are left as an exercise.

The Adjoint Process

Consider any control u € U (0,K — 1). We shall suppose for simplicity of notation
that the cost is purely terminal at the final time K, so

J (xo,u) = lg (Xk) -
Then

V(mo,u) = E [fx (Xx)]

[(¢k (2) ,q% (2))].

Theorem 2.4 There is a process 0} (z,y*), adapted to %, such that for 0 < k < K

E[(lk (2),q% (2)) | 2] = (ni(2.)0). 4} (2))-

E
E
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Further, n ]’: evolves in reverse time so that

neEat) = [, L [t ot ) o =@

(2.8)
X Wir1 (2— Ak (évuk))]dzd)’-

Proof Again we use backward induction. Define ng (z,y%) = lk (z) so
)

E[(lk (2),qk (2)) | Zk] = (bk (2) ,qk (2))
= (N (2,5%) .k (2)).

Suppose 1} +1( k“) has been defined. Then

<71;:+1 (Zayk Clk+1 / N1 11(2)dz
and

E[(nf (20"") i (2) | %]
- /Rd /Rd m [ngﬂ(z’yk’ﬂﬂ)‘l’kﬂ k1) Bt Okt — Ge (§))

X Wit (2— Ak (&) g5 (8) drrn ()’k+1)}dzd€ dyi+1
= <nl?(<§7yk)7q;:(§)>a
where
e (€.5") / / M (255,9) Ot (V= Ce (£))

X Yir1 (2—Ag (éauk))} dzdy.

O
Remark 2.5 Note in particular
V(mo,u) = E[{lk (2) gk (2))]
=E[(ng (&,y0),m0(5))]
=E[(n{(&)}).q¢(8))]
]

Remark 2.6 Note again that the adjoint process derives from a linear equation. This

is now infinite-dimensional for other than the discrete-state case.
[ |
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Parameter Estimation and Dual Control

Suppose we have a situation where the model contains an unknown parameter 0,
which we also wish to estimate. That is, suppose the state dynamics and observation
processes are of the form:

X1 = ax (X, Uk, 0) + Vg1, (2.9)
Vir1 = ¢k (%, 0) + w1, 0<k<K. (2.10)

Here 0 takes values in some measure space (0, 3,4 ), with 4 a probability measure.
O could be a (subset of a) Euclidean space.

For example, a simple case would be (one-dimensional) linear dynamics and
observations of the form

1 2
X1 = 0 X+ 0 U + v,

3
Vir1 = 07X+ Wiy

The analysis of the previous sections goes through, taking the 6 to be additional
state variables. The unnormalized conditional density g (z, 01, 62, 63) is defined by

E[ALl (X € dz)1 (6" € d6))1(6% € d6,)1(0° € dbs) | %]
= qz (Zv 91792793)dzd91 d6,d0s,

and the recursive Equations (2.3) and dynamic programming results are exactly as
before.

10.3 A Dependent Case

Controlled Dynamics

All processes are defined initially on a probability space (Q,.%,P). Suppose {x;},
¢ € N, is a discrete-time stochastic process taking values in some Euclidean space
RY. We suppose that xy has a known distribution 7 (x). Here {v,}, £ € N, will be
a sequence of independent, R¥-valued, random variables with probability measures
dyy and {wy} a sequence of R™-valued, random variables with positive probability
density functions ¢,. The parameter u; represents the control variable, and takes
values in a set U C R”. For k € N, a; : R? x R x R" x U — R? are measurable
functions, and we suppose for k > 0 that

Xiep 1 = Qi1 (Xiey Vi1 Whep 1, U ) - (3.1

The signal process X is not observed directly; rather we suppose there is an obser-
vation process {y¢}, £ € N, related to the signal and taking values in some Euclidean
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space R? and for k € N, ¢; : R? x R” — R? are measurable functions such that

V41 = Chp1 (X, Wip1) - (3.2)

At time k, 1 is %, measurable, that is, u; is a function of y* = {yo,v1,...,y}. We
shall consider a finite-time horizon control problem so that 0 < k < K — 1 from now
on.

We assume here that for each 0 < k < K — 1, there is an inverse map dj, : RY x
R4 x R™ x U — R¥ such that if (3.1) holds

Vi1 = diat (X1, X%, Wi 1, Uk ) - (3.3)

Note this is the case if xp 1 = g1 (ks W1, Uk) + Vi 1-

We require dj, to be differentiable in the first-variable for 0 < k < K — 1. We also
assume that for each 0 < k < K — 1, there is an inverse map g : R? x RY — R™ such
that if (3.2) holds

Wi+1 = 8k+1 (yk+17xk) .

Again, this is the case if y; | = &1 (x¢) +wgy1. Finally, we require

dciy1 (X, w)

Ciy1 (X, Wig1) = )
Iw W=Wit1
9Igk+1 (¥, Xk
Gri1 kr1,%) = %
y y=hj11

to be nonsingular for 0 <k < K —1.

Separation of the Problem

Suppose u € U (0,K — 1). Define

A= e (ve) Gl (ypoxp 1) -1
C 00 (g (v Xe1)) 2

and .
A= Hl}’
=1
Then a probability measure P can be defined by setting the restriction of dP"/dP*
to Zx equal to A%. Tt can be shown that under P":

1. {y} is a sequence of independent random variables having positive densities ¢y,
2. Xi satisfies the dynamics

Xk+1 :ak+1(Xkavk+lagk(yk+17xk)7uk)a OSkSK_l
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. . U
We now suppose that our starting, or reference, measure is P on (Q, %) and,
proceeding in an inverse manner, we define

T (g0 0, Xe—1)) Co(Xo—1,w) ™"
! e (ve) wy

and KZ = H’g:l XZ. Then the probability measure P“, under which (3.1) and (3.2)
hold, is obtained by setting (dP"/dP")|g, = Ag.
Write doy! (x) for the unnormalized conditional probability measure such that

E"[A (x € dx) | %] ==day (x).

Theorem 3.1 For 1 < k <K, a recursion for doy! (x) is given by

da;: (.X') = /l\Qd q)k (x7yk7z) dl[/k (dk (-xazagk (ykvz) 7uk—1))da;:71 (Z) . (34)
Here
1 _
D (%,9%,2) = —— O (& k- 2)) Ci (2. 8k (k. 2)) "
O (Vi)
’ adk (-x7Z7gk (yk,Z) 7”1{71)
X .
ox
Proof The proof is similar to that of Theorem 4.4.2. ([

Cost

Suppose, given xp and u € U (0,K — 1), the cost function associated with the prob-

lem is of the form
K—1

J(xo,u) = Y, b (X, ue) + Uk (Xk)
k=0

with expected cost

Vo (mo,u) = E*[J (x0,u)]

K—1
Ag Y b (Xi,u) + Ay lg (Xk)
k=0

= E"

:Eu

K—1
IZZ)/Rd U (zug) doy! (z)+/Rd€K (z)do (z)] )
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If we write
(O (o) do (2 / O (2o ) dog (2).
this is
_, [l
=E" | Y (b (zm),dog (2)) + (Uk (2) ,dog (2))
k=0

The information states d oy’ are positive measures on RR?. Consider the process start-
ing from some intermediate time k, 0 < k < K, from some state da. Then the ex-
pected remaining cost, corresponding to u € U (k,K — 1) is given by

K—1

Vk (doc,u) = Eu [ Z <‘€] (Zvuj) 7da}t{ (Z)>

J=k

+ (g (z),,dog (z ‘dak da]

For 0 < k < K the cost process is defined as the essential minimum

Vikdoa)= N\ Vi(do,u). (3.5)

ucl(k,K—1)
For k = K set V (K,da) = E"[{{x (z) ,da (z))]. The following dynamic program-
ming result is then established.
Lemma 3.2 For 0 <k <K —1 and do a positive measure on R4

Vikdo)= N E'[(l(zm),do(2)+V (k+1,dof,,) |dog = da]. (3.6)
ueU (k)

A dynamic programming result can be obtained as in earlier sections, and a min-
imum principle has the following form.

Theorem 3.3 Suppose u* is a separated control such that, for each positive measure
doonRY, u; (do) achieves the minimum in (1.5). Then Vi (do,u*) =V (k,d ), and
u* is an optimal control.

Proof The proof will use backward induction on k. Clearly
Vi (dotu”) = E'[(Lx () der ()] = V (K, dew).
Suppose the result holds for k+ 1,k+2,...,K. Then

E" [t (z,u"),do(2)) + Vig1 (dogy,,u") | dog = dot ]
[l (z,u"),da(2)) +V(k+1.def. ) | doy = dar]

Vi (do,ug)
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Now for any other u € U (0,K — 1),
Vi(do,u*) =V (k,do) < Vi (da,u),

and, in particular, Vo (da,u™) < Vp (da,u), so u* is optimal. O

The Adjoint Process

Consider any control u € U (0,K — 1). We shall suppose for simplicity of notation
that the cost is purely terminal at the final time K, so

J (xo,u) = Uk (Xk) .
Then
V (7o, u) = E"[lg (Xk)]
= E"[(¢k (x),dog (x))].

Theorem 3.4 There is a process ﬁk" ()c7 yk), adapted to %, such that for 0 <k < K
E"[(tk (x),doge (x)) | 2] = (Bf (x.3") . doyf (x) ).
Further, B evolves in reverse time so that
o) = [ Bt (ot uen (g G v
X (dip1 (4,2, 8k41 k1:2) 5 4)) it 1 (2, 8k (ks1,2)) ™

adk+1 ('x7Z7gk+1 (yk+laz))uk) d
ox YVk+1-

>< ’

Proof The proof is left as an exercise. O

10.4 Problems and Notes

Problems

1. Derive the dynamic programming result (1.8).

2. Derive the adjoint process given by (1.9) for the control of a Markov chain in
Gaussian noise.

3. Obtain the unnormalized recursive density and the dynamic programming results
for the model given by (2.9) and (2.10) in the dual control section.

4. Derive the adjoint process given in Theorem 3.4.
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Notes

In this chapter discrete-time, partially observed control problems are discussed by
explicitly constructing a reference probability under which the observations are in-
dependent. Using the unnormalized conditional probabilities as information states,
the problems are treated in separated form. Dynamic programming and minimum
principle results are obtained. The idea of measure change from earlier chapters has
again been exploited.



Chapter 11
Risk-Sensitive Control of HMM

11.1 Introduction

We saw in Chapter 10 that a stochastic control problem was solved using an in-
formation state, that is, an unnormalized conditional density. This problem was of
the risk-neutral type. In this chapter we will solve a risk-sensitive stochastic control
problem. It turns out, surprisingly, that the appropriate information state is not an
unnormalized conditional density; rather, the information state also depends on the
cost function.

Risk-sensitive problems involve an exponential cost function, which reflects the
controllers’ aversion to risk. A risk-sensitive controller is more conservative than
the risk-neutral controller discussed in Chapter 10, since the cost function penal-
izes large values—a manifestation of the exponential function. The risk-sensitive
stochastic control problem is formulated and solved in Section 11.2.

Interestingly, the risk-sensitive problem is closely related to H*, or robust, con-
trol. Actually, it incorporates features of both H and H, (i.e., risk-neutral) control.
The relationship is due to the fact that H* problems can be formulated in terms of
dynamic games. In the case of linear systems with quadratic cost functions, the so-
lution of the risk-sensitive problem coincides with that of a dynamic game; in the
general nonlinear case, one must employ an asymptotic (small noise) limit to make
the connection.

Accordingly, to point out this connection (and to emphasize the role of risk-
sensitivity), we include a small noise parameter € and a risk-sensitive parameter (i >
0 in our formulation. Note, however, that the solution to the risk-sensitive problem
in no way depends on asymptotic limits.

In Section 11.3, we briefly explain the connection with H~ dynamic games, and
in Section 11.4 the relationship between risk-sensitive and risk-neutral (or H) prob-
lems is explained. Finally, we give an example in Section 11.5 for which the infor-
mation state is finite-dimensional.
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11.2 The Risk-Sensitive Control Problem
Dynamics

On a probability space (Q,.%,P") we consider a risk-sensitive stochastic control
problem for the discrete-time system

XI‘E-H = a(xlfvuk) +vi+1 € Rna (21)
Yia1 = c(Xp) +wip €R, (2.2)

on the finite-time interval k =0, 1,2, ..., K. The process x* € R represents the state
of the system, and is not directly measured. The process y° € R is measured and is
called the observation process. This observation process can be used to select the
control actions uy. The values ¥, and %; denote the complete filtrations generated
by (x£,y%,0 < ¢ <k) and {y,0 < ¢ < k}, respectively.

We assume:
1. x§ has density p (x) = (2m) ™"/ exp(—% \x\2).
2. {vl‘i} is an R"-valued i.i.d. noise sequence with density
wE (v) = (2me) " Pexp(— % V).
3. y5=0.

4. The set of random variables {w,‘f} is a real-valued i.i.d. noise sequence with
density

9° (w) = (2me) P exp(— 3 W),

independent of x§ and {v¢ }.

5. The function a(.) € C! (R" x R™ R") is bounded and Lipschitz continuous, uni-
formly in (x,u) € R" x U.

6. The controls u; take values in U C R, assumed compact, and are %;-measurable.
We write U (k,£) for the set of such control processes defined on the interval
ky..., 0.

7. The function ¢ (.) € C(R") is bounded and uniformly continuous.

The probability measure P* can be defined in terms of an equivalent reference

measure P. Under P, {y¢} is i.i.d. with density ¢¢, independent of {x{}, and x*
satisfies (2.1). Foru e U (0,K — 1),

where
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Cost Function

The cost function is defined for admissible u € U (0,K — 1) and u > 0 by

u (K
JHE (xo,u) = |exp (E { z L(x,f,uk)—i—d)(xf()})] ,
k=0
VIE (o, u) = E [JHF (x0,u)], (2.3)

where the density on xy is 7.

The partially observed risk-sensitive stochastic control problem is to find u* €
U (0,K — 1) such that

VHE (mo,u™) = /\ VHE (mo,u) .
uclU(0,K-1)

Here, we assume:

1. L € C(R" x R™) is nonnegative, bounded and uniformly continuous. uniformly
in (x,u) e R" x U.
2. ® € C(R") is nonnegative, bounded, and uniformly continuous.

Remark 2.1 The assumptions 1-9 are stronger than necessary. For example, the
boundedness assumption for a can be replaced by a linear growth condition. In
addition, a “diffusion” coefficient can be inserted into the system. Other choices for
the initial density p are possible.

]

The parameters ¢t > 0 and € > 0 are measures of risk sensitivity and noise variance.
In view of our assumptions, the cost function is finite for all u > 0, € > 0. For
risk-sensitive problems the cost is of an exponential form.

In terms of the reference measure, the cost can be expressed as

K-1
Ag exp <%{I;)L(x,f,uk)+fb(x§)}>] : (2.4)

yHE (7'[0, u) = E

Information State
We consider the space L™ (R") and its dual L=* (R"), which includes L' (R"). We

will denote the natural bilinear pairing between L™ (R") and L™* (R") by (7, ) for
7€ L~*(R"), B € L~ (R"). In particular, for oz € L' (R") and B € L~ (R") we have

(@p) = [ @B dr
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We now define an information state process q,‘: el (R")b

' [ 0 v = (g“.m) @.5)

:El n (x§ exp< ZLXZ,M/> ]

for all test functions 7 in L= (R"), fork=1,...,K and ¢ = p € L' (R"). We note
that this information state is similar to that of Chapter 10, but it now includes part

of the exponential cost function. We introduce the bounded linear operator ¢ :
L= (R") — L~ (R") defined by

2 0.3) B (&) = exp (EL(E0) 27 (£) [ vF (c—aGu) B dz 26)

The bounded linear operator X*:¢* : L=* (R") — L™* (R") adjoint to Z*-* is defined
by
(2452, m) = (1,544

forall T € L=*(R"), n € L (R").
The following theorem establishes that g; *is in L' (R") and its evolution is
governed by the operator #*, and for & € L' (R"), n € L~ (R"), we have

By o) = [ v —aEw)exp (SLEwW) 25 €y alE)dé. @D

Rn

Note that q,ﬁ‘  is an unnormalized “density” for the state which also depends on the
cost.
Similarly to Theorem 10.2.1, we have the following result.

Theorem 2.2 The information state qi‘ * satisfies the recursion

4" = (1,0 45
e (2.8)
4o =P
Further, q;"° € L' (R") since p € L' (R") and *¢* maps L' (R") into L' (R").
Proof The proof is left as an exercise. O

Remark 2.3 When L = 0, the recursion (2.8) reduces to the Duncan-Mortensen-
Zakai equation for the unnormalized conditional density given in Theorems 10.2.1
and 10.3.1. See also Kumar and Varaiya (1986b).

|

Next, we define an adjoint operator Z*£* : Cp, (R") — C, (R"). [Actually it maps
L= (R") to L~ (R"), but we need only Cp, (R") for our purpose here where C,, (R") :=
{g€ C(R") : |g(x)| <C, for some C > 0}.] This is the analog of the recursion of
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Theorem 10.3.4. The operator *-¢ actually maps Cp, (R") into Cp, (R"). Then we can
define a process f3; € € C, (R") by

ne € £\ QM€
k—1—2“ (ukflvyk) ko

2.9
e oxp (LaD). @9

It is straightforward to establish the adjoint relationships

(240.6) = (@.2p),
() = (B @10

for all o € L' (R"), B € Cp, (R"), and all k.

Alternate Representation of the Cost
Following Bensoussan and van Schuppen (1985), we define for u € U (0,K — 1)
K™ (10, u) :E[@,‘Qiexp (%d)) >} 2.11)
a cost function associated with the new “state” process qi‘ €,
Theorem 2.4 We have for allu € U (0,K — 1)
JHE (u) = KME (u). (2.12)

Proof By (2.5),

1€ = u £ H S £ AE
K" (mo,u) = E |E | exp (Ed)(xK)) exp | = N L(xf,u) | Ag | %k
k=0
_ s .
=E |exp . N L(xf,m) +@(x%) ¢ | Ak
k=0

= VyHeE (77.70 u)

using (2.4). O

We now define an alternate but equivalent stochastic control problem with com-
plete state information. Under the measure P¥, consider the state process qf € gov-
erned by (2.8) and the cost K*¢ (my,u) given by (2.11). The new problem is to find
u* € U(0,K — 1) minimizing K*€.

Let U, (k,¢) denote the set of control processes defined on the interval k, ..., ¢
which are adapted to G(q? fhk<j< £). Such policies are called separated (Kumar
and Varaiya, 1986b).



296 11 Risk-Sensitive Control of HMM

Dynamic Programming

The alternate stochastic control problem can be solved using dynamic programming.
Consider now the state g*-¢ on the interval k, ..., K with initial condition qf f=ge
L' (R"):

gy =T (¥ gy, k+H1<USK, (2.13)

%" =q

The corresponding value function for this control problem is defined for g € L' (R")
by

VHE (k,q) = /\ E[<qg"£, ;5[78> |61;‘:’E:CI}
uel (k,K—1)
= A E[(d"en(G0))] e
uel (k,K—1)

Note that this function is expressed in terms of the adjoint process ﬁk“ ¢, given by
(2.9). See Theorem 10.2.4.
The following result is the analog of Lemma 10.1.1.

Theorem 2.5 (Dynamic programming equation) The value function V€ satisfies
the recursion

VR = A\ BV (L ) o)
up€U (k,k) (2.15)

VHE(q,K) = <q,exp (%d)) > )

= A A B[ (waf) B 1l =]

= A A E[F[@M* (0,35 11) 4 [3;54'81> | Zeir ] | 4" zq}

- A 7| EL (o) B 1 960] [ o =
ucU (k.k) veU(k+1,K—1)

= E{ /\ [<qk+1>ﬁk+l> | qgfl = (g, vy ) CI}}
ueU (k.k) veU (k+1,K—1)

= E[V”’g k+1,ZHE" (uk,y,§+1)q)] .
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The interchange of minimization and conditional expectation is justified because of
the lattice property of the set of controls (Elliott 1982b, Chapter 16). ]

Theorem 2.6 (Verification) Suppose that u* € U, (0,K — 1) is a policy such that,
for each k =0,....K —1, uj =1 (q,’:"s), where T (q) achieves the minimum in
(2.15). Then u* € U (0,K — 1) and is an optimal policy for the partially observed
risk-sensitive stochastic control problem (Section 11.2).

Proof The proof is similar to Theorem 10.1.4. (]
Remark 2.7 As in Chapter 10, the significance of Theorem 2.6 is that it estab-
lishes the optimal policy of the risk-sensitive stochastic control problem as a sep-
arated policy through the process qf * which serves as an “information state”

(Kumar and Varaiya 1986b).
|

11.3 Connection with H* Control

In this section we explain the connection of the risk-sensitive problem with H
control through dynamic games. Complete details can be found in James (1992).

Information State
Forye G:={yeR?:y >0,y >0} define
[728= {p eECRY:px)<—m |x|2+7/2},
2 :={peCR"): p(x) < — |x|>+ 12, for some y € G}.

We equip these spaces with the topology of uniform convergence on compact
subsets. In the sequel, B(x, ) C R? denotes the open ball centered at x € R? of
radius o > 0.

The inner product (.,.) is replaced by the “sup pairing”

(p,q) := sup {p(x) +q(x)}. 3.1

xeR”

This is defined for p € 2, g € Cp, (R"), and arises naturally in view of the Varadhan-
Laplace lemma (James 1992). In fact,

ligg)glog<eXp (£p).exp (£4)) = (n.0) (32)

€

[uniformly on compact subsets of 27 x C,, (R"), for each y € G].
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Define operators TH* : 9 — 2, and T* : C, (R") — Cp, (R") by

* = u _L —a(&,u))?
M) (@) = sup {LE0) - 5l

i [ple@r-c@n] +r@

1
L) |3 le@F e 63)
With respect to the “sup pairing” (-, ), these operators satisfy:

(T p,q) = (p,T"q). (3.4)

Also, TH* (u,y) : 27 — 9 is continuous for each y € G; in fact, the map (u,y, p) —
I'** (u,y) p, U X R x 27 — & is continuous.

The next theorem is a logarithmic limit result for the information state and its
dual, stated in terms of operators (i.e., semigroups).

Theorem 3.1 We have
€ €% u %
lim — log Z*** (u,y) exp (—p) =T""(u,y)p,
e—0 l,l &

lim = log = (u,y) exp (%q) =T"(u,y)q (3.5)

e—-0 U

in 9 uniformly on compact subsets of U X R x 97 for each vy € G, and respectively,
in Cp (R™) uniformly on compact subsets of U x R x Cp, (R").

Proof From (2.7), we have

3 u
— l‘l7£* —
m logX (u,y)exp ( - p) Z

Therefore,

. € u
1€ %
ém}) m logZ*** (u,y) exp ( . p) b4

Ll aGaf = Sl @P - @] +r@)}

- st

EeRn
=T"" (u,y)p(2)
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uniformly in a = (z,u,y, p) € A, where A= B(0,R) xU x B(0,R) X K, and K C 9"
is compact. This proves the first part of (3.5). The second part is proven similarly. [

Risk-Sensitive Value Function

We now give a result which provides a dynamic programming result for the small
noise limit of the risk-sensitive value function V#:¢. The proof can be found in
James, Baras and Elliott (1993).

Theorem 3.2 The function W* (p, k) defined for p € 9 by
. € u
WH (k,p) ;= lim —logV* ¢ (exp (—p) ,k) (3.6)
e—-0 U )

exists [i.e., the sequence converges uniformly on compact subsets of 2V (y € G)|, is
continuous on PV (y € G), and satisfies the recursion

. . 1
WH (k. p) = mfsup{w“ (k-+ 1,74 (u,y>p,>@|y|2},

LtEUyeR
WH(K,p) = (p,®).

3.7

Remark 3.3 In James et al. (1993) W* (p, k) is interpreted as the optimal cost func-
tion (upper value) for a deterministic dynamic game problem. Also, the limit
limg_o - log qp° = pi is the information state for the game. This is the most im-
portant contribution of James et al. (1993).

|

11.4 Connection with H, or Risk-Neutral Control

In this section we explain how a risk-neutral stochastic control problem is obtained
if in the risk-sensitive stochastic control problem the risk-sensitivity parameter u
tends to zero. In this limiting case, the index expressed as a power series expansion
is seen to approximate its first two terms and thus be effectively the exponent itself,
so the limiting connection to risk-neutral, i.e., H, control is not surprising.

Information State

Similarly to Chapter 10 we now define the bounded linear operator X : L! (R") —
L' (R") and X¢: L™ (R") — L= (R") by:

2 wy)q@) = | v (z—a(§u)A%(S,y)q(8)dE,

R}‘I
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B @)= [ ve-a@u)BEdAtEy. @D

n

These operators are adjoint with respect to the inner product (-, -).

Theorem 4.1 We have
lim 2 (u,y) g = 2° (u,y) g,
n—

lin%)Z“”S (u,y) B =Z° (u,y) B (4.2)
u—

uniformly on bounded subsets of U x R x L' (R") [respectively, U x R x L (R")].
Proof This result follows simply from the definitions in (2.7) and (4.1). (I

Next, we define a process ¢f € L' (R") and its dual (w.r.t. {,-)) B by the recur-
sion

g5 =2 (u—1,55) 4§, “3)
45 = ps
£ =3 (u_y,y%) BE,
{ﬁk—; ( k—1 yk) B¢ (4.4)
.

A Risk-Neutral Control Problem

We are, therefore, in the situation of Chapter 10. We again consider the discrete-time
stochastic system in (2.1) and (2.2), and formulate a partially observed risk-neutral
stochastic control problem with cost

K—1

2 L (xivuk) +® (X%)
k=0

VE (o, u) = E @.5)

defined foru € U (0,K — 1), where U (0,K — 1), etc., are as defined above. This cost
function is finite for all € > 0.

We quote the following result from Lemma 10.1.3, which establishes that the
optimal policy is separated through the information state gj, satisfying (4.4).

Theorem 4.2 The unnormalized conditional density q; is an information state for
the risk-neutral problem, and the value function defined for q € L' (R") by

K—1
Wekg)= N\ E|X (g L(.u)+{qk. D) g =4 (4.6)
ucl,(k,K—1) L{=k
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satisfies the dynamic programming equation

We(k,q) = inf E [(q,L(u)) +W* (k+ 1,2 (u.3511) 9)]

4.7
W (K,q) = (q,D).

If u* € U;(0,K —1) is a policy such that, for each k =0,...,K — 1, uj =1u; (qi)
where Ui (q) achieves the minimum in (4.7), then u* € U (0,K — 1) and is an optimal
policy for the partially observed risk-neutral problem.

Remark 4.3 The function W€ (g, k) depends continuously on g € L' (R").

Risk-Sensitive Value Function

The next theorem evaluates the small risk limit of the risk-sensitive stochastic con-
trol problem. Note that normalization of the information state is required. The limit
operation picks out the supremum on the right side.

Theorem 4.4 We have
VEE(k,q)  WE(k.q)

S
lim — log = 4.8)
n—=0H <q7 1> <qv 1>

uniformly on bounded subsets of L' (R").

Proof 1. We claim that
VA (k) = (g 1)+ S W (kg) +o(u) “9)

as 4 — 0 uniformly on bounded subsets of L' (R").
Fork=K,
u
H.€ — M
VEE (K, q) <q,e><p(£d>)>
u
s
€

= (g 1)+ = W*(K,q) +o(u)

as 4 — 0, uniformly on bounded subsets of L! (R").
Assume now that (4.9) is true for k+ 1,...,K. Then

VIE (k,q;u)
= E [V (k+1,2%¢ (u,)5, ) q)]
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= [OTOIVEE (e 134 () ) dy

= [ f|oo-ct@nen (brm)

o (oot o) 10|

= [ f{oro-c@ni+ £ row)]
[ we (k1 S L) o g ) faz oy
— a1+ 5{ et

)
fo hlomeom (i)
xq<é>]d&dy}+o<u)
= @0+ {la Ll s [0 0w ks LE ) b o)

as 4 — 0 uniformly on bounded subsets of U x L' (R"). Thus, using the continuity
of (g,u) — V= (k,q;u),

VEE (kq) = N\ VI (g, k;u)

uclU

— .+ 2 A{lgLe)

ucl
+ [0 1.3 ) ) dy o)

U

= <Qv 1> + EWE (k,q)+0(,u),

uniformly on bounded subsets of L! (R"), proving (4.9).
2. To complete the proof, note that (4.9) implies

VIE(k,q)  uWE(kq)

@1) e (g1 o)
and hence VR (kg)  WE (k)

£ “(k,q) Q)

W n - an oW

as . — 0, uniformly on bounded subsets of L! (R"). O
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Remark 4.5 We conclude from Theorems 4.2 and 4.4 that the small risk limit of the
partially observed stochastic risk-sensitive problem is a partially observed stochastic
risk-neutral problem.

]

11.5 A Finite-Dimensional Example

In this section we present a discrete-time analogue of Bensoussan and Elliott (1995).
Suppose {Q,.%#, P} is a probability space with a complete filtration {%;}, k € N, on
which are given two sequences of independent random variables x; and y;, having
normal densities W, = N (0,0y) and ¢y = N (0,R;) where Oy and Ry, are n X n and
m X m positive definite matrices for all k € N.

Note that, unlike earlier sections we start with a measure P under which the x;
and y; processes are independent random variables, that is, P is already playing the
role of P. The A we define below, therefore, plays the role of A. A measure P" is
then defined, so that under P* the x; and y; processes satisfy the dynamics in (5.1)
and (5.2).

Let U be a nonempty subset of R?. % is the trivial o-field and for k > 1 %; =
o {y¢, £ <k} is the complete filtration generated by y. The admissible controls u
are the set of U-valued {% }-adapted processes, that is an admissible control u is a
sequence (U, ..., U, ... ) Where u; is % measurable.

Write U (k, ¢) for the set of such control processes defined on the interval k, . ..., £.

Consider the following functions

Ar(u): UxN-—LR"R") (the space of n x n matrices)
By (Lt) . UxN—-R"
Ci(u): UxN—=LER"R").

In the sequel, for any admissible control u, we shall write A («) for Ay (1), and so
on.
Define

u
A1 = My
k

Wit (e 1 —Ag (u) xp — By () @11 (yey1 — Co () x4 (1))
=0 Wit (Xer1) 0ot (Ver1) ’

Then Ay is an % martingale and E [A;] = 1. A new probability measure can be
defined by putting (dP“/dP)|y, = As.
Define the processes vi = vi and wy = wj by

Viep1 = X1 — A (ur) X — By (uie)
Wi = Yk — Cre () x.
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Then under P*, v and wy are two sequences of independent, normally distributed
random variables with densities ¢y and y;, respectively. Therefore, under P*

X1 = Ag (ug) xg + By (ug) + g1 5.D
Y& = Ci (ux) xx + wi. (5.2)

Cost
Consider the following mappings
M(.):U— L(R"R") (the space of n x n matrices)
m():U—R"
N(.):
O():R"—

As in Section 11.2, for any admissible control « and real number 8 we consider the
expected exponential risk sensitive cost

Vi (u) = OE"Dyexp (P (x7))
= OE[ArDyexp(®(xr))], (5.3)

where
k
D, = Dy = exp Z (ug—1)xg,x0) + (m(ug—1) ,x0) +N(ug—1)] | . (5.4)

To simplify notation, in the sequel we suppress the time index on u.
Note here that 0 is playing the role of the % of Section 11.4.

Finite-Dimensional Information States
Notation 5.1 For any admissible control u consider the measure

qi (x)dx := E[A{D{I (x € dx) | %]. (5.5)
Then g, satisfies the following forward recursion

Ok+1 (Vi1 — Crgr () x)
D1 (Vkr1)

x exp {0 ((M (1) x,x) + (m (u) ,x) +N (u))}
. /Rn Vier1 (X — Ager (u) 2— Bieyr (u)) gi (2) dz. (5.6)

‘Ik+1( x) =
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The linearity of the dynamics and the fact that v; and wy are independent and nor-
mally distributed implies that g} (x) is an unnormalized normal density which we
write as

qi (x) = Zi (w)exp {—5 (x— & () T " () (x— % (w)) } (5.7)

Z,:l (1), £ () and Z; (u) are given by the following algebraic recursions:

(21;:1 (1) £es1 (u))
= C1/<+1 (u) Rkjl)’kﬂ + QIC_J:1A;< () 2y (u) (Zk_l (u) % (“))
+ (1= 0! Ak () Zi () Ay (1)) O B () + Om (u),
21;:1 (u) = —26M (u) +Cp, | (u)RI:-:ICkH (u)
+ O {1 A @) Tk (AL () 0}
Zior (w) = 24 ()| Qet | 3 [Ze ()] 2

cexp (=5 000 = St (0, W5t 0} ).

(5.8)

Here

T (u) = [Af (u) ij:lAk (u) +3; ! (u)] ! , is a symmetric matrix
bi(u) = —20N (u) + By, (1) Qi !y {I— Aw (u) ZyA; () Oy } Bic (u)
+ 3 (u) " (u) {1-% ()} 0t (u) Ry
— 2B, (u) Q,;llAk (u) (u)Z,:l (u) % (u), is a scalar
so exhibiting the recursive nature of (5.8). The symbol |.| denotes the determinant
of a matrix.

The recursions for £, ¥ and Z are algebraic and involve no integration.

For this partially observed stochastic control problem the information state g} (x)
(which is, in general, a measure-valued process) is determined by the three finite-
dimensional parameters £ (1), X (1), and Z; (u). These parameters can be consid-
ered as the state & of the process: & = (£ (u),Zx (), Z (1)), and we can write

a () = qic (&%) = Zic (w)exp { =3 (v — % () T (1) (x =2 () }

For integrable f (x) write

&) = [ & f

which in fact equals E [ A{Df  f (xi) | ]
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A Separation Principle

For any admissible control u#, we saw that the expected total cost is

Vi(u) =E

T
%exp<e{2 [ (M ()30 + m (1) ) +N ()| +d><xT>})]

k=1

E [A4.D} 7exp (6D (x7))]

= E[E [A$Df rexp (09 (x7)) | 97 ]]
E /Rn exp (0@ (x)) gr (x)dx}
E[(qr (&7 ,x) ,exp (6D (x)))] -

Adjoint Process
Now for any k, 0 < k < T write Ay 7 = H,{:k M,

Vi(u) =E [AZ ZH,TDS,kDZH,T exp (0@ (XT))]
= E[Af oxE [A;clH,TDIL:H,TeXp(eq) (xr) [0, o0, 27 ] | 97 ]

Write B (xi) = E [ A} | 7D}, 1 7 exp (6@ (xr)) | xx, %7 | where, using the Markov
property of x, the conditioning involves only x;. Note that B7 (x7) = exp® (x7).
Therefore

Vi (1) = E [ALDY, B ()]
= E [E [ADG B (ve) | 7]
= E[{aq (&), B)]-

Note this decomposition is independent of k, so

Vi (u) = E [(m0, Bg')]
= E[(qr (7,x) ,exp (09 (x)))] -

Lemma 5.2 We have the following backward recursion for the process 3

u _ O 1 V1 — Crpr (1))
ﬁk (Xk) a /” { D1 k1)

Vi1 (x —Ag () xi — By (u))

X Bty (x)exp (6 {X'M (u)x+ (m(u),x)+N(u)}) |dx. (5.9
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Proof
Bi (k) = E [AZ+1,TDz+l,TeXp9q)(xT) |xk7%]
_E [E [ D1 Va1 — Cerr () Xe1) Wier 1 (k1 — Ag () i — By (u))

D1 k1) Wier1 (K1)
x exp (0 {xp M () xx 1 + (m (u) i 11) +N () })

X N2 7Df 2.7 €xp (0@ (x7)) ’ xk7xk+17%} ‘ xk7%:|

- K [ Ot (V1 — Crpt () Xai1) Wit (1 — A () xg — By (u))
Ot (Vi) Wier 1 (Kkrn)
X ﬁ/?ﬂ (Xk11)

x exp (8 {xp 1M () x1 + (m (u) 24 11) + N (u) }) ’ J%%} :

Integrating with respect to the density of xz, | and using the independence assump-
tion under P gives the result. (]

Consider the unnormalized Gaussian densities ﬁ,ﬁ’ (x,7) given by

B (x,2) = Zitexp (=5 (x— % (2))' S ' (x— % (2))) -

We put B% (x,z) = 8 (x—2z), S = 0, and 77 = z. Then ¥, ;! and Zj are given by
the following backward recursions.

e = A [0 — Qi Sk O] A
(Sc'%) =AQit Skt [C1/<+1R/;:1yk+1 + 0, By
+0m+ (Sg) ) 73;;3,(], (5.10)
Zi=Zj1 | Qrsn |2 |§k+1|1/2

xexp [— 3 {dki1 — Y1 Sii Ve 1] -

Here

Str1 = [Cl/chle_JileH + Qk_+11 +Sk_+11] 71,
di1 = 2y;<+le_+11Ck+1§k+l
X [Ch 1 R et + Q1 B+ Sl Yt + 6m]
+ Zﬁlexlzkﬂ [Qk_+llBk + S/(_J:ﬂ/k-s-l + Om]
+B (O + Qi1 Skr1Q5 )y Be+ 0°m'Sim — 26N
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again exhibiting the recursive nature of (5.10). Furthermore,

00 = [ B2 exn (00 () de

Remarks 5.3 B} is the adjoint process and again it is determined by the finite-
dimensional parameters ¥, S and Z which satisfy the reverse-time, algebraic, re-
cursions (5.10).

|

Dynamic Programming

We have noted that the information state gy (x) is determined by the finite dimen-
sional parameters

& = (R (), 2 (1), Zic (w) -
Given 5,? a control u; and the new observation y;, the Equations (5.8) determine
the next value
k1 = St (& s Ui Vi 1) -
Suppose at some intermediate time k, 0 < k < T, the information state & is & =
(%,2,7).
The value function for this control problem is

VE)= inr El(hB) g = (&)

We can now establish the analog of Theorems 2.5 and 2.6.

Theorem 5.4 The value function satisfies the recursion:

V(k &)= uegl(gk)E K+ 1,V (&g1 (&1, 5141))] (5.11)

and V (T,€) = 0 {qr (£) ,exp 6®).
Proof Now

Vk§)= inf  E[{g;(5),B) | & =&]

ucl(k,T—-1)

From (5.10) B is given by a backward recursion from f, 1, that is, we can write
Be = B¢ (BY,,)- Therefore,

V(k&)= inf inf E[{(g(&),B (B1)) | & =]

uel (k) veU (k+1,T)

= ue}]rg,k) veU%?—{l,T)E[E[<qk+l (&) BL) | P & =& | & =¢&]

- uebn(i,k)E veUzlchfl,T)EquH (661) 5 Bir) | Zhvr &= €] ‘ o= é]
inf  E[V(k+1,8err (8, y041))]-

u€U (k.k)
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The interchange of conditional expectation and minimization is justified by applica-
tion of the lattice property of the controls (Elliott 1982b). (]

Write U; (k, k) for the set of control processes on the time interval k, ...,k which
are adapted to the filtration & {é k< j< k} We call such controls separated.

Theorem 5.5 (Verification) Suppose u* € Us (0,T — 1) is a control which for each
k=0,...,T —1, u; (&) achieves the minimum in (5.11). Then u* € U (0,T — 1) and
is an optimal control.

Proof Write B
V(k,&u) =E[{qx (). B) | & =&].
We shall show that

V (k&) =V (k,&;u*), foreachk=0,...,T. (5.12)
For k =T (5.12) is clearly satisfied. Suppose (5.12) is true for k4 1,...,T. Then
V(k,Eu [E[<61k+1 5k+1 ﬁk+1> ’ & =8 Y] | &=¢&]
1 (&) k+1Lu" eU(k+1,T—1))]

(&
(k+1, ékH )]
&)

7E[V
=E[V
(k

This gives (5.12).
Putting k = 0 we see

V(0,8:u7) =V (0,8) <V (0,8:u)
forany u € U (0,T — 1). That is, u* is an optimal control. O

Remark 5.6 This result shows the optimal policy u* for the risk-sensitive control
problem is a separated policy, in that it is a function of the information state &.
|

11.6 Risk-Sensitive LQG Control

In this section we present the case of discrete-time risk-sensitive linear-quadratic-
Gaussian (LQG) control. This is a specialization of the previous section, to the case
where the signal model is linear in both the control and state variables; further, the
quadratic exponential cost is risk sensitive with weights independent of the con-
trol. This is further specialization presented to achieve a controller that is finite-
dimensional in both the dynamic programming solution as well as the information
state. For notational simplicity the signal model and index matrices are assumed
time invariant.

As the risk-sensitive parameter 8 approaches O the problem reduces to the clas-
sical LQG situation.
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Measure Change

The situation is a specialization of that of Section 11.5. We again initially consider
a measure P under which there are two sequences of independent random variables,
x and yi. These take values in R” and R™, and have densities ¢ = N (0,Q) and
v = N (0,R), respectively. The control parameter u takes values in the real interval
UcCR.

Let A be in R” x R”, B be in R", and C be in R™ x R™. Now, for any control u,
define

Py v (et —Axe— Bug) 9 (k1 — Cxt)
A =[] :
¥ (Xit1) @ (Vi 1)
Then Ay is an %, martingale and E [A;] = 1. A new probability measure can be
defined by putting (dP"/dP)|z, = A

Define the processes v; = vi{ and wy = wi by

Vi1 = X1 — Axg — Buy,
wi = yx —Cx.
Then under P“, v; and wy, are two sequences of independent, normally distributed

random variables with densities ¢ = N (0,0) and v = N (0,R), respectively. There-
fore, under P, we have the linear system as signal model.

Signal Model

X1 = Axg + Bug + vy 1, (6.1
Vi = Cxg + wy. (6.2)

Cost

Consider the following specific case of the cost function defined in Section 11.5.

Vi (u) =

T
ATexp{ 2 [szxk+m/xk+u§<71Nuk_d +(I)(x7)}1 . (6.3)

Finite-Dimensional Information States

The information state is

g (x)dx = Z; (w)exp {—§ (x— & () T (x— 8 (w)) }. (6.4)
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Theorem 6.1 £ (1), Z;l and Zy (u) are given by the following algebraic recur-

sions:

where

(Z! Brr1 () = CR ypyr + 0m+ Q7 'AZ, (5 5 (u))
+(I1- Q0 'AZA") 0 ' By,
—20M+CR7'C+(1-07'A5A) 07!,
1/2

ij:l =
Ziy1 (u) :Zk(u)|Q|7]/2|ik’

X exp (—% [bk (u) —ﬁm (u) Zk_ilfkﬂ (”)]) )

5= (Ao A+
b (u) = —20u} (N+B'Q 'B) u + 5, (u) ;"5 ()

— (B 'A—% ()5, ) S (B0 A— %, ()T ).

Note % is independent of u.

Dynamic Programming

(6.5)

Theorem 6.2 The control law minimizing (6.3), for the system (6.1)—(6.2), is given
by the information-state estimate feedback law

where

and

* ay—14 d

K = ot (1St [T+ fiSta] — B di,
K{ = o, ' (1+ 841 /i) (9Sfé+1m+5’£’+1) ;

St =Sk +diSiy [T+ Sty ] di — K{' on K,
Sz = (em/SZ-H +Sl[3+1> [1"_ka2+1] dk _K;l;/Gng,

d = 07 'A%,

fi=C(R-cCS{,,C)'c,

b= (I-Q 'A%A") 0'B,

0 =20N—B' (I1-Q 'ASA") Q"B+ 1 (S{oy [I+ fiStiy]) Ik

Proof Complete the square.

(6.6)

6.7)
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Tracking

In this section we present results for the case of tracking a desired trajectory y in
the risk-sensitive LQG framework. We consider the linear dynamics given in Sec-
tion 11.6, and define a new cost function for the tracking problem:

T
Vi(u) = E|Ar exp{ Z [kaxk+ (i — $1)' M (i — 5

+u§(_1Nuk,1} L (xr) H . (6.8)

The relevant variation of Theorem 6.1 is now:

Theorem 6.3 The parametrizations of the information state (6.8), viz. % (u), R,;l

and Zy (u) are given by the following algebraic recursions:

(S 81 () =C' Ry + O AZ (2 i ()
+ (-0 'A% A") 0 ' By,
%l = —20M+CR'C+ (I-0 'A5A) 07!
_ = (1/2
Zier () = Zi () Q]2 34| /

1 . _ 1 4
X exp (—5 [bk (u) —x§<+1 (”)k-:l Zk—&lxk+1 (”)D )

(6.9)

where

= (A0 a+z

by (1) = —20uj (N+B'Q 'B) uy + %, (u) X ' % (u)
— (B O 'A—% (W) ) T (uB'O ' A-% (W)X )

)Z,
—206 (J’k+1 —yk+l) M(ykﬂ _yk+l)

/

Dynamic Programming

Theorem 6.4 The control law minimizing (6.8) for the system (6.2) is given by

up = — K¢ f — K¢, (6.10)
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where

K =0 St [+ isti] —B) e

K = o '[h (I+S¢, 1 fi) Sty — 20m.8¢, (C'R™' 8 ' M]; 61D)
SZ = Ek +d,/<S;§H [1+kaZ+1] di — Kl?/GkKltclv

S =S [T+ fiSEy ) di —20M8 ' RT'CSE, dy — K} 0K,

and

dp = 0 'A%,

fi=C (R§.'R)'C,

h= (-0 'AZA") 0 'B,

oy =20N-B (I-Q 'AZA) 0 'B
0y (SEgr [T+ feSi ]) A,

S=(R'-R'CS{  CR' —20M).

11.7 Problems and Notes

Problems

Write the proof of Theorem 2.2.

Write the proof of the verification Theorem 2.6.

Derive the algebraic forward and backward recursions (5.8) and (5.10).

Work out the results of Section 11.5 on the finite-dimensional case replacing the
dynamics of x (5.1) by

Ll

X1 = Ag () xg + By (1) + wiy 1,

where w is the noise in the observation process y.
5. Complete the proofs of Theorems 6.2 and 6.4.

Notes

The risk-sensitive problem was first formulated and solved in Jacobson (1973),
in the linear/quadratic context with complete state information. Also, the connec-
tion with dynamic games was made explicit in this paper. The partially observed
problem, in the linear/quadratic discrete-time context, was first solved by Whittle
(1981), making use of a certainty equivalence principle. The continuous-time lin-
ear/quadratic partially observed risk-sensitive problem was observed by Bensoussan
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and van Schuppen (1985), using an equivalent problem with complete “state” infor-
mation expressed in terms of a Kalman filter, modified to include the cost function.

The nonlinear partially observed risk-sensitive problem was solved by James
(1992). These results form the basis of Sections 11.1-11.3. In addition, a partially
observed dynamic game was solved, and related to the risk-sensitive problem via
the asymptotic analysis described in Section 11.2.

In these papers, a version of “filtering” is developed for partially observed deter-
ministic systems in which the “expectation” operation is replaced by a supremum
operation. This worst-case, min-max approach can be interpreted as a dynamic game
against “nature.” It provides a natural framework for robust or H* control.

The nonlinear partially observed risk-sensitive problem were also considered by
Whittle (1990a) (and an approximate certainty equivalence principle when the noise
is small). A good general reference for risk-sensitive stochastic control is Whittle
(1991).

Bensoussan and Elliott (1995) discussed a finite-dimensional risk-sensitive problem
with quasi-linear dynamics and cost; the results of Section 11.5 are a discrete-time
version of their results. A specialization of these results gives the partially observed
problem in the linear exponential quadratic discrete-time context. These results are
derived in Collings, Moore and James (1994) and presented in Section 11.6 for com-
parison with the work of Whittle (1981). Risk-sensitive filtering problems have been
studied in Dey and Moore (1995a,b), and Moore, Elliott and Dey (1995).



Chapter 12
Continuous-Time HMM Control

12.1 Introduction

In this chapter the control of HMM in continuous time is discussed. The first situ-
ation considered is that of a continuous-time finite-state Markov chain which is not
observed directly; rather, there is a conditional Poisson process whose rate, or inten-
sity, is a function of the Markov chain. An equation for the unnormalized distribu-
tion g of the Markov chain, given the observations, is derived. The control problem
is then formulated in separated form with g as the new state variable. A minimum
principle is obtained.

Secondly, the case when the counting observation process is related to the jumps
of the Markov chain is discussed. In this situation there is non-zero correlation be-
tween jumps in the observation process and jumps of the Markov chain, so new
features arise. However, again a minimum principle is obtained together with ex-
plicit formulae for the adjoint process.

The optimal control of a Markov chain observed in Gaussian noise is treated in
Section 12.3. Equations for the adjoint process are again derived.

The chapter closes with a discussion of the optimal control of a linear stochastic
system whose coefficients are functions of a discrete-state Markov chain.

12.2 Robust Control of a Partially Observed Markov Chain

Introduction

In a seminal paper, (Clark 1978), Martin Clark showed how the filtered dynamics
giving the optimal estimate of a Markov chain observed in Gaussian noise can be
expressed using an ordinary differential equation. The method uses a gauge trans-
formation and, in effect, solves the Wonham-Zakai equation using variation of con-
stants. Such results offer substantial benefits in filtering and in control, often simpli-
fying the analysis and in some settings providing numerical benefits; see, for exam-
ple, Malcolm, Elliott and van der Hoek (to appear). These results have not hitherto
been exploited for the optimal control of such processes, including risk sensitive
control..
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Here, we consider the optimal control of a partially observed Markov chain. The
innovation in the discussion here is that the robust information state filtering dynam-
ics of Clark are used. This gives rise to a simplified and more useful adjoint process
for a simplified minimum principle. Also, simplified dynamic programming partial
differential equations are developed. The results of the paper apply to signal mod-
els with observations observed through Brownian motion and/or counting processes.
The new results also apply to the risk sensitive cost functions of filtering and control.

Background material for stochastic control of partially observed Markov chains
optimizing terminal costs can be found in (Elliott 1976, 1992; Elliott and Moore
1992a). There is also an extensive literature which deals with optimal
stochastic control of partially observed Markov processes. Many of the techniques
developed in this literature apply to the Markov chain case here, but in more gen-
eral settings Fubini’s Theorem may not apply as here, so the results here are of
independent interest since they often ‘go further’ than in a more general setting.
Examples of this more general literature are (Bismut 1978a; Davis 1979; Fleming
1969; Fleming and Pardoux 1982; Haussmann 1981b; Fleming and Rischel 1975;
Fleming and Soner 1975; Wong and Hajek 1985). For risk sensitive estimation and
control, a number of results are developed in (Dey and Moore 1995c; James and
Elliott 1996; Malcolm et al. to appear), but these fall short of exploiting the robust
state estimates of Clark in the optimal control formulations.

The HMM model and Wonham-Zakai filter

States

Suppose the state process X = {XM|O <u< t} is a finite state Markov process.
Without loss of generality the state space of X can be taken to be the set of unit
vectors {e1,e2,...,en}, ¢ = (0,...,1,0,...,0) € R". A key property is that any
nonlinear function of X is linear in X as f(X) = (f,X). Here f = [f(e1),...,f(en)],
prime denotes transposition and (, ) denotes the scalar product in R”.

Suppose X is defined on a probability space (€,.%, P) and write pi A P(X; =e¢;).
The set of control parameters is a convex set U C RX. Suppose there is a time
dependent family of generators A!,, which also depend on the control parameter u, €
U, so that the probability distribution p; = ( p,1 , p,z, cee pf)/ satisfies the Kolmogorov

. d
forward equation % =A/p:.

We suppose the so-called rate matrix A is measurable in # € [0, 7] and differen-
tiableinu € U.

Observations

The observation process y = {ys\s > O} is a process of the form

r
V= / HoX,ds+b, € R",
0
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where the observations are taken, without loss of generality, as linear in X;. Here the
components of the observations are independent and are either observed through
Brownian motion or are a counting process. Write

Fri=0{X[0<s<t}, Zi=o{pl0<s<t},
% = G{XS)yS‘O S s S t}) (21)

where {7}, {%} and {¢,} are, respectively, the corresponding right continuous,
complete filtrations.

Suppose the index set {1,2...,m} is decomposed as SUS where S := {1,2...,k}
and S:= {k+1,...,m}. Then on (Q,.Z,P), we suppose that for i € S then {b'|i € S}
is a standard Brownian motion, and for i € S, {y'|i € S} is a counting process with
compensator [ hiX,ds where hl is the i"" row of H;.

That is, for i € S then b; :=y; —/ hiX,ds is a martingale under P.
0

Feedback Controls

The set % of admissible control functions will be {@, }-predictable functions u :
0, T]xQ—U.

State Equations

For u € % suppose the corresponding state process is X" = {X,”|O <t<T } where

dX" = A“X"dt +dW,,
dy[ == H[XIudt +db[.

Measure Change

Suppose that under a reference probability measure P, the observations {yls 0<s<
T,i€ S} are standard Brownian motions, {y{|0 < s < T,i € §} are standard Poisson
processes and the Markov chain X" has the same dynamics, which are independent
of y.

Then under P, {yi|i € S} and {(yi —1)|i € S} are {#} martingales.

Foru € % , define A = {A\,|0 <t < T} by:

1

't . . 't P
A = exp /0 Y hixtdyi— 3 / S ikl ds

0

€S €S

t . . .

+ [ X -nixeas) TT T Hxeoon
0 ies ies 0<r<t

where A is the i row of Hy, y! is the i* element of y,, and Ay’ represent jumps in
.. at discrete times r. Then, using Ito calculus,
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A":1+/A“Zh’x“dyy+/1‘u DX = 1)d(ys —s),
icS

icS
dA! =AY RXdy+ ALY (B_X = 1)d(yi —1).
icS icS
Therefore A“ > 0 is a martingale on (Q,{%;},P), with E[A* = 1].
U

dP
Define a measure P“, by setting ﬁ} g = Aj'. Then, under P*, we have via

T
Girsanov’s Theorem that, b} = y} — / h.X!'ds, is a standard Brownian motion for
0

{i € S}, and a martingale for {i € S}. Further, under P*, X" has the same dynamics.
From Bayes’ Theorem,

E[A/X}' | %]

(2.2)

Information State

The information state is defined as,
q' =E[ANX/'|%] eR".

We see that (g, 1) = E[AY | %], where 1 = (1,1,...,1) € R".

The Wonham-Zakai filter

For completeness, we include the Wonham-Zakai filter, which along with the
Kalman filter, is finite dimensional and optimal for a broad signal model class of
interest in many applications. The information state ¢ is derived via a filter in
Wong and Hajek (1985). A verification exploits the fact that W is a martingale, and
Fubini’s Theorem is applied to condition on % under P, where y' is Brownian or
Poisson. The filter is:

—qo+/Aq§‘ds+/ Y Higidy,

ieS

+ / 3 (H —1,)q"_ (. — ds). (2.3)

icS

Here each H! := diag{h'} is the diagonal matrix comprised of the elements of A..
This equation is a stochastic equation which is not very suitable for implementation.
Alternatively, we can consider the associated transition matrix @, where

d®} ) = dA{ D! ydt + Y H D! dy,

ieS
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+ Y (H = L)} o(dy; —dt), ®“(0,0)=1,.

i€S

Then,
qi = Pt oq0-

Robust Clark filter

We now describe the robust form of the Wonham-Zakai filter (2.3) due to Martin
Clark (Clark 1978) for the Brownian noise observations case and Elliott (Elliott
1992) for the Poisson noise case.

A Gauge Transformation Variable

A key is to work with the diagonal matrix € = (&[0 < s <1),

st::exp<Z{ny§ ;H’ Hj)t ]+2[ In)t +yIn(H, ﬂ)'
icS

ieS

The associated differential, can be calculated using Ito calculus, as

de; =Y Hiedy;+ Y (H —I,)&(dy, —d1).
ieS icS

Notice that & is a martingale.

Robust Information State

For u € % , consider the vector-valued robust information state process g* = {q;’ |0<
t < T} € R”", which is defined by the readily implemented ordinary differential
equation:
dq"
dt

Note that the coefficients of the right hand side, et_lAt"e,ﬁ;’, are functions of the
observations y, and controls u,;. Moreover, for u € %, consider the matrix process
Q' = {d)ZS\O <s<t<T} where

=g 'Aleq), T§=q0= po. (2.4)

d®, = =
dtl"s = Sz_lA?SI(D?.,m q)f:,s =1, q;l = (D;tOCI()- 25)

Consider also the matrix process WZS defined by setting

a7

t.s

dt

=Y, & 'Ale, Vi =L

5,8
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Then

d /—u — — — — —
o (PL0) = e A D, + P g Ale D, = 0.

Consequently 6?,3 is non-singular and
?u

1,

= (@)L (2.6)

t,s

Relationship to the Wonham-Zakai filter
By differentiating it is immediately checked that &g} satisfies (2.3), so by unique-
ness,
u —u u U u U
9 =&4;, q; = 8zq>,,06107 q);70 = 8tq);,0~
Optimal Control Formulation
‘We now discuss the optimal control using the robust dynamics for g}’ of (2.4). Sup-

pose in the first instance that the cost is an integral cost together with a terminal
cost.

Cost Function

For a control u € % , the expected cost is,

T
I = E*[(eX)+ | (g4 X)),

where without loss of generality, the terminal cost and kernel of the integral term
are linear in the discrete states X.

Cost Function in Terms of Information State

Applying Bayes Theorem (2.2), noting that E [A,] = 1,

o T
I = E[{e.NpX) + [ (gl AiX2ds),

T
El(eEnixt | 97))+ [ (L ENX | #))as, @)

I
|

egh) + [ (ghoathas].

The control problem is now: Minimize over u € % the cost J(u) of (2.7) subject to
the dynamics (2.3).
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Cost Function in Terms of Robust Information State

Noting that g} = &4}, the control task can be reformulated: Minimize over u € %
the cost

T
J(u) = E[{ere.q%) + /0 (e:g,7")ds], 2.8)

where g}’ satisfies the ordinary differential equation (2.4).

Cost Function in Terms of Augmented Robust Information State

For convenience, we define augmented matrices as follows:

~ A0 - g 0
u.__ t . t
Al = g?' 0 ,8,.—[0 1},
-~ o Hl O "'u._ q;’ ~._ C
H,.—[O 0], qt == [ﬁ?}, c.—{l}. 2.9)

Here pY := [;(g:g",g")ds. Our subsequent focus is the control task to minimize
over u € 7% the cost function,

J(u) =E[(€rc,qr)], (2.10)
subject to the augmented robust information state differential equation,

dfq\?_"’flgu’v"u ~U 211
W—SI t&4qr5 4y =40, (2.11)

with associated transition matrix differential equation,

dor,

-* = AV DY, @ =1, (D) =P (2.12)

1,8

Dynamic Programming in Terms of Robust Information States
We first define a value function:

Vi(q,y) = infucq E[(€r¢.qr)|@: = q,y: = y]. (2.13)

The dynamic programming equation for our control task is:
: IVU@Y) zux ), 1 5 2Vi(@y)
+ inf, U <—~ uq =+ - —_—
we P q t 4t 2 i,j%S aylyJ

+ 2 Vi@ y+e) =Vie(@y)] =0, Vr(g.y) = E()e.q). (2.14)
J€ES

Vi(q,y)
ot
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Here e is the unit vector in R™ with unity in the 7 entry and zeros elsewhere. This
is the Hamilton-Jacobi-Bellman nonlinear second order parabolic partial differential
equation, which is solved backwards in time. Minimizing the term %Ai’c] gives
an optimal control law of the form u} = f(g;,y;), which is a robust information
state and output Markov feedback law. Equation (2.14) may not posses a smooth
solution, but a solution can be defined in a viscosity sense. It appears more attractive
to implement than earlier versions involving the non-robust information states g
and differentiation with respect to these states. Certainly the Ito term involving the
second derivative is simpler here.

One can extract a minimum principle from the term involving the infimum oper-
ation. Our approach will proceed along a different path and return to this feature.

Minimum Principle in Terms of Robust Information States

Suppose there is an optimal control u* € % . Write g* for g* , &31’“ for EIV)}‘*Y etc.
Consider any other control v € % . For 6 € [0,1] write,

ug(t) =u(t)+ 0 (v(t) —u*(t)) € %, J(ug) >J(u*). (2.15)
Consequently, differentiating in 6 and letting 8 = 0 we have

9J(ue)

>0. (2.16)

Standard results on differentiation with respect to a parameter give a preliminary
lemma:

94:(6)

Lemma 2.1 Write §,(0) for ¢/°. Then z; := 70

exists and is the unique
0=0

solution of the ordinary integral equation

94:(0) /[~ 191Z
z = =/ € &q,ds
20 |g_g Jo dug (=)o 2.17)
+ /0 £ AT zods.
Lemma 2.2 Writing
_ 8A* ~
mo= [ #E u!)EG1ds, 2.18)
we have _
= o/, (2.19)

Proof Equivalently we prove: dz; = d&,fo.nt +&)t*,0.dn,. This is immediate by dif-
ferentiation of CTJI*:O from (2.5) and 1, from (2.18), and using (2.6). O
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Lemma 2.3 For the controls (2.15), the cost function is,

J(ug) = E[(€rc,qr(0))],
and cost function sensitivity is,

dJ (ug)
L P

=E [(ETE, &)?,oﬂﬁ] :
Proof Follows from the differentiation of (2.10), and application of (2.17) (2.19). I
Lemma 2.4 Defining, for0 <t <T,

M, :=E[®} &rc | %],

then M is a square integrable vector-valued martingale under P and the filtration
%,. Moreover, M has a martingale representation

= B[ #rd] + 3, [ A+ 3 [ Hlari—as),

€S ieS

where each ¥ is a {Z’/, } -predictable n-dimensional vector process such that,

T
/()E[|y;|2}ds<oo.
Proof See Elliott (Elliott 1982b). O
Theorem 2.5
97 (ug) T 5194 At ~
- M, P} o€ —u*)g*) | ds.
90,0 =y F |0 it G )| s

Proof Since 1 is continuous, d{(M;,n,) = (dM;,n,) + (M;,dn,), therefore

’ Qs * "'—181’4‘?: *\ > ok
(Mr,nr) :/0 <Mv Wi o€ 8_u(v — U, )Syqv>ds

Z/ (1o s dy;+2/ (i, ms) (dys — ds).

ieS icS

Therefore, as the last two terms are martingales,

9J(ug)

[(Mr,n7)],

=E
/ B (M7 5 25 (0, Y2 ds
KR \0\ 8145 s s ) ©sUs .
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Theorem 2.6 The the optimal control value u}(w) satisfies, a.e. in s and in ®, in the
following,

(M, ¥ 08, l?}is (vs —u}) &) > 0. (2.20)

Proof For any s € [0,T],and € > 0, any A € %; and v € % choose

ve=u;, for0<r<sands+e<r<T

and

ve(w)=v, fors<r<s+eandweA,
ve(w) =ui(w), fors<r<s+eandwdA.

Then Theorem 2.5 implies, with 14 denoting the indicator function,

S+€ *
E[/T <Mr,‘P,0 71?%, (v —u)) &g, )drls] > 0.
s r

Consequently, the optimal control value u} (w) satisfies, a.e. in s and in @

1 0A} ~
<Mm\ljv0 s ! 3us (V )evqs > —O'

]

For the case when testing the Minimum Principle at time s, in the usual case

when y,u is measurable over only the interval [0, s] with s < T, then one needs a

martingale representation in order to determine M;. This is in itself an interesting

task requiring the solution of a partial differential equation in terms of an adjoint
process.

Adjoint Process

First define an adjoint process,

:E[QTI‘ETC | @] OMI7 MI ¢ Oﬂ'.t (2.21)

Backwards Partial Parabolic Differential Equation for Adjoint Process

Theorem 2.7 The adjoint process m;(q,y;) satisfies the backwards nonlinear second
order partial parabolic equation:

—& &qi+ =
dt a 1]65 (9))[8)7[

+ z [ﬂt((»?t»yt + ej) — ”t(%d’t)} =+ gtA';k/’é’tf]”t = O7 r = ETZ: (222)
jes

om ] 87r,~ e 1 Z 22w,
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Proof Notice that m; depends only on y; and the control uf, which is Markov. That
is, m; is a function of y;,q;, . Earlier work defined such an adjoint, but in terms of

the information state ¢,. Thus,
om  Om_ 0
dn:t:< L g AYE G, >dt+ ~dy!
z JES ytyt icS J

or " ag
-+ (G +ej) — (G y)]dyl, 7 =&re. (2.23)
jes

We now exp101t the fact that M; is a martingale. Applying the Ito rule to the the
product M; = @ 07':,, which depends only on (gr,y;,t) gives,

Y= q>tog for i €. (2.24)

The dt term has coefficient (I)*O times the left hand side of (2.22), and since M is a
martingale, is the zero process. Consequently, the theorem is established. O

Forwards Integral Equation
The equation (2.22) leads to the simplification of (2.23) as,

o ~ Tyl ~ ~ ~
dm = a_t —&A; gtilntdtv nr = érc. (2.25)
Vi

Integrating leads to the result:

Theorem 2.8 The adjoint process m; satisfies a forward integral equation:

m=F q)TOETC +/ ay /es 8 nyds (2.26)
)

It remains a challenge to solve such equations with respect to (2.22) and (2.25),
even knowing the optimal controls u*.

Minimum Principle in Terms of the Adjoint Process
From Theorem 2.6 and (2.21) we have,

Theorem 2.9 The the optimal control value u}(w) satisfies, a.e. in s and in o, the
following,

OA* ~
<77:S,£_l P > (vy—u}) &4y ) >0,
s

where T is given by the backward second order nonlinear partial parabolic differ-
ential equation (2.22).
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Connection to Dynamic Programming

A connection between the adjoint process 7; and the value function V; of dynamic
programming for the optimal control is almost immediate. Substituting gr = ®7,g;
in the definition for V; in (2.13), then

avt(‘?tv)’t)
g

7 AU
E[<£Tc,d)’}7,a—;iz>|q,,y,] — B[, @5 )Gy] =m. 227

Following a partial differentiation of the dynamic programming equation with
respect to g;, we recognize that the minimization operation in this differentiated
dynamic programming is identical to the Minimum Principle of this section.

Results for Risk-Sensitive Estimation and Control

Risk Sensitive Control

Suppose there is a risk sensitive generalization of our cost function with risk sensi-
tivity parameter 0 < u: Consider,

200 = |exp (uleugi+ [ atghatyas) | 2.28)

To apply the results developed so far in this paper, first define a modified rate
matrix:
Al (u) := AY + uTY, TV := diag{g"(e1),...,g" (en)}. (2.29)

Also, define
1
G} :=exp ([.L/ g‘,‘(Xr)dr) , M i=exp(uc). (2.30)
0

Now introduce a risk sensitive information state,
qi (u) == E[N{GX"|%]. (2.31)

Following the derivations of the Wonham-Zakai filter, it is shown in James and Elliott
(1996) that, a cost function dependent, risk sensitive filter, generating ¢ (1) is,

dgj' () = Af' (u)gf (w)dt + Y Hi g} (u)dy,
ieS

+ 2 (H; — (u)(dy; —dr), J*(u) =E[(gy(u),c")]. (2.32)

=

The formulas for the Robust Clark filter, the Risk Sensitive Dynamic Programming
equations and the Risk Sensitive Minimum Principle, are derived as previously but
using the superscript { notation in lieu of the over tilde notation. The results are not
stated separately since this notation change is trivial.
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Risk Sensitive Filtering

The notion of a risk sensitive filtering is related to risk sensitive control. For sim-
plicity of presentation, assume here that we are not seeking any optimal control
for the signal generating project but only an optimal ‘control” which is the desired
risk sensitive filtered estimate. The cost function for the risk sensitive filtering is
in fact a special case of a risk sensitive control. For the risk sensitive filtering task,
we view the optimal risk sensitive state estimate, )?, € A, of X;, where /\,, denotes
the n-dimensional simplex, as a ‘control’ variable which only enters the cost func-
tion and not the signal model. Clearly, discrete state estimates here are nonnegative
probabilities which add to unity.

Typically, for filtering, as opposed to smoothing, the cost function does not pe-
nalize any future costs or any terminal cost, but penalizes the exponential of the
integrated quadratic estimation error up until the present time.

For the derivation of the appropriate risk sensitive information state, apply the
equations for the risk sensitive information state derived for the the control situation
of this section with the notation adjustments, recalling that (X, X) = (1,X) = 1,

U :>)/(\t7
1~ 1~ ~ .
(g".X,) = §||X, —X|* = <§(X[Xt -1 —X,,X,>,

Atl(u) = A\IH ::At +“ft7

~ 1 ~~ ~ 1 ~~ ~
I, = diag{<§(X,'Xt - 1)1—X,7e1>,...,<§(Xt’Xt — l)l—X,,en>}.

The filter equations (2.32), with these notational adjustments give the risk sensitive
information state as,

= E[AthXt|@] Gt = exXp (/ —HX X ||2ds) 5
where, rather than calculate this via the Wonham-Zakai version,
dgl' = Al'gldi+ ZH;'af‘dy;‘

icS

+ z dyt dt),

icS

it is preferable to calculate this via the robust Clark version,

é\# = gtqfv
dg'

ar EflAszQﬁ QSLZCIOZPQ

Now an optimal risk sensitive state estimate )?z can be obtained via the infinite
state associated dynamic programming equations solved forward in time, but here
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we introduce a simplifying assumption, used in earlier discrete-time formulations
(Dey and Moore 1995c¢), so that the risk sensitive estimator is finite dimensional:

Assumption

Risk sensitive state estimates are calculated at the current time assuming they are
known prior to the present time. That is X € %.

Under this assumption, we define the estimate and formally simplify its formu-
lation as:

X" := argminE d(Atél)\?%},
Xen, -

— argminE dAt6,+%A,HX,f)?||26,dt\?%},
Xen, -

’

n
= argminF | Y (X,.e))(A; 'dA, + %HX, ~X|2d)NG|%
Xeh, Jj=1

[
/N

n
— argmin Y, (A1 dA =, + %Hej —X|\2dt) E [AIGAX,,ej)\ﬂ?/Z} ,

}?€An j:1

n
— argmin Y, [le; — X|*(e;. "),
Xen, j=1
= argmin (|X]2(1,g") - 2(%.3"))
Xel,
=g’ (L) "

Thus, the risk sensitive information state in this case, when normalized is the
desired risk sensitive state estimate.

12.3 The Dependent Case

Again our processes are assumed to be defined on a probability space (Q,.%#,P). In
this section we discuss a conditional Markov process, X, as defined in Section 12.1.
However, our observations are now given by the process ¢ which counts the total
number of jumps of X. From Appendix B,

t
%:/0 (X, u)dr+ 2, 3.1)

where ¢ (X,,u) = =YY | (X,,e;) aii (r,u).
Here the noises in the signal and observation processes are correlated, [X*, 7],
# 0. The control problem we wish to consider is that of choosing u € U so that the

expected cost
J(u) = E[(¢,X7)]
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is minimized. We have, therefore, a signal given by (2.2) and an observation process
given by (3.1). Because the signal and observation processes are correlated we shall
derive the Zakai equation using semimartingale methods. Write {#/} for the right-
continuous complete filtration generated by #. If {¢;}, > 0, is any process write
¢ for the % -optional projection of ¢. Then ¢, = E[¢; | %] a.s. Similarly, write
¢ for the % -predictable projection of ¢. Then ¢, = E[¢; | %_] a.s. From Elliott
(1982b, Theorem 6.48), for almost all @, ¢ = ¢ except for countably many values
of t. Therefore,

t t t
/E(X,,u)dr:/ 6(X,7u)dr:/ &(X,_,u)dr.
0 0 0

Write p, =X, = E[X, | %] so po = E [Xo] =
where a (r,u) = — (a(ru)yy,...,a(ru)yy) s

6(Xr,u) = <a(r7”) ;Xr> = <a(rv”) vﬁr> .

For the vector ¢ (X,,u)X, = diag (a(r,u)) X, we have c()/(;X, = diag (a (r,u)) py-
The innovation process associated with the observations is

po say. Now ¢ (X;,u) = (a(r,u),X,),

Qt:%—/otf(X,,u)dr:/,—/Oté(Xhu)dr.

See Brémaud (1981). Application of Fubini’s theorem shows that .2 is a {%} mar-
tingale. Therefore,

S = / (Xp,u)dr+ 2;. (3.2)

Similarly, Fubini’s theorem shows that the process
- 1
Viim pi—po— | Als.u)p,-ds

is a square-integrable {%;} martingale. Consequently, V' can be represented as a
stochastic integral

l ~
V, = / 1d 2, .
0
Therefore,

t t -
B =p0+/0 A(r,u)p,,dr+/0 7dJ,. (3.3)

The problem now is to find an explicit form for 7.

Theorem 3.1

Y= I(<pAV*’a(r’u)> # 0) <ﬁr*’a(r’u)>71
x [diag (a(r,u)) pr- — (pr—,a(r,u)) +A(r,u) p,-]. (3.4)
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Proof The product p; ¢#; is calculated two ways. First consider, using the Ito product
rule in Appendix A,

X, 7, = /0 "X, (42, +c(X,_)dr)
+ [ A A0 X +av) X, A,

Now X and _¢ jump at the same times, at which A ¢ =1, so

[va]t: 2 AXVAfr: Z AX;

0<r<t 0<r<t
t
=X, —Xo= / A(ru)X,—dr+V,.
0
So

X A= [ (e )+ A X +A () X,

+ martingale. 3.5)

Taking the % -optional projection of each side of (3.5)

t
pi s = | (ing (a(r)) e FA (R0 o+ A r0) ) dr
+ martingale. (3.6)

However, from (3.2) and (3.3)
t t B t
bt [ prcydr+ [ prd+ A b i dr
t ~
+/0 yr/*dgr+[ﬁ7/]z'

Now
[ﬁa/]t = Z ApArAfr = 2 Yrd/r
0<r<t 0<r<t
t t 5 t
:/ y,dj,:/ y,do@,+/ Yre (X, )dr.
0 0 0
Therefore,

t
b fi= /0 (Brc (X, ) +A(r,u) pr—_#»_)dr+ martingale. 3.7)

The bounded variation processes in (3.6) and (3.7) must be equal, so (3.4) fol-
lows. (Il
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Note for any set B € %, E[I(B) [;d_#,] = E[I(B) [! ¢(X,—)dr], so % can be
taken to be 0 on any set where ¢ (X,_) = 0.

Suppose there is a constant o > 0 such that —a;; (r,u) > a for all i and r > 0.
Then ¢(X,) " = (a(r,u),X,)”" < o' for all r > 0. Define the martingale A by

A= 1+/OtA,, (cX0) ' =1)d2, (3.8)

and introduce a new probability measure P on {Q,¥} by E [dF/ dp | %} = A

Then it can be shown that under P the process ¢ is a standard Poisson process,
and in particular Q = _#, —t is a martingale. Conversely we can define the (ﬁ, F )
martingale

A=t [ B (et) ™ =12, (3.9)

Then A;A; = 1. To obtain the Zakai equation we take P as the reference probabil-
ity measure and compute expectations under P. Write TT (K,) for the % -optional
projection of A under P. Then for each r >0, IT(A,) = E[A, | %] a.s. It can be
shown that IT(A,) = 1 + [y TT1(A,_) (¢(X,—) — 1)d2,. By Bayes’ rule, for any %-
measurable random variable ¢

_[tit | @t] 4

ﬁtZE[Pt|@t]: 7[X,|@,] .—H(Kt).

Calculating the product I (A;) p; we obtain the Zakai equation for g;:

1 1
q: () = po +/Ar (u) gr— (u) dqu/ B (u)gr— (u)d 2y, (3.10)
0 0
where

B, (u) = (diag (a(t,u)) —I1+A; (u))

-1 aopy (t,u) ... aon(t,u)
ayo (t,u) -1 coaiy (t,u)
ano (t,u) any (t,u) ... -1

The expected cost if u € U is used is
J(u) = E[{¢.X})] = E[A7((,X7)] = E[(¢,A7X])]
= E[(L.E[A7X} | 27 ])] =E[(t.47)]-
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The control problem has, therefore, been formulated in separated form: find u € U
which minimizes

J(”) =E [<£7qL]l">}7

where for 0 <7 < T, g; (u) satisfies the dynamics (3.10).

Differentiation
Notation 3.2 For u € U write " (t,s) for the fundamental matrix solution of
dD" (1,5) = A, (u) D (t—,5)dt + B, () @ (t—,5) (d_#; — dt) (3.11)
with initial condition ®" (s,s) = I, the N X N identity matrix.
Note that A, (u) — B, (u) = diag (1 + a;; (t,u)) and write
!
D" (s,t) = diag (exp/ (1+ay; (nu))dr) .

S

Thenif 7, <t < T,41,

& (1,0) = D" (1,T,) (I + By, (ur,)) D" (Ty, Ty1) (3.12)
X [(1+Br, , (uz, ,)) x -+ x (I+Br, (ur,))] D" (T1,0).

The matrices D (s,¢) have inverses
1
diag (exp—/ (1+aj (r, u))dr) ;
N
we make the following assumption:
Foru € U and ¢ € [0,T] the matrix (I + B, (u;)) is nonsingular.

The matrix @ is the analog of the Jacobian in the continuous case. We now derive
the equation satisfied by the inverse ¥ of ®.

Lemma 3.3 For u € U consider the matrix V" defined by the equation
Y (t,s)= I— /‘I"“ r—,s) dr—/‘l’“ r—,s)B, (u)d2,
[ ) B ) (14 B, ) d g (3.13)
s

Then P" (t,s) D" (t,s) =1 fort > s.
Proof Recall

t t __
@ (1,5) :I+/A,(M)CI)“ (r—7s)dr+/B,(u)(D”(r—,s)er. (3.14)
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Then by the product rule

t 4 J—
Yo :I—i—/‘PA(Ddr—i—/‘I’BCDdQ,
N N
t t . t ]
—/\}'Acbdr—/\Plao1>d£2,+/\PB2 (I+B)"'®d g,
s N N

t t
- [wBed 7+ [WE0+B) o 7,
s A

as the integral terms cancel. O

We shall suppose there is an optimal control u* € U. Write ¢* for ¢ , ®* for
®"", and so on. Consider any other control v € U. Then for 0 € [0, 1],

up()=u"(t)+0(v(t)—u@®)el.

Because U C R¥ is compact, the set U of admissible controls can be considered
as a subset of the Hilbert space H = L [Q x [0,T] : R*]. Now

J(ug) > J (u*). (3.15)

Therefore, if the Gateaux derivative J’(u*) of J, as a functional on the Hilbert
space H, is well-defined, differentiating (3.15) in 6, and evaluating at 6 = 0, im-
plies

<J’ (u*),v(t)—u* (t)> >0

forallve U.

Lemma 3.4 Suppose v € U is such that uyy = u* + 6v € U for 6 € [0,0]. Write
q: (0) for the solution g, (“2) of (3.10). Then z; = dq,(0) /98|g—¢ exists and is the
unique solution of the equation

t t
% :/ ((9_A (r,u*)) v,q;‘_dr—&—/A,(u*)z,_dr
0 \du 0

' (OB — ! —
+ <—<r,u*>> v d2o+ [ B w)a-d D (316)
0o \ du 0

Proof q;(8) = po+ [oAr (u* + 6v) g, (8)dr+ 3B, (u* + 0v) g,— (0)d2,. The sto-
chastic integrals are defined pathwise, so differentiating under the integrals gives the
result. U

Comparing (3.14) and (3.16) we have the following result by variation of con-
stants.
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Lemma 3.5 Write
Nos = /‘f’* r—, ( (r,u* )) veqi_dr
+/\{J* r—, < (r,u )) vqi_d2, (3.17)
,1 0B
- [0 @) ) (G ) e A

Then z; = ®* (¢,0) No ;.

Proof Using the differentiation rule

r t
@ (t70)no,z:/od>’i-dn +/0 do*n- +[®@,nl,.

Because ®* W* =], therefore
N _[1[0A
@ 0)m = [ (5o ) ) v
d aB * * 0)
+/0 (E (}",M )) qurfdc‘@"
d $\\— 1 * &_B * *
[, w7 ) (5 ) v,
t
+/Ar (u)q)* (rfvo) nO,rfdr
0

t JE—
+ / B, (u)®" (r—,0) 0o, d 2,
0

3w (G k) ) a5,
/B YT+ B, ()" 13,@*)(3_5@,”*)) vt d_g,.

Now the d_¢ integrals sum to 0, showing that ®*n satisfies the same Equa-

tion (3.17) as z. Consequently, by uniqueness, the result follows. (]
Corollary 3.6

dJ , . — .

— (ug)|  =E[{,®(T,0)n0,r)].

de 6=0

Proof J () =E[(¢,qr ())]. The result follows from Lemmas 3.4 and 3.5. O

Write ®* (T,0)’ for the transpose of ®* (T,0) and consider the square integrable,
vector martingale

My =E [®*(T,0) 0| %].
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Then .#; has a representation as a stochastic integral
p— 4 [—
My, =E [®* (T,0)'(] +/ 1d2,,
0

where 7 is a predictable RV-valued process such that

[ ERdr <

Under a Markov hypothesis y will be explicitly determined below.

Definition 3.7 The adjoint process is
pi=(1,0) .

Theorem 3.8 The derivative at uy of the cost is given by:
i), b Fl A Gae)
6=0
- JdB
(8, ) B0 (G ) ) b )

(e 0y 18, ) (G ) ) v )
(3.18)

Proof First note that

(M7, M0,1)

_ /O T<///,_,‘I‘* (r—,0) (% (r, u*)> v,qj_> dr
+ /0 T<///r_¢1’* (r—,0) (‘;—5 (r u*))vrqt> a2,

- /0T<//z,,l11* (r—,0)(I+B,(u*)) "B, (u") (% (r,u*)) vrqi‘> d gy

i /OTW” Nor_)d2, + /0T<yr‘{’* (r—,0) <3—ﬁ (r, u*)) vrqﬁ> d gy

= (e -0 80,00 (5 ) )oY
(3.19)
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Taking expectations under P, we have

= E[(£,®* (T,0)noz)]

= E [(®"(T,0)' £,n0.7)]
E[(r,Mo1)].

Combining the last two terms in (3.19) and using the fact that 7, —tis a P martin-
gale, this is

=[2G ) ) i)
(18, B )('3—( ) )
+<yr,‘I’*( ,0) (I+B, ( < )vrqr>]dr,

Now consider perturbations of u* of the form
ug (1) = u (1) + 0 (v (1) —u(r))
for 6 € [0,1] and any v € U. Then as noted above

dJ (ug)

= (' (), v (1) —u" (1)) > 0.

Expression (3.18) is, therefore, true when v is replaced by v — u* for any v € U, and
we can deduce the following minimum principle:

Theorem 3.9 Suppose u* € U is an optimal control. Then a.s. in w and a.e. in t

<pr_,A1 (n, u*)qﬁ_> + <}/r,A2 (r, u*)q:‘_> >0. (3.20)

Here
() = { (5o ) ) = 0B B (5 ) ) o),

By =¥ (-.0) (148, (5

|
o]
—
~
<
*
S~—
N———
—~
<
~
<
~N ¥
N
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The Equation for the Adjoint Process

The process p is the adjoint process. However, (3.20) also contains the integrand 7.
In this section we shall obtain a more explicit expression for ¥ in the case when u*
is Markov, and also derive forward and backward equations satisfied by p.

We assume that the optimal control u* is a Markov feedback control. That is,

w [0, T]xRY - U (3.21)

so that u* (s, q}‘f) € U. Note that if u,, is a Markov control, with a corresponding so-
lution ¢, (u,,) of (3.10), then u,, can be considered as a stochastic open loop control
um (@) by setting

U (©) =y, (s,q:, (tt) (a))) .

This means the control u,, “follows” the “left limit” of its original trajectory gy (u,)
rather than any new trajectory.

Lemma 3.10 Write § for the predictable “integrand” such that
Ap; = pi— pi— = 8&A_Z;, ie, pr=pi—+8A_7.
Furthermore, write
49— =4,
B (u*(t=,9)) = B"(¢:-) = B" (q),
and
B (w (t,91)) = B (1)
Then
8 (q)=+B((I1+B(9)a) " p— (I +B"(4))9) ~ pi- (). (3.22)

Proof Let us examine what happens if there is a jump at time ¢; that is, suppose
A_g; = 1. Then from (3.10)

g =(+B"(q))q.
By the Markov property and from (3.12) and Definition 3.7,
pr = E[D"(t,T) (I + B, (")) - D" (T, Tyy) £ | %]
= pi(ar)
=p((I+B7(9)q)
= (148 (@)) " P (LB () q).

where Ty, is the last jump time before 7. The result follows. U
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Heuristically, the integrand & assumes there is a jump at f; the question of
whether there is a jump is determined by the factor A_¢#;.

Theorem 3.11 Under assumption 3.21 and with &; given by (3.22)
%= (r—,0) ((I+B.(u")) 8 +B(u") pr-) - (3.23)

Proof ®* (t,0) p, = .4, =E [®* (T,0)' ¢ | %] =E [®* (T,0) | + [; % d2,. How-
ever, if u* is Markov the process ¢* is Markov, and, writing g = ¢}, ® = ®*(¢,0),
E[®"(T,0)0| %] =E[®®"(T,1) (| q,®]

E
O'E [®*(T,1) 0| q].

Consequently, p, = E [ ®* (T,1) 1| q] is a function only of ¢, so by the differentia-
tion rule:

opr

pr = po+/ Aqr dr+Bgq,— de@ +/

apr—
+ Z (pr_pr_quCIrA/r>

0<r<t

t ; o .
= Do +/ {apr (Agr— —qu)+5r] dr+/ 5rd9r+/ W=y,
ol dq 0 o or

Evaluating the product:
My = O (1,0) p;
. Ip,-
= POJF/CD (rf,O) oq (Ag;— —Bgq,—)+ 6, | dr

+/q>*—o prd+/d>* ) 6,d2,
/ & (r—,0) A'p,_dr+ / ®* (r—,0) B p,_d2,
/ ®* (r—,0)B'8,d2, + / ®* (r—,0) B §,dr. (3.24)

However, .#; is a martingale, so the sum of the dr integrals in (3.24) must be 0, and
Yo = @ (r—,0) (8 + B, (u}) &+ B, (u}) pr-) -
O

Theorem 3.12 Suppose the optimal control u* is Markov. Then a.s. in @ and a.e. in
t, u* satisfies the minimum principle

aA * kY ok a_B * % o
(b G =)+ (8 5L ) -y ) 20, 629
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Proof Substituting y from (3.23) into (3.20), and noting B(I +B) ' — (I+B) 'B=
0, the result follows. (Substituting for B and § gives an alternative form.) (]

We now derive a forward equation satisfied by the adjoint process p:

Theorem 3.13 Wirth 6 given by (3.22)

't 't
pi =E [®*(T,0) /A’ ,dr—/ (I—|—B’r(u:‘))5rdr+/ 8-d 7.
0 0
(3.26)

Proof p; = W¥* (t,0)’ .#; and from (3.13) this is
E [®"(T,0) / AV Mdr— / BY'Md2,
i /0 t (1+B) 'B>¥'Md g, + /0 Y %d 2,
_/IB’\P*/y,d/,+/[ (I+B’)_IB’2‘I‘*’}/,d/r
(I)*TO /Ap, dr—/Bp, d2,
+/O (I+B) " 'B*p—d 7,
+/0t((1+3’) 8 +B'p_)d2,
_/O’ (1+B) "B (1+B)8+Bp,)d s,
E [0 (T,0)' (] /Ap,_dr+/ (1+B)6.d2,— /B’6 d 7,

and the result follows. O

However, an alternative backward equation for the adjoint process p is obtained
from the observation that the sum of the bounded variation terms in (3.24) must be
identically zero. Therefore, we have the following result:

Theorem 3.14 With 6 given by (3.22) the Markov adjoint process p; (q) is given by
the backward equation

D40 B @) g+ A @ o+ (45 @) 8 =0 B2

with the terminal condition
PT = L.
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12.4 Hybrid Conditionally Linear Process

Introduction

The filtering problem, where the state and observation processes are linear equations
with Gaussian noise, has as its solution the celebrated result of Kalman and Bucy.
For the related partially observed, linear quadratic control problem the separation
principle applies, and the optimal control can be described explicitly as a function
of the filtered state estimate.

Suppose, however, the coefficients in the linear dynamics of the state process
are functions of a noisily observed Markov chain. Both the filtering problem and
the related quadratic control problem are now nonlinear, and explicit solutions are
either difficult to find or of little practical use. The approximation proposed below
is to consider the coefficients in the linear dynamics to be functions of the filtered
estimate of the Markov chain. In this way a conditional Kalman filter can be written
down. These dynamics lead us to consider a conditionally linear, Gaussian control
problem. By adapting techniques of Bensoussan (1982), a minimum principle and a
new equation for the adjoint process are obtained.

Dynamics

Consider again a system whose state is described by two quantities, a vector x €
R? and a component ¢ which can take a finite number of values from a set S =
{s1,52,...,5n}. (The value x can be thought of as describing the location, velocity,
etc., of an object; 0 might then describe its orientation or some other operating
characteristic.)

If o evolves as a Markov process on S we can, without loss of generality, consider
the corresponding process described by X evolving on the set {ey,...,ey}. Write X;
for the state of this process at time ¢ and p; = E [X;]. Suppose the generator of the
Markov chain is the Q matrix Q (1) = (g;; (¢)), 1 <i,j <N, so that p; satisfies the
forward equation

dn =0(1)pr- (4.1)

dt

It follows from (4.1) that on the family of o-fields generated by X; the process V; is
a martingale, where

Vi=X,—Xo— /0 0 (s) X, ds. 4.2)

Suppose X is observed only through the noisy process z, where

13
z,:/F(S,XS)derV,. 4.3)
0
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Here v is a Brownian motion independent of V. Write { % } for the right-continuous
complete family of o-fields generated by z and X; for the 2 -optional projection of
X, so that

Xl = E [X[ | 2‘;} a.s.
Write A(s) for the vector (I'(s,e1),...,I'(s,ey)) and diagA(s) for the diagonal
matrix with diagonal A (s).
With an innovation process ¥, given by d¥, = dz, — (A(t), X, )dt it is shown in,
for example Elliott (1982b), that the equation for the filtered estimate X is

X, =Xo+ /0 lQ(s)}?sds—i- /0 t (diag A(s) — (A(s), X, )I) X, d V. (4.4)

Here (,) denotes the inner product in RY and I is the N x N identity matrix. Equa-
tion (4.4) provides a recursive expression for the best least squares estimate X of X
given the observations z.

Suppose now the x component of the state is described by the equation

dx, =A (X,)x, dt + plXm +B (X[) dW[. (4.5)

Here x € RY, w; = (w,1 yeen ,w{l) is an n-dimensional Brownian motion independent
of V and v, and A(X;), B(X;) and p; are, respectively, d x d, d x n, and d x N
matrices.

Suppose the x process is observed through the observations of y, where

dyt :th dt"’Gdﬁt (46)

Here y € R?, B, = (B/,...,B") is an m-dimensional Brownian motion independent
of V, vand w and H, (resp. G), is a p X d (resp. nonsingular p X m) matrix.

Now the y observations also provide information about X, so that altogether we
have the states x and X given by (4.5) and

t
Xt=Xo+/0Q<s)Xsds+vt, @.7)

with observations given by (4.3) and (4.6). Write {@,} for the right continuous,
complete filtration generated by y and z, and denote by a bar the % -optional projec-
tion of a process so that, for example,

X =E[X|¥7,] a.s.
Define the innovation processes v*, B* by

dvt* = dZt7<A(t),)_(t>dt,
dB = G~ ' (dy, — H%dr).
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For vectors x = (x1,...,x;) € R®and y = (y1,...,y,)" € R", write xy for the d x n
matrix (a;;), a;; = x;y;. Then the filtered estimate of ( ;’t ) is given by
Xt A(Xt)x, p[QlYl
dl 2 ) = ) de dt
(Xl > ( QIXI + O
(G XY (i (A1), X))

- @) 00 %)) (% 9) (4.

This is a nonlinear equation. However, the approximation we shall make is to
suppose that most of our information about X comes from the observations of z
and that we can replace X by X in (4.5), where X is given by (4.4). Note that X is
independent of w and 3. We can, therefore, state the following result:

Lemma 4.1 Suppose the state x, is approximated by X; where
di, = A (X)% dt + p;dX; + B (X,)dw;. (4.8)
Here X is given by (4.4). Suppose % is observed through the process § where
dy; = H%: dt + Gdp;. 4.9)

Write {%;} for the right-continuous, complete filtration generated by § and % for the
% -optional projection of x, so that %, = E [x; | %] a.s. Then

N 5\ a 5 -1 5
dxl :A(Xl).xt dt"‘p[ dX[ +P[H (GG’) dﬂh (4 10)
Xo = Exo,
where .
and P; is the matrix solution of the Riccati equation
R ~ A -1 A ~

F=B(X)B(X) ~RH (GG) HR+AR)R+PAR). |

Py = cov xg.
Proof The proof is left as an exercise. The Kalman filter applies. (]

Equations (4.4), (4.10), (4.11), and (4.12) therefore give a finite-dimensional fil-
ter for £;, which is a conditionally Gaussian random variable given X and %;.
Note that

b
>

Il
M=

Ale) (ei, X1),

Il
_

B(Ei) <€,‘7XI>.

&
£
I
=

Il
—
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Remark 4.2

dx — %) = (AX)x —AX)%)dt + p 2, (X, — X,)dt
(x(Hx) —%(H%)') G~ 'dB;}
(x{A(1), X,) —%(A(t),X,))dv; +PH(GG')"'dp,.

+
+
Therefore, with ¢r denoting the trace of a matrix

dx — %)% =2(x —£)d(% — %)
+tr(x(Hx) —X(H%)')(G'G) ™" (Hxx' — HxX')dt
+1r((A(t), X)x' — (A1), X)X') (x{A(r), X)' —X(A(t), X)) dt
(G
(G

+trPH (GG 2H'P, - dt

+trPH(GG') ™' - G (x(Hx) —%(Hx)')dt.
Taking expectations the martingale terms disappear and, under integrability or
boundedness conditions on the coefficient matrices, an estimate of order o(¢) for

E (% —)2,)2 can be obtained. However, this does not appear too useful.

|
Hybrid Control
Suppose the state equation for x now contains a control term, so that
dx; = A(X;) x; dt + pdX, + Cou (t) dt + B (X;) dwy. (4.13)
The observation process is again y, where
dy, = Hx, dt + Gdp,. (4.14)

Assume the control parameter u takes values in some space R* and the admis-
sible control functions are those which are predictable with respect to the right-
continuous, complete filtration generated by y and X. C; is a d x k matrix.

Suppose the control {u, } is to be chosen to minimize the cost

T
Vi(u)=E {/0 (x;D,xt +u;R,u,) dt +xpFxr| . 4.15)

Here Oy, R;, and F are matrices of appropriate dimensions and R, is non-singular.
Then (4.3), (4.7), (4.13), (4.14), and (4.15) describe a nonlinear partially observed
stochastic control problem whose solution is in general difficult. To obtain a related
completely observed problem the approximation we propose is that X; is replaced
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by its filtered estimate X; in (4.13) giving a process %, where

dzx, = A(X)% dt + p,dX, + Cou (1) dt + B (X, )dw,. (4.16)
The observation process is now y, where

dy, = H%, dt +G- d; (4.17)

and the admissible controls are the predictable functions with respect to the right-
continuous, complete filtrations generated by J and z.
The cost is taken to be

T
J(u)=E [ / (%.D,%, + u/ Ry ) dt +FpFiir | . (4.18)
0

Equations (4.16), (4.17), and (4.18) describe a partially observed, linear, quadratic
Gaussian control problem which is parametrized by X;, a process which is indepen-
dent of w and 3. However, we cannot apply the separation principle, as in Davis
(1977), because the coefficients in (4.16) are functions of X. The usual form of the
separation principle involves the solution of a Riccati equation solved backward
from the final time 7', and we do not know the future values of X. We therefore pro-
ceed as follows to derive a minimum principle satisfied by an optimal control. We
are in effect considering a completely observed optimal control problem with state
variables X and £, where X is given by

t 13
X :f(o+/Q(s))?(s)ds+/n(s)}2(s)dos (4.19)
0 0
and
o 1 R t 1 21 A
£ =mo+ / A(X;)%ods + / psdX + / Ciugds + / PH(GG')  dfs. (4.20)
0 0 0 0

Here I1(s) = diagA(s) — (A(s), X, )I and my = Exo. Note from (4.12) that the co-
variance P, depends on X. In terms of £ and P the cost corresponding to control {u; }
is (Davis 1977),

T T
J(u)=E U ()?;Dt)@+u;Rtul)dt+)?’TF)ET+/ tr(P,D,)dt—i—tr(PTF)} :
0 0

The last two terms do not depend on the control, so we shall consider a problem
with dynamics given by (4.19) and (4.20), and a cost corresponding to a control u
given by

T
J(u)=E [ / (R Ds %, + uyRyuy) dt +)€’TF)€T] . 4.21)
JO

Write {@Nt } for the right-continuous filtration generated by j and z. Write
L3[0,T] = {u(t,0) € L*([0,T] x Q; dt x dP,R¥) such that for ae. t, u(t,") €
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L? (Q,@Z,P,Rk) } Assume U is a compact, convex subset of R¥. Then the set of
admissible controls is the set

U={uecLy[0,T]):u(t,0) €U ae.as.}.

Suppose there is an optimal control u*. We shall consider perturbations of u* of the
form ug (t) = u* (¢) + 0 (v(¢) — u* (t)) where v is any other admissible control and
0 €10,1]. Then

J(ug) >J(u").

Following and simplifying techniques of Bensoussan (1982), our minimum prin-
ciple is obtained by investigating the Gateaux derivative of J as a functional on the
Hilbert space le, [0,T]. Write £* for the trajectory corresponding to the optimal u*.
Then

d&F = A(R)% di + pdX, + Cou} di + PH (GG') ™' dp,.

Given any sample path X, X; will be considered as a time-varying parameter. Write
@ (X,1,s) for the matrix solution of the equation

d A A
S0 (X,1,5) = A(R)®(R,1,5)ds

with initial condition ® (X,s,s) = 1.

Lemma 4.3 Suppose v € U is such that u}y = u* + 0v € U for 6 € [0, a]. Write £°
for the solution of (4.20) associated with wjy. Then y; = 8)?8_1 /06|g—g exists a.s.
and

t
v :cb(f(,t,O)/ ®(X,5,0)"'Cyvyds. 4.22)
JO
Proof The estimated state is given by
’ —x0+/ o)X ds—l—/deX
4 / Cy (1 + Ovy) ds+ / PH (GG dp. (4.23)
0 0

From the result of Blagovescenskii and Freidlin (1961), on the differentiability of
solutions of stochastic differential equations with respect to a parameter, (4.23) can
be differentiated to give

Y = / A(Xy)zs ds+/ Cyvgds. 4.24)
The solution of (4.24) is then given by (4.22). [l

Notation 4.4 Consider the martingale

T L
My =E [2/ F'D® (X,5,0)ds + 285 F® (X,T,0) | ¥,
0
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and write

& = M~ 2/ £'Dy® (X,5,0)ds,

p=& ®(X,s50)7", (4.25)

t
Mo =/<1>(Y,s,0)’lcsvsds.
0

Then there are square-integrable processes ¥ and A such that the martingale M has
a representation as a stochastic integral

T
M —E [2 / ;ej’Dscb(X,s,O)ds+2;e;’Fc1>(X,T,0)]
0

t . t
+/}/sd[35+//lsd\75.
0 0

Lemma 4.5 The derivative of the cost is given by

dJ (uy)
a0

T

=E [/ (psCSvs +2M:IRSVS) ds] .
0

0=0

Proof From (4.21) the cost is

r T
J(up)=E /O (Ae’Dx + up Ry ugs) ds+)€?’F)€ﬂ .
Therefore, differentiating we see

dJ (up)
a0

T
=F [2 / (£'Dyzs + u'Ryvy) ds + 2)2’;’FZT} (4.26)
0
6=0

Using the above notation

Y = (X,I,O)Tloh
&r = 28 F®(X,T,0)

S0
ErMor = 287 Fyr

T T
=/0 gsé(x,s,or‘csvsds—z/o 2D, ® (X, 5,0)0. ds

T R T
+A %nO,sdﬂs+/0 /’Lsn(),sdoy
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Substituting in (4.26)

dJ (up)
do

B T T
=F 57"7]07]" —|—2/ )e;HDS(I) (}?,S,O)T]odds—l-Z/ M;HRsvsdsil
L 0 ' 0

6=0

-7 ,

=E / ésq)(X7S70)7leV5dS+2/ u:’Rsvsds}
/0 0

a
=E / (psCyvs + 2 Ryvy) ds] :
JO

O

Now take v to be of the form v — u* so that ug = u*+ 0 (v—u*) € U. Applying
Proposition 4.5 to J (ug) we have the following result.

Corollary 4.6 The optimal control satisfies the minimum principle

psCstts +2u} Rt = rvrglr/l (psCsv+2u'Ryv) a.e. a.s. (4.27)

Proof u* is optimal so dJ (ug) /d0]g—o > 0, that is for any other admissible control v
T
E {/0 (psCs (U —vg) +2ul' Ry (ul — vs)) ds| > 0.

v can equal u* except on an arbitrary set of the form A X [s,s+ h], A € F;. Therefore,
a.e. dt and a.s. dP,

psCs (1 —vs) +2ul' Ry (1 — vs) >0,
where the adjoint variable p is given by (4.26). O

Remark 4.7 From Haussmann (1981a) we know the optimal control u* is feed-
back, in the sense that at time 7 it is a function of the states £ and X;. How-
ever, to avoid derivatives of u* we suppose u* always follows the trajectories of
#* and X, even if these trajectories are perturbed. By the Markov property we, there-
fore, have that p; is a function of x = £, and ¢ = X;. Writing ® = ®(X,7,0) and
y= 2fot)?§f’DSCI)(X,s,0)ds we have that ¥ (¢, x,y, D) = p; (x,¢) - ®+y = .#;, a mar-
tingale.

|
If we write down the Ito expansion of ¥ the sum of the terms integrated with respect
to time must be zero. After division by @ we have the following equation satisfied
by the adjoint process p = p (t,x,9).

Lemma 4.8 Denote the Hessian of p with respect to x [resp. X] by d°p/dx*
[resp. 3*p/d$?] and write
-1 A
I, = pH(GG')  +pIl(1) X,
A[ - H(I)Y[,
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(4.28) is in fact

a—+A()

a[ (A (X,)xt —+ thXl + Cﬂ/ll )

ap
dx
13 A

¢ -OX; + 22_, O () + 5 2’8 0 A (D)A ()

and tr (T} (9*p/dx*)T) [resp. tr (A;(9*p/d9?)A;)] for the vector with compo-

nents tr (T, (9%p;/9x*)T;) [resp. tr (A} (9 pi/9*)A)).

Then

d N 0 N N
L pAR)+ L (AR5 +p0% +C )

ot
1 d’p 1 ’p
8¢) QXZ (1"/ " 21",) (A/aqﬂA’) =0,

with terminal condition p (T,x,¢) = 2xF.

(4.28)

12.5 Problems and Notes

Problems

1. Show that under the probability measure P defined in Section 12.2 the process
_# which counts the number of jumps of the Markov chain is a standard Poisson
process (see Appendix A).

2. Using the innovations approach derive the filtered estimate (4.4).

3. Derive the Kalman filter and the Riccati equation given by (4.10) and (4.12).

Notes

The optimal control of a continuous time partially observed Markov chain observed
through Brownian noise or by a counting process is derived using the robust fil-
tering equations introduced by Clark. New simpler dynamic programming results
are presented using the robust information states of the Clark filters. Also, a mini-
mum principle is derived in terms of new equations for an adjoint process in terms
of the robust information states. Generalizations of the formulations to the case of
risk sensitive optimal filtering and control are immediate. Perhaps the improvement
to filtering applications of the Clark results are more dramatic than for control as
presented here, but this can be a subject of further exploration.

In this chapter the control of HMM in continuous time is discussed. The first
situation considered is that of a continuous-time finite-state Markov chain which
is not observed directly; rather, there is a conditional Poisson process whose rate,
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or intensity, is a function of the Markov chain. An equation for the unnormalized
distribution g of the Markov chain, given the observations, is derived. The control
problem is then formulated in separated form with g as the new state variable. A
minimum principle is obtained.

Secondly, the case when the counting observation process is related to the jumps
of the Markov chain is discussed. In this situation there is non-zero correlation be-
tween jumps in the observation process and jumps of the Markov chain, so new
features arise. However, again a minimum principle is obtained together with ex-
plicit formulae for the adjoint process.

The optimal control of a Markov chain observed in Gaussian noise is treated in
Section 12.3. Equations for the adjoint process are again derived.

The chapter closes with a discussion of the optimal control of a linear stochastic
system whose coefficients are functions of a discrete-state Markov chain.

Equation (4.28) is a backward parabolic equation. Bismut (1978b) considers a
forward equation, with a terminal condition, for the adjoint process.

Other work discussing similar situations to that of Section 12.4 includes Fragoso
(1988), Yang and Mariton (1991), and Mariton (1990).



Appendix A
Basic Probability Concepts

Definitions

Let Q be a set of points. A nonempty class A of subsets of Q is called a o-field if
2 is closed under complementation and countable unions. The sets B € & are said
to be measurable.

A function P: £ — [0, 1] is called a probability measure

1. IfP(Q) = I;

2. if By is a countable sequence of disjoint sets in %, then P (|JBy) = 3. P (By).
The triple (Q, %, P) is called a probability space. A set B € % is sometimes referred
to as an event.

If X : Q — R is a function we let 0 (X) = o ({® | X () <x},x € R). This is
the smallest o-field containing all subsets of the form {® : X (0) < x}. If X is %-
measurable, that is, if o (X) is in 4, then we call X a random variable.

For C € 2 we define I (C), the indicator function of C, as follows

I1(0)(w) =1 ifoeC
=0 otherwise.
A random variable is called simple if there are finitely many real numbers x1,...,xk

such that Y P(X =x;) = 1. Then B, = {w : X (0) =x;} € Band X =35 x;I (B)).
The integral of a simple random variable is defined as

/XdP =Y xP(X =x;) =Y xP(B;).
i
If X is a nonnegative random variable, its integral is defined as

/XdP:klim X, dP,
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where {X;} is a sequence of simple random variables which increases pointwise
to X. The existence of such an increasing sequence of functions is established in,
for example, Shiryayev (1986). Furthermore, the limit of the sequence of integrals
is independent of the increasing sequence of functions. If the above limit is finite, X
is said to be integrable. If both its positive and negative parts, X* = XI (X > 0) and
X~ = —XI(X <0) are integrable, X is said to be integrable and we define

/XdP:/XJ’de/X_dP.

The expected value of X is written £ (X), and is by definition

E(X):/QXdP:/RxdF(x).

Here F (x) = P(X <x) is the usual cumulative distribution function of X. For a
simple random variable X, then

E(X)= Zx,-P (X =x;).

For C € A, we write _
/XdP: /I(C)XdP.
JC .

A sequence of random variables {X; } is said to converge almost surely (a.s) if

P [ lim X} (w) exists and is ﬁnite} =1.
The value {X;} converges to X in L; if E[|Xy — X|] — 0 as k — oo. The value {X;}
converges to X in probability if for each € > 0 the sequence

P|X¢—X|>€]—0  ask— oo,

Theorem 1.1 (Radon-Nikodym) If P and P are two probability measures on (€, %)
such that for each B € B, P(B) = 0 implies P(B) = 0, then there exists a non-
negative random variable A, such that P(C) = [-AdP for all C € %B. We write
dP/dP|z = A.

For a proof see Wong and Hajek (1985). The value A is the density of P with respect
to P. When Q is a finite, or discrete, sample space A (w) = P/P.
If A, B are two events, then we define the probability of A given B as

P (A and B)

P(AIB) = =55

provided P (B) > 0. Otherwise P (A | B) is left undefined. More generally we have
the concept of conditional expectation which we now define.
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Let X € L; and o/ be a sub-o-field of . If X is nonnegative and integrable we
can use the Radon-Nikodym theorem to deduce the existence of an .<7-measurable
random variable, denoted by E (X | &7 ), which is uniquely determined except on an
event of probability zero, such that

/AXdP:/AE[XUz%]dP (1.1)

for all A € &7. For a general integrable random variable X we define E [X | /|
aSE[XT|o]—E[X | ). E(X| <) is called the conditional expectation of X
given o7 If A is an event, then we write P (A | /) as shorthand for E (I (A) | & ).

The following is a list of classical results. If <] and o5 are two sub-o-fields of
% such that &7 C %, then

E(E(X| )| oh)=E(E(X|2)| ) =E(X]). (1.2)
IfX,Y,XY € L;,and Y is &/-measurable, then
E(XY | )=YE(X| ). (1.3)
If X and Y are independent, then
E(X|o(Y))=E(X). 1.4)

A stochastic process is a mathematical model for any phenomenon evolving or
varying in time (or space, etc.) subject to random influences (e.g., the stock market
price of a commodity observed in time, the distribution of colors or shades in a
noisy picture observed in an unordered two-dimensional lattice, etc.) To capture
this randomness we list all outcomes into a measurable space (€2, %) usually called
the sample space on which probability measures can be placed. Thus a stochastic
process is a mapping X(ingex) (o) from Q x {index space} into a second measurable
space, called the state space or the range space.

For a fixed simple outcome @, X (®) is a deterministic function describing
one possible trajectory or path followed by the process starting from some possible
initial position.

If the time index is frozen at ¢, say, then we have a usual random variable X; (.).

Theorem 1.2 (Kolmogorov’s Extension Theorem) For all 1y,...,7,k € Nand T in
the time index, let Py, . 7 be probability measures on R™ such that

Peytioq (FL X X F) = Py (Fpmi (1) X - X Fog)
for all permutations ¢ on {1,2,...,k} and

PT[,.“,‘L'k(Fl X "'XFk)

=Py, (Fix - xFxR"x---xR")

s Thes T 1oeeos Thtom
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for allm € N, and the set on the right-hand side has a total of k+ m factors. Then
there exists a probability space (Q, % ,P) and a stochastic process {X;} on Q into

R" such that

Py, (Fix-xF)=P[Xy €F,....Xq € F],

15
for all 7; in the time set k € N and all Borel sets F;.

Suppose, from now on that the index space is either R* or N. To keep track, to
record, and to benefit from the flow of information accumulating in time and to give
a mathematical meaning to the notions of past, present, and future the concept of
Sfiltration is introduced. For this we equip our sample space (Q,.%) with a nonde-
creasing family {%;,7 > 0} of sub-o-fields of % such that %, C 9B, whenever
7 < 7. We define B.. = 6 (Ur=0%r).

When the time index 7 is in R we are led naturally to introduce the concepts of
right-continuity and left-continuity of a filtration. A filtration {%;,T > 0} is right-
continuous if Z; contains events immediately after T, that is B; = (g0 Pre-

The stochastic process X is adapted to the filtration {%;, 7 > 0} if for each T >0
X; is a #;-measurable random variable.

Roughly speaking, a stochastic process X is predictable if knowledge about the
behavior of the process is left-continuous, or, more precisely, if it is measurable
with respect to the o-field generated by the family of all left-continuous adapted
stochastic processes. The concept of predictability is more easily understood in
the discrete-time situation where X is %;-predictable if X is %B;_|-measurable.
A stochastic process X is optional if it is measurable with respect to the o-field
on Q x {time set} generated by the family of all right continuous adapted stochas-
tic processes which have left limits. Note the concepts of optional and predictable
o-fields on Q x {time set} involve measurability concepts in both @ and 7.

The stochastic process X is a martingale with respect to the filtration { %} if it
is Br-adapted, E [|X;|] < oo forall Tand E [X; | By ] =Xy forall T < 7.

The variation of a real-valued f over an interval [, b] is

b A n—1
[ 1df1= sup 31 1)~ £ @),
a T k=0

where 7 is the set of all partitions of the interval [a, b].
A stochastic process X is of integrable variation if

E[/:mxsq <o,

Given an adapted stochastic process X, if there exists a right-continuous predictable
process with finite variation and left limits A such that X; — A, is a martingale, then
A is called the compensator of X.

A special semimartingale is, roughly speaking, the sum of a martingale and a
predictable process of bounded variation.
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Theorem 1.3 (Girsanov) Suppose W;, t € [0,T], is an m-dimensional Brownian mo-
tion on a filtered space {Q, B, PB;,P}. Let f: Q x [0,T] — R™ be a predictable
process such that

T
/ \fi[>dt < oo as.
0

Write
t _ < [ i i_l ! 2
& (f) =exp lg | riawi=3 [11 ds]

and suppose

E[E ()] =1

If P is the probability measure on {Q, B} defined by dP/dP = E[ (f), then W, is an
m-dimensional Brownian motion on {Q,%’,%’hp}, where

Wi =wi~ [ fias.
0

For a proof see Elliott (1982b).

Consider a process Xz, T > 0, which takes its values in some measurable space
{E, &} and which remains at its initial value zy € E until a random time T, when it
jumps to a random position z. The underlying probability space can be taken to be

Q=1[0,00] XE.

Write
PA=P[T >tandz € A], P, =P[T >1];

then clearly, if P, (C) = 0, then PA(C) = 0 for any C C [0,0] so that there is a
Radon-Nikodym derivative A (A, s) such that

PA—pPl = A(As)dP,.

10,11

dPp,
At :—/ z
© J0.1[ Py—

The pair (A, A) is the Lévy system for the jump process. Roughly, dA (1) = —dP;/P,—
is the probability that the jump occurs at time ¢, given it has not happened so far,
and A (dx,s) is the conditional distribution of the jump position z given the jump
happens at time s.

For two semimartingales X; and Y}, the Ifo product rule gives the product as

Write

t t
XY= [ X-avo+ [ Yoax+x.y),,
0 0
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where

[X,Y], = lim (in prob.){XoYo + Z |:(Xt(k+1)2fn —Xpon)

n—eo 0<k<2n
X (Yt(k+1)2—” - Ytk2—")} }

is the quadratic variation of X and Y.

If the process [X,Y], has a compensator, this is denoted by (X,Y’), and called the
predictable quadratic variation of X and Y. If the martingale part of the semimartin-
gale is discontinuous, then [X,Y], = Xo¥p + Yo s<; AX;AY,.

Theorem 1.4 (The Ito Rule) Let f be a twice continuously differentiable function on
R and let X be a real semimartingale. Then f (X;) is also a semimartingale and

F0%) = £ 00+ [ 1 (%) ax,
+ 3 (fX) — F(Xo)— £ (Xo) AX)

0<s<t
1/t
+§/f”(Xs)d[X,XK.
0

Theorem 1.5 (The Gronwall Inequality) Suppose that the continuous function g (t)
satisfies

ogg(t)ga(z)w/(:g(s)ds, 0<i<T

with B > 0and o : [0,T] — R integrable. Then

t
g0 <o) +p [ al)exp(Blt-s), O0<r<T.
0
A proof can be found in Elliott (1982b).

Theorem 1.6 (Jensen’s Inequality) Let ¢ : R — R be convex and let X be an inte-
grable random variable such that ¢ (X) is integrable. Then for the probability space
(Q,%,P) if & is a subfield of B,

PEX|A])<E[¢(X)|].
A proof can be found in Elliott (1982b).

Theorem 1.7 (Fubini) Let (Q1,%1,P), (£2,%>,P;) be two complete probability
spaces, and let f € L' (Q1 x Q,,.9/ X o/, Py x P,). Then for A € o1,A; € b,

/,41><A2fd(P] XPQ) :,/41 ( AzfdP2> dP] :/Az ( AlfdP])dP2.
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(For simple random variables this theorem specializes to the familiar result that
expectations and summations can be interchanged.)

A proof can be found in Loeve (1978).



Appendix B
Continuous-Time Martingale Representation

For 0 <i < N write ¢; = (0,...,1,... ,O)/ for the ith unit (column) vector in RV,
Consider the Markov process {X;}, ¢ > 0, defined on a probability space (Q, F, P),
whose state space is the set

S= {61,...,6N}.
Write pf =P (X, =e¢;), 0 <i<N.We shall suppose that for some family of matri-
ces Ay, pr = ( p,l, A )/ satisfies the forward Kolmogorov equation
dp:
— = A;ps. 1.1
dr tPt (L.1)

A; = (a;j (1)), >0, is, therefore, the family of so-called Q-matrices of the process.
Because A; is a Q-matrix

aii (1) = = Y, a;i(1). (1.2)
J#i

The fundamental transition matrix associated with A will be denoted by ® (z,s),
so with / the N x N identity matrix

dd)[g’s) —AD(,s),  ®(s,s) =1, (13)
dq)d(;’” — _D(1,5)A, D) =1 (1.4)

[If A, is constant @ (¢,s) = exp (t —s)A.]

Consider the process in state x € S at time s and write X;, (x) for its state at
the later time ¢ > s. Then E [X;, (x)] = E; . [Xi] = @ (¢,5) x. Write .%; for the right-
continuous, complete filtration generated by 0 {X, : s < r <t},and %, = ﬁto. A ba-
sic result is the following:
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Lemmall V, =X, — X, — féA,X,— dr is an { #; } martingale.

Proof Suppose 0 < s <t. Then

r t
E[V,—V,| ] =E Xt—xy—/ArX,dr\%]
L N

.

because X, = X, = limg~¢—0X,—¢ for each @ € Q, except for countably many r
this is

B t
=E thxﬁ/A,der
L K

B t
=FE Xt—Xsf/ A X, dr
L K

t
— E[X|X,] _xs_/ AE[X, | X,]dr
S

¢
= (I)(t,s)XS—XS—/ AD(r,s)X;dr=0

N

by (1.3). Therefore,

t
X, = X0+/ A X dr+V, (1.5)
0

t
:X0+/ AX,-dr+V,.
0

We now give a martingale representation result.

Lemma 1.2
t
X, = ®(1,0) (X0+/ @ (r,0)"! dV,). (1.6)
0

Proof The proof follows from (1.5) by variation of constants. Alternatively, differ-
entiate (1.6). [l

If x,y are (column) vectors in RV we shall write (x,y) = x'y for their scalar (inner)
product. Consider 0 < i, j < N with i ## j. Then

<Xsf,e,<>el/]-dXAY = (X, e;) e'jAXY

= <Xx’aei> elj (XS 7XS’) :I(Xs’ =e;, Xy = ej)'
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Define the martingale

.. °t
VIU = /0 <Xs*aei>eljdvs-
(Note the integrand is predictable.) Then
. ¢ 1
v/ = /0 (X, ei) € dX; —/(; (X, ei) €jAX ds

and, writing %U for the number of jumps of the process X from e; to e; up to time ¢,
this is

.. 1
= A= [ edag(s)ds
.. t
=7’ —/O (Xs,ei)aji(s)ds,
because X; = X, for each w, except for countably many s. That is, for i # j,
.. t ..
= /0 (Xs,ei)aji(s)ds+V,”.

For a fixed j, 0 < j <N, write /tj for the number of jumps into state e; up to time .
Then

. N N N .t .
jz/ — 2/111 — Z/O <XS7gi>aji (S)dS—FVtJ,
i=1 =

where V,j is the martingale fil Vtij . Finally, write _¢; for the total number of jumps
(of all kinds) of the process X up to time 7. Then

N . N t
=3 gi=3 /O (X,.ei)aji(s)ds+ Oy,
=1

ij=1
where Q; is the martingale 21}’:1 th . However, from (1.2)
N
aii (S) = — 2 aji (s)
j=1
SO
N ot
/f:_Z/O (X5, e:) aii (s)ds+ Or. (L.7)
i=1
Lemma 1.3

t t 1
(V,V), :diag/ ArX,— dr—/ (diang,)A’rdr—/ A, (diagX,_)dr.
0 0 0
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Proof Recall X; € S is one of the unit vectors e;. Therefore,
XX/ = diagX;. (1.8)

Now by the product rule
1
X, X! = XoX}+ / X, (AX,_) dr
0
t 1
+ / X,—dV] + / (A X, )X/_dr
0 0
1
+/0 dVrX/— + <VaV>z + ([Vvv]t - <V7V>t) ’
where [V, V], — (V,V), is an {.%#} martingale. However, a simple calculation shows
X, (AX, ) = (diagX, )AL
and
(A X, )X!_ =A,(diagX,_ ) .

Therefore,
X, X! = XoX{} + /0 t (diagX,_)A.Ldr
+/OtAr (diagX,_)dr+(V,V), + martingale. (1.9)
Also, from (1.8)
X, X! = diagX; = diag X, + diag /otArXr, dr+diagV;. (1.10)

The semimartingale decompositions (1.9) and (1.10) must be the same, so equating
the predictable terms

! t t
vV, = diag/ ArX,— drf/ (diagX,_)Al.dr f/ A, (diagX,_)dr.
0 0 0
We next note the following representation result:

Remark 1.4 A function of X; € S can be represented by a vector

f@O)=0@),... @) erY

so that £ (¢,X;) = f(t)' X; = (f (t),X;) where (,) denotes the inner product in RV,
]
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We therefore have the following differentiation rule and representation result:

Lemma 1.5 Suppose the components of f (t) are differentiable in t. Then
F0X) = FO.X0)+ [ (70 %) dr+ [ ()X dr
+/ ),dVy). (1.11)
Here, [; (f (r),dV,) is an .Z,-martingale. Also,

Ft,X) = (f (1), (t,0)Xo) +/ @ (1,r)dV,). (1.12)

This gives the martingale representation of f (¢,X;).



References

Aggoun, L., Bensoussan, A., Elliott, R. J. and Moore, J. B. (1995). A finite-dimensional quasi-
linear risk-sensitive control problem, Systems and Control Letters 25: 151-157.

Aggoun, L. and Elliott, R. J. (1992). Finite dimensional predictors for hidden Markov chains,
Systems and Control Letters 19: 335-340.

Aggoun, L. and Elliott, R. J. (1994). Celestial signal estimation, Stochastic Analysis and Applica-
tions 12(4): 399-407.

Aggoun, L. and Elliott, R. J. (1995). Finite dimensional models for hidden Markov chains, Ad-
vances in Applied Probability 27: 146-160.

Aggoun, L., Elliott, R. J. and Moore, J. B. (1993a). Adjoint process for Markov chains observed
in Gaussian noise, 26th IEEE Asilomor Conference on Signal, Systems and Computers, IEEE
Computer Society Press, pp. 396-399.

Aggoun, L., Elliott, R. J. and Moore, J. B. (1993b). A measure change derivation of continu-
ous state Baum-Welch estimators, Journal of Mathematical Systems, Estimation and Control
5:359-362.

Anderson, B. D. O. (1968). State and parameter estimation in non-linear systems, Institute of En-
gineers of Australia. Elecrical Engineering Transactions pp. 200-204.

Anderson, B. D. O. and Moore, J. B. (1979). Optimal Filtering, Prentice Hall, Englewood Cliffs,
NJ.

Astrom, K. J. (1965). Optimal control of Markov processes with incomplete information, Journal
of Mathematical Analysis and Applications 10: 174-205.

Baras, J. S., Bensoussan, A. and James, M. R. (1988). Dynamic observers as asymptotic limits of
recursive filters: Special cases, SIAM Journal on Applied Mathematics 48(5): 1147-1158.

Baras, J. S. and James, M. R. (1993). Robust output feedback control for nonlinear discrete-time
systems. Preprint.

Basar, T. S. and Bernhard, P. (1991). H..-Optimal Control and Related Minimax Design Problems:
A Dynamic Game Approach, Birkhauser, Boston.

Baum, L. E. and Petrie, E. (1966). Statistical inference for probabilistic functions of finite state
Markov chains, Annals of the Institute of Statistical Mathematics 37: 1554—1563.

Baum, L. E., Petrie, E., Soules, G. and Weiss, N. (1970). A maximization technique occuring in
the statistical analysis of probabilistic functions of Markov chains, Annals of the Institute of
Statistical Mathematics 41(1): 164—171.

Bensoussan, A. (1982). Lectures on Stochastic Control, Vol. 972 of Springer Lecture Notes in
Mathematics, Springer-Verlag, New York.

Bensoussan, A. and Elliott, R. J. (1995). A finite dimensional risk sensitive control problem, SIAM
Journal of Control and Optimization 33: 1834—1846.

365



366 References

Bensoussan, A. and van Schuppen, J. H. (1985). Optimal control of partially observable stochas-
tic systems with an exponential-of-integral performance index, SIAM Journal on Control and
Optimization 23: 599-613.

Bertsekas, D. P. (1987). Dynamic Programming: Deterministic and Stochastic Models, Prentice
Hall, Englewood Cliffs, NJ.

Besag, B. (1977). Efficiency of pseudo-likelihood estimation for simple Gaussian fields,
Biometrika 64: 616-618.

Besag, B. (1986). On the statistical analysis of dirty pictures, Journal of the Royal Statistical Soci-
ety of London. Series B B(48): 259-302.

Biane, P. (1990). Chaotic representation for finite Markov chains, Stochastics and Stochastics Re-
ports 30: 61-68.

Bingham, J. A. C. (1988). The Theory and Practise of Modem Design, Wiley, New York.

Bismut, J.-M. (1976). Linear quadratic optimal stochastic control with random coefficients, SIAM
Journal on Control and Optimization 14(3): 419-444.

Bismut, J. M. (1978a). An introductory approach to duality in optimal stochastic control, SIAM
Review 20(1).

Bismut, J.-M. (1978b). An introductory approach to duality in optimal stochastic control, SIAM
Review 20: 62-78.

Blagovescenskii, J. N. and Freidlin, M. I. (1961). Some properties of diffusion processes depending
on a parameter, Soviet Mathematics 2: 633—-636.

Boel, R. (1976). Discrete time martingales in filtering and control, Technical report, Division of
Engineering Cybernetics, NTH Trondheim, Norway.

Boel, R. (1987). Modelling, estimation and prediction for jump processes, in H. V. Poor (ed.),
Advances in Statistical Signal Processing, Vol. 1, JAI Press, pp. 53—116.

Boel, R. and Varaiya, P. P. (1977). Optimal control of jump processes, SIAM Journal on Control
and Optimization 15: 92-119.

Boel, R., Varaiya, P. P. and Wong, E. (1975). Martingales on jump processes; Part I: Representation
results; Part II: Applications, SIAM Journal on Control 13: 999-1061.

Brémaud, P. M. (1981). Point Processes and Queues, Springer-Verlag, New York.

Brémaud, P. M. and van Schuppen, J. H. (1976). Discrete time stochastic systems, Technical re-
port, Department of Systems Science and Mathematics, Washington University, St. Louis, MO.
Unpublished report.

Caines, P. E. (1988). Linear Stochastic Systems, Wiley, New York.

Cameron, R. H. and Martin, W. T. (1944). Transformation of Wiener integrals under translations,
Annals of Mathematics 45: 386-396.

Campi, M. and James, M. R. (1992). Discrete-time nonlinear risk-sensitive control. Preprint.

Campillo, F. and le Gland, F. (1989). MLE for partially observed diffusions: Direct maximization
versus the em algorithm, Stochastic Processes and Their Applications 33(2): 245-274.

Chen, B. and Tugnait, J. K. (1986). An interacting multiple model fixed-lag smoothing algo-
rithm for markovian switching systems, 37th IEEE Conference on Decision and Control, Tampa
Florida USA.

Chen, B. and Tugnait, J. K. (2000). Interacting multiple model fixed-lag smoothing algorithm for
markovian switching systems, IEEE Transactions on Aerospace and Electronic Systems 36(1).

Chung, K. L. and Williams, R. J. (1990). Introduction to Stochastic Integration, 2nd edn,
Birkhauser, Boston.

Chung, S.-H., Krishnamurthy, V. and Moore, J. B. (1991). Adaptive processing techniques based
on hidden Markov models for characterising very small channel currents buried in noise and
deterministic interferences, Philosophical Transactions of the Royal Society of London, Series
B 334: 357-384.

Clark, J. M. (1978). The design of robust approximations to the stochastic differential equations
for nonlinear filtering, in J. Skwirzynski (ed.), Communications Systems and Random Process



References 367

Theory, Darlington 1977, Alphen aan den Rijn, Sijthoff and Noorhoff, the Netherlands, pp. 721-
734.

Clements, D. and Anderson, B. D. O. (1975). A non-linear fixed lag smoother for finite state
Markov processes, IEEE Transactions on Information Theory 1(21): 446-452.

Collings, I. B., Krishnamurthy, V. and Moore, J. B. (1993). Recursive prediction error techniques
for adaptive estimation of hidden Markov models, Proceedings of the 12th World Congress
IFAC, Vol. V, Sydney, Australia, pp. 423-426.

Collings, I. B. and Moore, J. B. (1994a). Adaptive HMM filters for signals in noisy fading chan-
nels, International Conference on Acoustics, Speech and Signal Processing, Adelaide, Aus-
tralia, pp. 305-308.

Collings, I. B. and Moore, J. B. (1994b). An HMM approach to adaptive demodulation of QAM
signals in fading channels, International Journal of Adaptive Control and Signal Processing
8(5): 457-474.

Collings, I. B., Moore, J. B. and James, M. R. (1994). An information state approach to linear/risk-
sensitive/quadratic/Gaussian control, 33rd IEEE Conference on Decision and Control.

Davis, M. H. A. (1977). Linear Estimation and Control, Chapman and Hall, London.

Davis, M. H. A. (1979). Martingale methods in stochastic control, Stochastic Control Theory and
Stochastic Differential Systems, Springer Verlag, New York, pp. 85-117.

Davis, M. H. A. (n.d.). A note on the Poisson disorder problem, Banach Centre Publications 1: 65—
72.

Davis, M. H. A., Kailath, T. and Segall, A. (1975). Non-linear filtering with counting observations,
IEEE Transactions on Information Theory 21: 143—150.

Dembo, A. and Zeitouni, O. (1986). Parameter estimation of partially observed continuous time
stochastic processes, Stochastic Processes and Their Applications 23: 91-113.

Dempster, A. P., Laird, N. M. and Rubin, D. B. (1977). Maximum likelihood from incomplete data
via the EM algorithm, Journal of the Royal Statistical Society of London. Series B 39: 1-38.
Dey, S. and Moore, J. (1995a). Risk-sensitive filtering and smoothing for hidden Markov models,

Systems and Control Letters 25(5): 361-366.

Dey, S. and Moore, J. (1995b). Risk-sensitive filtering and smoothing via reference probability
methods, Proceedings of the Amercican Control Conference, Seattle, pp. 129-133.

Dey, S. and Moore, J. B. (1995¢). Risk-sensitive filtering and smoothing for hidden markov models,
Systems and Control Letters 25: 361-366.

di Masi, G. B. and Runggaldier, W. J. (1982). On measure transformation for combined filtering
and parameter estimation in discrete time, Systems and Control Letters 2: 57-62.

Doyle, J. C., Glover, K., Khargonekar, P. P. and Francis, B. A. (1989). State-space solutions to
standard H, and H.. control, IEEE Transactions on Automatic Control 34(8): 831-847.

Duncan, T. E. (1967). Probability Densities for Diffusion Processes with Application to Nonlinear
Filtering Theory and Detection Theory, PhD thesis, Stanford Electronics Laboratories, Stanford,
CA. 7001-4.

Elliott, R. J. (1976). A stochastic minimum principle, Bulletin of the American Mathematical So-
ciety 82(6): 944-946.

Elliott, R. J. (1982a). The Nonlinear Filtering Equations, Vol. 43 of Springer Lecture Notes in
Control and Information Sciences, Springer-Verlag, New York, pp. 168—178.

Elliott, R. J. (1982b). Stochastic Calculus and Applications, Vol. 18 of Applications of Mathemat-
ics, Springer-Verlag, New York.

Elliott, R. J. (1985a). Smoothing for a Finite State Markov Process, Vol. 69 of Springer Lecture
Notes in Control and Information Sciences, Springer-Verlag, New York, pp. 199-206.

Elliott, R. J. (1985b). A special semimartingale derivation of smoothing and prediction equations,
Systems and Control Letters 6: 287-289.

Elliott, R. J. (1987). Viscosity Solutions and Optimal Control, Pitman Research Notes in Mathe-
matics, Longman Scientific and Technical, London.



368 References

Elliott, R. J. (1990a). Filtering and control for point process observations, in J. S. Baras and
V. Mirelli (eds), Recent Advances in Stochastic Calculus, Springer-Verlag, New York, pp. 1-
26.

Elliott, R. J. (1990b). Martingales associated with finite Markov chains, in E. Cinlar, R. J. Williams
and P. Fitzsimmons (eds), Seminar on Stochastic Processes, Vol. 1, Birkhauser, Boston, pp. 61—
172.

Elliott, R. J. (1992). A partially observed control problem for Markov chains, Applied Mathematics
and Optimization 25: 151-169.

Elliott, R. J. (1993a). A general recursive discrete time filter, Journal of Applied Probability
30: 575-588.

Elliott, R. J. (1993b). New finite dimensional filters and smoothers for noisily observed markov
chains, IEEE Transactions on Information Theory 39(1): 265-271.

Elliott, R. J. (1993c). New finite dimensional filters and smoothers for noisily observed Markov
chains, IEEE Transactions on Information Theory 39: 265-271.

Elliott, R. J. (1994a). Exact adaptive filters for markov chains observed in gaussian noise, Aufo-
matica 30(9): 1399-1408.

Elliott, R. J. (1994b). Exact adaptive filters for Markov chains observed in Gaussian noise, Aufo-
matica 30: 1399-1408.

Elliott, R. J. (1995). Recursive estimation for hidden Markov models: A dependent case, Stochastic
Analysis and Applications 13: 437-460.

Elliott, R. J. and Aggoun, L. (1992). Estimation for hidden Markov random fields, Journal for
Statistical Planning and Inference 50: 343-351.

Elliott, R. J. and Aggoun, L. (1994). Estimation for discrete Markov random fields observed in
Gaussian noise, IEEE Transactions on Information Theory 40: 1600-1603.

Elliott, R. J. and Aggoun, L. (1995). M. A. P. estimation using measure change for continuous state
random fields, Systems and Control Letters 26: 239-244.

Elliott, R. J. and Aggoun, L. (1998). M. A. P. estimation for hidden discrete random fields, Stochas-
tic Analysis and Applications 16. To appear.

Elliott, R. J., Aggoun, L., Bensoussan, A. and Moore, J. B. (1994). Finite-dimensional exponential
LQG control, American Control Conference.

Elliott, R. J., Dufour, F. and Sworder, D. (1996). Exact hybrid filters in discrete time, IEEE Trans-
actions on Automatic Control 41: 1807-1810.

Elliott, R. J. and Kohlmann, M. (1989). Integration by part, homogeneous chaos expansions and
smooth densities, Annals of Probability 17: 194-207.

Elliott, R. J. and Krishnamurthy, V. (1999). New finite-dimensional filters for parameter estimation
of discrete-time linear gaussian models, IEEE Transactions on Automatic Control 44(5).

Elliott, R. J. and Malcolm, W. P. (2000). Reproducing gaussian densities and linear gaussian de-
tection, Systems and Control Letters 40: 133—138.

Elliott, R. J. and Malcolm, W. P. (2001). Robust smoother dynamics for poisson processes driven
by an it6 diffusion, IEEE Conference on Decision and Control, Orlando Florida, USA.

Elliott, R. J. and Moore, J. B. (1992a). Adjoint processes for markov chains observed in gaussian
noise, 26" Asilomar Conference on Signals Systems and Computing, Vol I, California USA,
pp- 396-399.

Elliott, R. J. and Moore, J. B. (1992b). Recursive parameter estimation for partially observed
Markov chains, 27th IEEE Asilomor Conference on Signal, Systems and Computers, Vol. 16,
IEEE Computer Society Press, Asilomor.

Elliott, R. J. and Moore, J. B. (1993). Discrete time partially observed control, in D. Elworthy,
W. N. Everitt and E. B. Lee (eds), Differential Equations, Dynamical Systems and Control
Science, Vol. 32, Marcel Dekker, New York, pp. 481-490. Festschrift in Honor of Lawrence
Markus.



References 369

Elliott, R. J. and Moore, J. B. (1996). State and parameter estimation for linear systems, Journal of
Mathematical Systems, Estimation and Control 6: 125-128.

Elliott, R. J. and Sworder, D. (1992). Control of a hybrid conditionally linear Gaussian process,
Journal of Optimization Theory and Applications 74: 75-85.

Elliott, R. J. and Yang, H. (1992). Forward and backward equations for an adjoint process,
Festschrift for G. Kallianpur, Springer-Verlag, New York, pp. 61-70.

Elliott, R. J. and Yang, H. (1994). How to count and guess well: Discrete adaptive filters, Applied
Mathematics and Optimization 30: 51-78.

Fleming, W. H. (1969). Optimal continuous-parameter stochastic control, SIAM Review 11(4).

Fleming, W. H. and McEneaney, W. M. (1991). Risk Sensitive Optimal Control and Differential
Games, Vol. 184 of Springer Lecture Notes in Control and Information Sciences, Springer-
Verlag, New York, pp. 185-197.

Fleming, W. H. and Pardoux, E. (1982). Optimal control for partially observed diffusions, SIAM J
Control and Optimization 20(2): 261-285.

Fleming, W. H. and Rischel, R. W. (1975). Deterministic and Stochastic Optimal Control, Vol. 1,
25 of Stochastic Modelling and Applied Probability Series, Springer Verlag.

Fleming, W. H. and Soner, H. M. (1975). Controlled Markov Processes and Viscosity, Stochastic
Modelling and Applied Probability Series, Springer Verlag.

Fragoso, M. D. (1988). On a partially observed LQG problem for systems with Markovian jumping
parameters, Systems and Control Letters 10: 349-356.

Freidlin, M. I. and Wentzell, A. D. (1984). Random Perturbations of Dynamical Systems, Springer-
Verlag, New York.

Geman, S. and Geman, D. (1984). Stochastic relaxation, Gibbs distributions, and the Bayesian
restoration of images, I[EEE Transactions on Pattern Analysis and Machine Intelligence 6: 721—
741.

Girsanov, 1. V. (1960). On transforming a certain class of stochastic processes by absolutely con-
tinuous substitution of measures, Theory of Probability and Applications 5: 285-301.

Glover, K. and Doyle, J. C. (1988). State space formulae for all stabilizing controllers that satisfy
an H.. norm bound and relations to risk sensitivity, Systems and Control Letters 11: 167-172.
Haussmann, U. G. (1981a). On the adjoint process for optimal control of diffusion processes, SIAM

Journal on Control and Optimization 19: 221-243, 710.

Haussmann, U. G. (1981b). Some examples of optimal stochastic controls or: The stochastic max-
imum principle at work, SIAM Review 23(3).

Hijab, O. (1980). Minimum Energy Estimation, PhD thesis, University of California, Berkeley.

Hijab, O. (1984). Asymptotic Bayesian estimation of a first order equation with a small diffusion,
Annals of Probability 12: 890-902.

Ho, Y.-C. and Lee, R. C. K. (1968). A Bayesian approach to problems in stochastic estimation and
control, IEEE Transactions on Automatic Control 1: 333-3309.

Jacobson, D. H. (1973). Optimal stochastic linear systems with exponential performance criteria
and their relation to deterministic differential games, IEEE Transactions on Automatic Control
18(2): 124-131.

Jacod, J. (1979). Calcul Stochastique et Problémes de Martingales, Vol. 794 of Springer Lecture
Notes in Mathematics, Springer-Verlag, New York.

James, M. R. (1991). Finite time observer design by probabilistic-variational methods, STAM Jour-
nal on Control and Optimization 29(4): 954-967.

James, M. R. (1992). Asymptotic analysis of nonlinear stochastic risk-sensitive control and differ-
ential games, Mathematics of Control, Signals and Systems 5(4): 401-417.

James, M. R. and Baras, J. S. (1988). Nonlinear filtering and large deviations: A PDE-control
theoretic approach, Stochastics 23(3): 391-412.



370 References

James, M. R., Baras, J. S. and Elliott, R. J. (1993). Risk-sensitive control and dynamic games for
partially observed discrete-time nonlinear systems, /EEE Transactions on Automatic Control
39: 780-792.

James, M. R. and Elliott, R. J. (1996). Risk-sensitive and risk neutral control for continuous-time
hidden markov models, Applied Mathematics and Optimization 34: 37-50.

James, M. R., Krishnamurthy, V. and Le Gland, F. (1998). Time discretization for continuous
time filters and smoothers for hmm parameter estimation, Transactions on Information Theory
42(2): 593-605.

Jazwinski, A. H. (1970). Stochastic Processes and Filtering Theory, Academic Press, New York,
London.

Kinderman, R. and Snell, L. (1980). Markov Random Fields and Their Applications, Vol. 1 of
Contemporary Mathematics, American Mathematical Society, Providence, R.I.

Kohlmann, M. (1985). A maximum principle and dynamic programming for a partially observed
control problem, Technical report, Universitit Konstanz. Discussion paper.

Kolmogorov, A. N. (1933). Grundbegriffe der wahrsch, Ergodic Mathematics 2(3).

Krasovskii, N. N. and Lidskii, E. A. (1961). Analytical design of controllers in systems with ran-
dom attributes (Parts 1, 2 & 3), Automation and Remote Control 22: 1020-1025, 1141-1146,
1289-1294.

Krishnamurthy, V. and Moore, J. B. (1993). On-line estimation of hidden Markov model parame-
ters based on the Kullback-Leibler information measure, IEEE Transactions on Signal Process-
ing 41(8): 2557-2573.

Kulhavy, R. (1990). Differential geometry of recursive nonlinear estimation, //th IFAC World
Congress, Vol. 3, Tallin, pp. 113-118.

Kumar, P. R. and Varaiya, P. P. (1986a). Stochastic Systems, Prentice Hall, Englewood Cliffs, NJ.

Kumar, P. R. and Varaiya, P. P. (1986b). Stochastic Systems: Estimation, Identification, and Adap-
tive Control, Prentice Hall, Englewood Cliffs, NJ.

Kushner, H. J. (1972). Necessary conditions for continuous parameter stochastic optimization
problems, SIAM Journal on Control 10: 550-565.

Kushner, H. J. and Shwartz, A. (1984). An invariant measure approach to the convergence of
stochastic approximations with state dependent noise, SIAM Journal on Control and Optimiza-
tion 22(1): 13-27.

Lee, M. H., Kolodziej, W. J. and Mohler, R. R. (1985). Stochastic dynamic system suboptimal
control with uncertain parameters, [EEE Transactions on Aerospace and Electronic Systems
21: 594-600.

Limebeer, D. J. N., Anderson, B. D. O., Khargonekar, P. P. and Green, M. (1992). A game theoretic
approach to H.. control for time varying systems, SIAM Journal on Control and Optimization
30: 262-283.

Liptser, R. S. and Shiryayev, A. N. (1977). Statistics of Random Processes, Vol. 1, Springer-Verlag,
New York.

Ljung, L. (1977). Analysis of recursive stochastic algorithms, IEEE Transactions on Automatic
Control 22(4): 551-575.

Ljung, L. and Soderstrom, T. (1983). Theory and Practice of Recursive Identification, MIT Press,
Cambridge MA.

Lodge, J. H. and Moher, M. L. (1990). Maximum likelihood sequence estimation of CPM signals
transmitted over Rayleigh flat-fading channels, IEEE Transactions on Communications Systems
38(6): 787-794.

Loeve, M. M. (1978). Probability Theory, Vol. I and II, 4th edn, Springer-Verlag, New York.

Loparo, K. A., Aslanis, J. T. and Hajek, O. (1987). Analysis of switched systems in the plane (Parts
1 & 2), Journal of Optimization Theory and Applications 52: 365-394, 395-427.

Malcolm, W. P. and Elliott, R. J. (1999). A general smoothing equation for poisson observations,
IEEE Conference on Decision and Control, Phoenix USA.



References 371

Malcolm, W. P., Elliott, R. J. and van der Hoek, J. (to appear). A deterministic discretisation-step
upper bound for state estimation via clark transformations, Journal of Applied Mathematics and
Stochastic Analysis .

Mariton, M. (1990). Jump Linear Systems in Automatic Control, Marcel Dekker, New York.

McGarthy, T. P. (1974). Stochastic Systems and State Estimation, Wiley, New York.

Moore, J. B. and Weiss, H. J. (1979). Recursive prediction error methods for adaptive estimation,
IEEE Transactions on Systems, Man, and Cybernetics 9(4): 197-205.

Moore, J., Elliott, R. and Dey, S. (1995). Risk-sensitive generalizations of minimum variance esti-
mation and control, Journal of Mathematical Systems, Estimation and Control . Accepted.

Mortensen, R. E. (1966). Optimal Control of Continuous-Time Stochastic Systems, PhD thesis,
Electronics Research Laboratories, University of California, Berkeley. ERL-66-1.

Polyak, B. T. and Juditsky, A. B. (1992). Acceleration of stochastic approximation by averaging,
SIAM Journal on Control and Optimization 30(4): 838-855.

Qian, W. and Titterington, D. M. (1990). Parameter estimation for hidden Gibbs chains, Statistics
and Probability Letters 10: 49-58.

Rabiner, L. R. (1989). A tutorial on hidden Markov models and selected applications in speech
recognition, Proceedings of the IEEE 77: 257-286.

Rhee, I. and Speyer, J. L. (1991). A game theoretic approach to a finite-time disturbance attenuation
problem, /EEE Transactions on Automatic Control 36: 1021-1032.

Ripley, B. D. (1988). Statistical Inference for Spatial Processes, Cambridge University Press, New
York.

Rudin, W. (1966). Real and Complex Analysis, McGraw-Hill.

Segall, A. (1976a). Dynamic file assignment in computer networks (Part 1), IEEE Transactions on
Automatic Control 21: 161-173.

Segall, A. (1976b). Recursive estimation from discrete time point processes, IEEE Transactions on
Information Theory 22: 422-431.

Segall, A. (1977). Optimal control of noisy finite state Markov processes, IEEE Transactions on
Automatic Control 2: 179-186.

Shiryayev, A. N. (1986). Probability Theory, Springer-Verlag, New York.

Sorenson, H. W. and Alspach, D. L. (1971). Recursive bayesian estimation using gaussian sums,
Automatica 7(4): 465-479.

Stratonovich, R. L. (1960). Conditional Markov processes, Theory of Probability and Applications
5: 156-178.

Titterington, D. M. (1984). Recursive parameter estimation using incomplete data, Journal of the
Royal Statistical Society of London. Series B 46(2): 257-267.

van Schuppen, J. H. (1977). Filtering, prediction and smoothing for counting process observations,
a martingale approach, SIAM Journal on Applied Mathematics 32: 552-570.

Viterbi, A. J. (1969). Error bounds for the white gaussian and other very noisy memoryless chan-
nels with generalized decision regions, I[EEE Transactions on Information Theory IT(2).

Weinstein, E., Feder, M. and Oppenheim, A. V. (1990). Sequential algorithms for parameter esti-
mation based on the Kullback-Leibler information measure, IEEE Transactions on Acoustics,
Speech, and Signal Processing 38(9): 1652-1654.

Whittle, P. (1981). Risk-sensitive linear/quadratic/Gaussian control, Advances in Applied Proba-
bility 13: 764-7717.

Whittle, P. (1990a). A risk-sensitive maximum principle, Systems and Control Letters 15: 183—
192.

Whittle, P. (1990b). Risk-Sensitive Optimal Control, Wiley, New York.

Whittle, P. (1991). A risk-sensitive maximum principle: The case of imperfect state observation,
IEEE Transactions on Automatic Control 36: 793-801.

Wong, E. and Hajek, B. (1985). Stochastic Processes in Engineering Systems, Springer-Verlag,
New York.



Wonham, W. M. (1965). Some applications of stochastic differential equations to optimal non-
linear filtering, SIAM Journal on Control 2: 347-369.

Yang, C. and Mariton, M. (1991). A new approximation for the partially observed jump linear-
quadratic problem, International Journal of Science 22: 775-781.

Yao, Y. C. (1985). Estimation of noisy telegraph process: Nonlinear filtering versus nonlinear
smoothing, IEEE Transactions on Information Theory 31: 444-446.

Zakai, M. (1969). On the optimal filtering of diffusion processes, Zeitschrift fur Wahrschein-
lichkeitstheorie und verwandte Gebiete 11: 230-243.

Zeitouni, O. and Dembo, A. (1988). Exact filters for the estimation of the number of transitions
of finite-state continuous time Markov processes, IEEE Transactions on Information Theory
34: 890-893.



Author Index

Anderson, B., 88, 148, 162, 213
Astrom, K., 30, 52

Baum, L., 34, 53, 55, 81
Bensoussan, A., 313, 340, 345
Bertsekas, D., 9

Besag, B., 237
Blagovescenskii, J., 345

Boel, R., vii, 53

Brémaud, P, vii, 81

Bucy, R., 340

Caines, P., 273
Cameron, R., vii
Campillo, F,, vii, 162
Chung, S., 163
Clements, D., 213
Collings, 1., 170, 179

Dembo, A., 81, 213, 219
Dempster, A., 15, 53
Dey, S., 314

di Masi, G., vii

Duncan, T., vii

Elliott, R., 81, 314
Freidlin, M., 345

Geman, D., 270
Geman, S., 270
Girsanov, 1., vii

Ho, Y., 162

Jacobson, D., 313
Jacod, J., 225
James, M., 297, 314
Jazwinski, A., 162

Kalman, R., 340

Kinderman, R., 238

Krishnamurthy, V., 81, 163, 170, 179
Kumar, P, vii, 9, 273, 281

Laird, N, 15, 53

le Gland, F., vii, 162
Lee, E., 162

Ljung, L., 160, 166

Martin, W., vii
McGarthy, T., 162

Moore, J., 81, 88, 148, 160, 163, 170, 179, 314

Mortensen, R., vii
Petrie, E., 34, 53, 55, 81
Qian, W., 270

Rabiner, L., 16, 52, 163, 165, 169, 177
Ripley, B., 249, 270

Rubin, D., 15, 53

Runggaldier, W., vii

Soderstrom, T., 160, 166
Segall, A., vii, 43, 53
Snell, L., 238

Soules, G., 55, 81
Stratonovich, R., 30, 52

Titterington, D., 270

van Schuppen, J., vii, 81, 313
Varaiya, P., vii, 9, 273, 281

Weiss, N., 55, 81, 160
Whittle, P, 314

Zakai, M., vii, 28
Zeitouni, O., 81, 213, 219

373



Subject Index

absolutely continuous, 226

adapted, 23, 354

adaptive, 15, 190

adjoint process, 273, 277, 288, 335

almost surely, 213, 352

alpha, 90

ARMAX Model, 87

auto-regressive, moving average exogenous
input, 87

autoregressive, moving average exogenous
input, 83

backward equation, 339
backward estimate, 6

backward induction, 276
backward recursion, 90

Bayes’ formula, 26

Bayes’ theorem, 21, 237

beta, 90

biological signal processing, 163
blurred, 254

blurred observation process, 253
Borel function, 39

Borel test function, 280
Brownian motion, 213, 341

canonical model, 160

Cartesian channel model, 174

change of measure, 16, 20

change of measure for the state process, 94
change of measure for the y process, 91
channel fading, 173

channel model, 180

closed (finite-dimensional), recursive filter, 16
colored noise, 77

communication system, 163

compensator, 354

complete filtration, 17

conditional expectation, 17, 353

conditional information-state signal model,
177

conditional innovations model, 166

conditional pseudo-log-likelihood, 34

conditional state estimate, 6

control, 3

controlled dynamics, 284

cost function, 293

Coupled-conditional filter, 187

curse of dimensionality, 163

delta function, 40

dependent case, 43, 278, 284

dependent discrete HMM, 45

diagonally dominant transition probability
matrix, 190

differentiable, 143

differentiation, 332

digital signal processing chip, 164

discrete HMM, 3, 19

discrete signal and observation, 237

discrete state, 15

discrete time, 15

drift, 206, 218

dual control, 284

Duncan-Mortensen-Zakai equation, 294

dynamic game, 299

dynamic programming, 9, 273, 296

EM algorithm, 55

energy, 238

equation for the adjoint process, 337

estimating states, transitions and occupation
time, 30, 48, 216

estimation, 3, 5

exogenous input, 87



376

expectation maximization, 15, 33, 53
extended Kalman filter, 163, 179

fading noisy transmission channel, 164

feedback control, 3

feedforward, 3

fictitious world, 8

filtered estimate, 5

filtration, 17, 354

finite-dimensional filter, 342

finite-dimensional predictor, 220

formulation in terms of transition densities,
153

forward (filtered), 6

forward Kolmogorov equation, 197

forward recursion, 90

forward-backward, 15

forward-backward algorithm, 53

frame, 265

frequency modulation, 164

Fubini’s Theorem, 356

fully observed optimal control, 273

fundamental transition matrix, 197

Gateaux derivative, 333, 345

Gaussian noise, 254, 278

general finite-dimensional filter, 203, 214
Girsanov’s Theorem, 7, 16, 55
Gronwall’s Inequality, 356

Hessian, 167, 347

hidden Markov model, 3

hidden Markov random field, 237
higher-order message model, 187
Hilbert space, 333

homogeneous Markov chain, 15
homogeneous random field in space, 239
hybrid conditionally linear process, 340
hybrid control, 343

ICM, 249

idempotent property, 16

identically and independently distributed, 3
in probability, 352

indicator function, 4, 351

information state, 9, 273, 274, 293, 297, 299
information state model, 166

innovation, 223, 224

innovation process, 329, 341

innovations model, 160

integrable, 21, 352

integrable variation, 226, 354

Ising model, 238

Ito product rule, 355

Ito Rule, 347, 356

Subject Index

Jacobian, 332
Jensen’s Inequality, 34, 356

Kalman filter, 98, 342

Kolmogorov’s Extension Theorem, 21, 25, 58,
353

Kronecker product, 176

Lagrange multiplier, 36, 50

lattice, 237

lattice property, 276, 297

Lebesgue measure, 226
left-continuity, 354

Levy system, 225, 355

likelihood function, 34

linear dynamics and parameter, 83
linear quadratic Gaussian control, 344
log-likelihood function, 50

manifold, 165

MAP estimation, 253

MAP estimation for continuous-state HMRF,
260

Markov chain, 15

Markov property, 17

Markov random field, 237, 238

martingale, 354

martingale increment, 17, 19

maximum a posterior (MAP) distribution of
the image, 247

maximum a posterior distribution of the scene,
268

maximum likelihood estimate, 34

measurable, 21, 351

minimal representation, 88

minimum principle, 273, 276, 287, 336, 338,
347

monotonic increasing, 246

multipass estimation, 7

multipass scheme, 15

multiplicative disturbance, 180

multivariate jump process, 225

noise, 5

non-homogeneous random field, 239

non-Markov, 213

non-Markov finite-dimensional filter, 225

nonlinear dynamics, 90

nonlinear partially observed stochastic control,
343

normally distributed, 56

number of jumps, 6

observation equation, 18
on-line estimation, 7
on-line filter, 15



Subject Index

on-line predictor, 15

on-line smoother, 15

open-loop control, 3

optimal control, 9, 277, 287, 347
optimal feedback, 9

optional, 354

optional projection, 35, 199
orthogonal, 210

parameter estimation, 7, 33, 49, 259
parametrization on a simplex, 165
partially observed control, 273

partially observed stochastic dynamical system

model, 3
phase modulation, 164
predictable, 354
predictable compensator, 225
predictable quadratic variation, 199, 356
predictor, 97, 213
principle of optimality, 9
prior distribution, 87
prior estimate, 87
probability measure, 351
probability measure change, 3
probability space, 16, 351
product rule, 362
projection into the stability domain, 167
pseudo-log-likelihood, 250

Q-matrix, 197

quadratic variation, 356

quadrature amplitude modulation, 164
quadrature and in-phase, 173
quantized observation, 40

Radon-Nikodym derivative, 8, 20, 22, 37, 50
random field, 237

random measure, 213, 225

Rayleigh distributed, 173

real world, 8

recursive estimate, 38

recursive estimates, 91

recursive parameter estimation, 38
recursive prediction error, 163

recursive prediction error algorithm, 166
recursive prediction error estimate, 159
reference probability method, 3

Riccati equation, 344

right continuous, 198

right-continuity, 354

risk neutral, 9

risk sensitive, 9

risk-neutral control, 299

risk-sensitive value function, 299, 301
robustness issues, 190

371

sample path, 213

sample space, 353

sampling rate, 179

second information pattern, 147

second model, 158

self-tuning, 15

semimartingale representation of a Markov
chain, 198

separated, 276

separated control, 273

separation, 285

sigma-field, 17, 351

simulated annealing, 249, 264, 268, 269

simulation study, 190

singular, 140

singular measure, 90

smoothed, 6

smoothed estimate, 6

sparse, 260

special semimartingale, 354

speech processing, 163

sphere, 165

standard Brownian motion, 214

standard Poisson process, 201

state equation, 17

state estimate, 7

state occupation time, 6

state space, 353

stochastic differential equation, 345

stochastic integral, 346

stochastic process, 353

test for independence, 51
time-varying parameter, 83
Toeplitz, circulant matrix, 181
tracking, 149

transition density, 143, 153
transition probability, 15

uniform distribution, 24
uniformly distributed, 173
unnormalized density, 280
unnormalized estimate, 26
unnormalized filter, 30
unnormalized recursive filter, 28
unnormalized smoother, 30

variation, 354
Wonham filter, 213
Zakai equation, 53, 231

Zakai’s Theorem, 28
zero delay observation model, 17



	cover-large.TIF
	front-matter.pdf
	Preface

	front-matter_001.pdf
	Part I Introduction

	fulltext.pdf
	Hidden Markov Model Processing
	Models, Objectives, and Methods
	Book Outline


	front-matter_002.pdf
	Part II Discrete-Time HMM Estimation

	fulltext_001.pdf
	Discrete States and Discrete Observations
	Introduction
	Model
	Change of Measure
	Unnormalized Estimates and Bayes' Formula
	A General Unnormalized Recursive Filter
	States, Transitions, and Occupation Times
	Parameter Reestimation
	Recursive Parameter Estimation
	Quantized Observations
	The Dependent Case
	Problems and Notes


	fulltext_002.pdf
	Continuous-Range Observations
	Introduction
	State and Observation Processes
	Conditional Expectations
	Change of Measure
	Filter-Based State Estimation
	Smoother-Based State Estimation
	Vector Observations
	Recursive Parameter Estimation
	HMMs with Colored Noise
	Mixed-State HMM Estimation
	Problems and Notes


	fulltext_003.pdf
	Continuous-Range States and Observations
	Introduction
	Linear Dynamics and Parameters
	The ARMAX Model
	Nonlinear Dynamics
	Kalman Filter
	State and Mode Estimation for Discrete-Time Jump Markov Systems
	Example
	Problems and Notes


	fulltext_004.pdf
	A General Recursive Filter
	Introduction
	Signal and Observations
	Change of Measure
	Recursive Estimates
	Extended Kalman Filter
	Parameter Identification and Tracking
	Formulation in Terms of Transition Densities
	Dependent Case
	Recursive Prediction Error Estimation
	Problems and Notes


	fulltext_005.pdf
	Practical Recursive Filters
	Introduction
	Recursive Prediction Error HMM Algorithm
	Example: Quadrature Amplitude Modulation
	Example: Frequency Modulation
	Coupled-Conditional Filters
	Notes


	front-matter_003.pdf
	Part III Continuous-Time HMM Estimation

	fulltext_006.pdf
	Discrete-Range States and Observations
	Introduction
	Dynamics
	A General Finite-Dimensional Filter
	Parameter Estimation
	Problems and Notes


	fulltext_007.pdf
	Markov Chains in Brownian Motion
	Introduction
	The Model
	A General Finite-Dimensional Filter
	States, Transitions, and Occupation Times
	Parameter Estimation
	Finite-Dimensional Predictors
	A Non-Markov Finite-Dimensional Filter
	Problems and Notes


	front-matter_004.pdf
	Part IV Two-Dimensional HMM Estimation

	fulltext_008.pdf
	Hidden Markov Random Fields
	Discrete Signal and Observations
	HMRF Observed in Gaussian Noise
	Continuous-State HMRF
	Example: A Mixed HMRF
	Problems and Notes


	front-matter_005.pdf
	Part V HMM Optimal Control

	fulltext_009.pdf
	Discrete-Time HMM Control
	Control of Finite-State Processes
	More General Processes
	A Dependent Case
	Problems and Notes


	fulltext_010.pdf
	Risk-Sensitive Control of HMM
	Introduction
	The Risk-Sensitive Control Problem
	Connection with H H H H Control
	Connection with H2 H2 H2 H2 or Risk-Neutral Control
	A Finite-Dimensional Example
	Risk-Sensitive LQG Control
	Problems and Notes


	fulltext_011.pdf
	Continuous-Time HMM Control
	Introduction
	Robust Control of a Partially Observed Markov Chain
	The Dependent Case
	Hybrid Conditionally Linear Process
	Problems and Notes


	back-matter.pdf
	Basic Probability Concepts
	Continuous-Time Martingale Representation
	References
	Author Index
	Subject Index



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


